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FIG. 3. Typical button layout at a beam position detector.

Because of the symmetry, any coupling will not alter the
computed value for the overall phases. This is strictly
true only when the beam is centered between the buttons.
However, even when the beam is moderately off center
there is still good cancellation of the phase shifts of the
individual button signals. This is important since the phase
shift at the individual buttons due to coupling can easily
be more than the phase deviations from the theoretical that
need to be measured.
In actuality, because of solenoids, skew quadrupoles,

etc., oscillations of the horizontal and vertical modes will
not be strictly in the x and y planes, respectively. This
coupling can be parametrized using the C matrix [6,7].
Assuming weak coupling, the motion of the horizontal
normal mode at a detector is given by

x ! Ax
p

bx cos!nvx" ,

y ! 2Ax

q

by #C22 cos!nvx" 1 C12 sin!nvx"$ ,
(7)

where Ax is the overall amplitude, bx and by are the beta
functions, vx is the normal mode tune, and n is the turn
number. From Eq. (7) it is seen that C22 is the normalized
amplitude of the vertical component of the motion that is
in phase with the horizontal motion and C12 is the nor-
malized amplitude of the out-of-phase component of the
vertical component of the motion. For the vertical normal
mode C11 gives the in-phase component of the horizontal
component and C12 gives the out-of-phase component:

x ! Ay
p

bx #C11 cos!nvx" 2 C12 sin!nvy"$ ,

y ! Ay

q

by cos!nvy" .
(8)

The Cij are a measure of the coupling with Cij % 1 cor-
responding to full coupling.

C11, C12, and C22 are calculated from the measurements
using Eqs. (7) and (8). C21 is not directly measurable here.
It could be measured if the transverse momentum, x0 and
y0, were measurable. Experimentally, the C12 data are
found to have a better signal-to-noise ratio than the C11

or C22 data. This is due to the fact that any cross talk
from the reference signal into the beam signal will tend
to pollute the in-phase component but not the out-of-phase
component. Also, any twisting of the beam pipe will result
in changes in the in-phase C11 and C22 components but not
in C12.
In theory b can be extracted from the measured am-

plitude. In practice, this is not done since the noise in
the measurement makes the phase data much more reli-
able than the amplitude data. Instead, b is computed from
the phase data by rewriting Eq. (2),

db

bb
! 2

d!df"
dfb

, (9)

where bb and fb are the beta function and phase obtained
from some base line lattice (typically the design HEP op-
tics) and db and df are the variations of the measured
values from the base line. Equation (9) is evaluated by
fitting the curve of df verses fb using a quasi-Hermite
nonsmoothing cubic spline developed by Akima [8]. The
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FIG. 4. Example db&b calculation from the phase data. The
horizontal scale for the phase data is the beam detector index
while for the b data the horizontal scale is the quadrupole index.
(a) Phase difference between a model lattice and a base line
lattice. (b) Exact db&b as calculated from the model and base
line lattices. (c) db&b as calculated from a spline fit of (a).
(d) Difference between (b) and (c).
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