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Abstract

ERL 07-3

The three types of magnetic field errors we consider in this report are: dipole field errors, quadrupole field
errors and combined dipole and quadrupole field errors. The version 1.2a of the Cornell 5GeV ERL lattice is
used in our simulation. Only linear optics is analyzed and the conclusions should be valid for weakly nonlinear
optics as well. Analytical formulas for magnetic field error sensitivities are presented. They are applied to the
Cornell 5GeV ERL and compared to numerical simulations of this accelerator. An interesting observation is that
the combined dipole and quadrupole field errors, although being a second order effect, have a significant impact
on the requirement of the magnetic field stability when the first order effect of dipole field errors is eliminated in
achromatic sections. If the tolerance of beam orbit errors at the insertion device (ID) sections is no more than
one tenth of the designed beam size in those sections, we find out that the magnetic field in both dipoles and
quadrupoles must be stabilized approximately to the level of 2×10−4, which is feasible under current technology [1].
Moreover, we demonstrate that it is crucial for dipoles in all sections forming an achromat to be powered in series
so that their field fluctuations are correlated.

1 Introduction

Figure 1: A Schematic Layout of Cornell 5GeV ERL
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The usage of synchrotron X-ray facility for the study of solid state and biological physics has become more and
more specialized and sophisticated as the sample size becomes smaller and smaller. The study of smaller samples
requires an X-ray source of higher brilliance and micro-X-ray beams, which entails smaller beam emittance at the
ID sections [2]. Thus it is important to keep the particle orbit errors within one tenth of the designed beam size in
those sections. Sub-micron orbit stability of the electron beam has been achieved at many present light sources [3].

Fig. 1 is the schematic layout of the ERL planned at Cornell university [4]. The orange lines ­ and ¯ represent
the linac part for accelerating and decelerating the beam. The smaller blue circle ® is the turn-around loop and the
bigger blue circle ± is the return loop. The two blue arcs ° and ² are the north and south arc where highly brilliant
x-ray beams are generated. ³ is the injector and ¬ is the beam dump.

In the Cornell 5GeV ERL, a total number of 91 dipole magnets and 498 quadrupole magnets are installed in
the two linacs, turn-around loop, south arc, north arc and return loop. Dipole magnetic field fluctuations can cause
wrong beam steering leading to emittance growth and thus increase the beam size at the ID sections. Quadrupole
field errors can change the beta functions resulting in beam size variations in the ID sections. For a third generation
light source, the typical power supply ripple can be control within 100 ppm [1]. For an accelerator with reduced
emittance, it is essential to estimate the requirement for the power supply stability and compare it with what the
current technology could provide.

2 Dipole Field Errors in an ERL

The requirement for the dipole magnetic field accuracy can be estimated by evaluating the orbit response at the IDs.
For a linear system, a particle’s orbit at element i can be described by

xi =

√

m0c

Pi

√

2Jβi sin(ψi + φ0) (1)

where Pi is the nominal momentum of the particle at element i, βi is the beta function and ψi is the phase advance [5].
If the designed orbit at element i is 0, then we have

ψi + φ0 = nπ , n ∈ integer (2)

If a beam steering magnet is installed at the same position and gives the particle a transverse kick ∆ϑi, the particle’s
transverse divergence x′ can be written as

x′ = ∆ϑi =

√

m0c

Pi

√

2J

βi

[cos(ψi + φ0) − α sin(ψi + φ0)] (3)

Thus we can write parameter J of the particle’s subsequent motion as

J =
1

2

Pi

m0c
βi∆ϑ

2

i (4)

After being kicked by the steering magnet, the particle’s transverse coordinate x at a subsequent element j can be
written as

xj =

√

m0c

Pi

√

2Jβj sin(ψj + φ0) = ∆ϑi

√

Pi

Pj

√

βjβi sin(ψj − ψi) (5)

Generally for a linear system, if multiple steering magnets are placed before one beam position monitor (BPM), the
reading of such a BPM can be written as the sum of the contributions from those magnets:

xj = xj0 +
∑

i

∆ϑi

√

Pi

Pj

√

βjβi sin(ψj − ψi) (6)

Because the effect of a dipole magnetic field error is producing an additional kick on the bunch, the orbit errors at
the ID sections due to such a field error can be estimate by Eq. 6. Furthermore, we can simplify the formula by
assuming the field error at each individual dipole is random and not correlated to errors at other dipoles. Later in
the simulation, we will consider cases where the dipole field fluctuations are correlated, which is more realistic due
to the fact that many dipoles share the same power supply and thus their magnetic fields fluctuate coherently. In
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Table 1: Orbit errors as a result of all dipoles having the same error ±∆B/B. (absolute in micrometer and relative
to the rms beam size)

∆B/B + -
10−5 −1.42× 10−5(0.00007%) −1.46× 10−5(0.00007%)

5 × 10−5 −3.59× 10−4(0.0002%) −3.60× 10−4(0.0002%)
10−4 −1.44× 10−3(0.007%) −1.44× 10−3(0.007%)

5 × 10−4 −3.62× 10−2(0.02%) −3.58× 10−2(0.02%)
10−3 −1.46× 10−1(0.7%) −1.42× 10−1(0.7%)

the simulation, we simplify this scenario as assigning the same relative field error to all dipoles. The orbit error due
to random dipole field errors can be written as:

∆x =

Nd
∑

n=1

rθξnθn

√

ββn

√

Pn

P
sin(ψ − ψn) (7)

where ξn is a Gaussian random variable and rθ represents the rms relative field error.
For the Gaussian random variable ξn, we have

〈ξn〉 = 0 〈ξnξm〉 = δnm (8)

where the average is taken over many bunches. As a result, the rms orbit error at a ID section can be written as

〈∆x2〉 =

Nd
∑

n=1

r2θθ
2

n

Pn

P
βnβ sin2(ψ − ψn) (9)

In the Cornell 5GeV ERL, the designed normalized beam emittance is ε = 3× 10−7m and the orbit error is required
to be less than one tenth of the beam size at the ID sections. Thus the requirement placed on the dipole error
sensitivity factor rθ is

〈∆x2〉 =

N
∑

n=1

r2θθ
2

n

Pn

P
βnβ sin2(ψ − ψn) ≤

(σx

10

)2

=
βε

100γ
(10)

rθ ≤
√
ε

10

√

√

√

√γ

N
∑

n=1

θ2n
Pn

P
βn sin2(ψ − ψn)

(11)

According to Eq. 11, the sensitivity requirement for the Cornell 5GeV ERL is about 2 × 10−7.
With a global feedback system for the orbit correction, the requirement for the orbit error at the IDs can be

relaxed to about 100µm. Thus the new sensitivity requirement can be calculated accordingly as

〈∆x2〉 =
N

∑

n=1

r2θθ
2

n

Pn

P
βnβ sin2(ψ − ψn) ≤ (100× 10−6m)2 (12)

rθ ≤ 10−4m
√

√

√

√β

N
∑

n=1

θ2n
Pn

P
βn sin2(ψ − ψn)

(13)

From Eq. 13, the sensitivity requirement in the ERL@CESR is about 7×10−6, which is extremely difficult to achieve
in a real accelerator. Thus we have to have a common power supply for all dipoles within each achromat to correlated
their field errors.

In Tab. 1 and Tab. 2, both the results for correlated and random dipole errors are listed in terms of orbit error(µm)
and percentage of the beam size. For the random dipole errors, five different random seeds are tried and the worst
orbit errors are listed. In the correlated case, where all dipoles have the same relative field error, we can see that
changing the signs of the dipole errors does not change the signs of the orbit errors because it’s a second order effect.
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Table 2: Orbit errors as a result of all dipoles having Gaussian random errors with σ(∆B/B) = 2 × 10−7.(absolute
in micrometer and relative to the rms beam size)

Random Seed (∆B/B = 2 × 10−7) Worst Orbit Error (µm)
1 3.5 (18%)
2 -2.0 (7%)
3 -2.8 (14%)
4 -7.3 (37%)
5 -3.5 (18%)

3 Quadrupole Errors in an ERL

In addition to the effect of dipole field errors on the particle orbit, quadrupole field errors can cause changes in beta
functions and betatron phase advances. The change in the beta function at an ID section will change the beam size
and thus is detrimental to high quality X-rays. The effect of such quadrupole errors can be estimated by adding the
perturbing force into the equation of motion and deriving the variation of the beta function accordingly.

A quadrupole field error causes an error in the force exerted on the bunch. The equation of motion under such a
force can be written as

~z ′ = L(s)~z + ∆~f(~z, s) (14)

where L(s) is the linear part of the total force and ∆ ~f describes the quadrupole field error.

~z(s) = ~zH +

∫ s

0

M(s, ŝ)∆~f(~̂z, ŝ)dŝ

≈ ~zH +

∫ s

0

M(s, ŝ)∆~f(~̂zH , ŝ)dŝ

The quadrupole field error can also be expressed in the form of a matrix:

x′′ = −(κ2 + k)x− ∆k(s)x =⇒
(

x′

x′′

)

=

(

a
−(κ2 + k)x

)

−
(

0 0
∆k(s) 0

) (

x
x′

)

(15)

Thus we can write the perturbing force resulting from quadrupole errors as

∆~f(~̂zH , ŝ) = −
(

0 0
∆k(ŝ) 0

)

~̂zH (16)

A bunch’s phase space vector at position s is related to its initial value at position s0 as

~z(s) = M(s)~z0 −
∫ s

0

M(s, ŝ)

(

0 0
∆k(ŝ) 0

)

M(ŝ)~z0dŝ (17)

where M is the transfer matrix for the unperturbed system and the action of the force error is added as a perturbation.
If we start from a quadrupole with an integrated field error ∆kL and assume that it acts on the bunch as an
instantaneous kick, then the force error can be approximated as a delta function ∆kLδ(s − s0) and the orbit at s
can be written as

~z(s) =

{

M(s) −M(s)

(

0 0
∆kL 0

)}

~z0 (18)

The transfer matrix has the general form:

M =

















√

β

β0

(cosψ + α0 sinψ)
√
ββ0 sinψ

1√
ββ0

{(α0 − α) cosψ − (1 + α0α) sinψ}
√

β0

β
(cosψ − α sinψ)

















(19)
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Table 3: Beam size variations at the ID sections due to Gaussian random quadrupole field errors with different
σ(∆k1/k1)

σ(∆k1/k1) ∆σx/σx ∆σy/σy

10−2 392% 248%
5 × 10−3 108% 45.8%

10−3 10.6% 5.48%
10−4 1.1% 0.52%

Thus the change of the transfer matrix is

∆M = −M

(

0 0
∆kL 0

)

=









−∆kL
√
ββ0 sinψ 0

−∆kL

√

β0

β
(cosψ − α sinψ) 0









(20)

We can also write the change of the transfer matrix in terms of variations in the beta function and phase advance,
which gives

∆M11 =
1

2

∆β√
ββ0

(cosψ + α0 sinψ) +

√

β

β0

(− sinψ + α0 cosψ)∆ψ

∆M12 =
1

2

∆β√
ββ0

sinψ +

√

β

β0

cosψ∆ψ (21)

Comparing both results we can infer the changes in the beta function and the phase advance:

∆β(cosψ + α0 sinψ) + 2β(− sinψ + α0 cosψ)∆ψ = −2∆kLβ0β sinψ

∆β sinψ + 2β cosψ∆ψ = 0 (22)

The relative beta function error as a result of a quadrupole error is

∆β

β
= −∆kLβ0 sin 2ψ (23)

The error of the phase advance is

∆ψ = ∆kLβ0 sin2 ψ (24)

Thus the beta function error at the n-th element as a result of preceding quadrupole errors is

∆βn

βn

= −
Nq
∑

m=1

(∆kL)mβm sin 2(ψn − ψm) (25)

Because the beam size at the ID section can be written as

σ2

x = βxε σ2

y = βyε (26)

we have the relative change in the beam size is

∆σx

σx

=
1

2

∆βx

βx

∆σy

σy

=
1

2

∆βy

βy

(27)

The horizontal and vertical beam size variations as a function of random quadrupole field errors are listed in
Tab. 3. In order to make sure that the beam size variation does not exceed one tenth of the designed value, the field
stability must reach the level of 10−3.
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Table 4: Orbit errors (absolute in micrometer and relative to the rms beam size) at the ID sections due to combined
correlated dipole field errors (∆B/B) and Gaussian random quadrupole field errors (∆k1/k1).

∆B/B σ(∆k1/k1) Orbit Error (µm)
10−3 10−3 146 (521%)
10−3 10−5 1.52 (5.4%)
10−4 5 × 10−4 7.45 (26%)

2.0 × 10−4 2.0 × 10−4 5.98 (21%)
10−4 10−4 1.50 (5.4%)

4 Combined Magnetic Field Error

In a real accelerator where dipole field errors and quadrupole field errors coexist, an orbit error due to the combination
of these two kinds of errors, although a second order effect, can have significant impact on the stability requirement
of the power supply system when the first order effect of dipole field errors is eliminated by correlating them in
achromatic, i.e. dispersion free sections. A description of the physical process is that the dipole field errors can
create orbit errors at subsequent quadrupoles, whose field errors combined with such orbit errors can produce an
effective beam steering, which can affect the particle orbit at following IDs. Such an effect can be estimated similarly
to that of dipole field errors.

Similar to Eq. 7, we can replace the dipole field error ∆θn with the effective beam steering ξnrq(kL)n∆xn from
the quadrupole field error on a displaced bunch, where ξn is a random number, rq is the quadrupole field sensitivity
factor and ∆xn is the bunch displacement.

∆x =

Nq
∑

n=1

rqξn(kL)n∆xn

√

Pn

P

√

βnβ sin(ψ − ψn) (28)

Thus the rms orbit at the IDs is

〈∆x2〉 =

Nq
∑

n=1

r2q (kL)2n∆x2

n

Pn

P
βnβ sin2(ψ − ψn) (29)

The requirement for the quadrupole field sensitivity rq can be calculated as

rq ≤
√
ε

10

√

√

√

√γ

Nq
∑

n=1

(kL)2n∆x2

n

Pn

P
βn sin2(ψ − ψn)

(30)

According to Eq. 30, with 0.1% correlated dipole magnetic field error, the required accuracy of the quadrupole field
is about 5 × 10−5. If we increase the accuracy of the dipole field to 0.01%, the required accuracy of the quadrupole
field will be reduced to 5× 10−4. We can also include magnetic field errors in our simulation and compare the result
with our analytic formula. The simulation results are shown in Tab. 4, which summarizes the worst orbit error of
the 27 ID sections in our ERL lattice with different combinations of dipole field errors and quadrupole field errors.

5 Conclusion

In the Cornell ERL the tolerance of beam orbit errors at the insertion device (ID) sections are no more than one
tenth of the beam size in those sections. In this report, we are only concerned with different types of magnetic
field errors. Other types of errors, such as magnet rotations, which can lead to dispersion in the vertical plane, or
quadrupole displacements, which can lead to orbit shifts, etc. are not discussed here, but will be the subject of an
upcoming report.

If individual power supplies were assigned to the dipole magnets, the field fluctuation in each dipole would be
random and uncorrelated to each other. Thus Eq. 12 shows that the stability requirement would be at least 7×10−6.
Such a requirement, however, is extremely difficult to achieve in a real accelerator and thus we have to resort to a
common power supply for all dipoles within each achromat to correlate their field errors. With all dipoles in one
achromatic section sharing the same power supply, the dipole field fluctuations in different dipoles become correlated
and the stability requirement can be reduced to about 10−3 due to our lattice design.
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For Gaussian random quadrupole field errors, the rms relative field stability must reach the level of 10−3 to keep
the beam size variation within one tenth of the designed value.

From the simulation for combined magnetic field errors, we conclude that the stability of power supplies for
both type of magnets must at least reach the level of 2 × 10−4. Similar power supply stability has been achieved
in the Swiss Light Source [1]. One caveat that should be mentioned here is that such a conclusion is based on the
assumption that, by sharing the same power supply, the dipole magnets in one achromatic section have completely
correlated field fluctuation. If there are extra sources of random field fluctuation not from the power supply, the field
stability requirement would have to be limited to 7 × 10−6.
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