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Tune Shifts from Skew Quad Errors

Following Handbook 4.5.4 (Rubin), perturb the one-turn matrix at a place where ¢ = 0:

F =
cos 2Qx Bx sin 27w Qx 0 0
—~x sin 2w Q« cos 2mQx 0 0
0 0 cos 2mwQy By sin 27w Qy
0 0 —vy sin27wQy,  cos2wQy

Thin skew quad Handbook 4.54 Eq. 5

AKL is the strength of a normal quad which is now rotated by 45° to make the skew quad error.

Mihin =
1 0 0 0
0 1 AKL 0
0 0 1 0
AKL 0 0 1
Define
I K,
K, 1

Perturbed 1-turn matrix:
P = F Mthin =

[ M MK, }
So,m = NK;=

AKL3,sin27Q, 0
AKL cos27@Q, O
and, n = M K;=

AKLB:sin27Q, 0
AKL cos2n7Qx 0

The symplectic conjugate (Sagan and Rubin (PRSTAB 2,074001 (1999)), Eq. 5)
+ —
nt =
0 0
—AKL cos2nQ, AKLPB,sin27wQ,

and m + n

AKLBy,sin2wQy 0
AKL (cos2mQy — cos 27Q,) AKL B,sin2n7Q,
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Handbook 4.54 Eq. 28

The tune split due to coupling is given by:

Tr(A—B) = 2(cos2mQa — cos2wQgB)

= /Tr (M — N)? + 4det (m + n+)

= \/4(cos2mQq — cos27Q,)* + 4 (AKL)® B, sin 2rQ, sin 27 Q,

Special case Q» = Qy

For the case Qz = Q, the tune split is symmetric.

Defining AQas = (Qa — QB) /2, we have Q4 = Q= + AQap and Qp = Qy — AQaB.
Also define p = 27wQ, = 27wQy and Apuap = 2w AQ ap for simplicity.

For AQas K Qa and AQas K @B,

(AKL)? B.8ysin?u = (cos2mQa — cos2wQg)>
= (cospcos Apap — sinpsin Apap — cos pcos Apap + sin pusin (—Apag))?
~ (cosp— Apapsinp — cosp — Apap sin p)?

4ApE psin® p

~ (27)%(Qa — Qg)’sin®

1R

1 /BzBy

which reproduces Handbook 4.5.4 Eq. 31: va —vp ~ PO

Obtaining normal and skew quad strengths from tune shifts

The form for the tune shifts due to skew quad errors:

(cos 27 (Qz + AQyz) — cos (Qy + AQy))? — (cos 27Q, — cos 27Qy)? = (AKL)? 8.8, sin 27Q., sin 27 Q,

can be compared to the formula obtained for the normal tune shifts (Wille Eq. 3.272):

2 (cos 27 (Q + AQ) — cos 2wQ) = —AKLBsin2wQ

Since a skew quad term makes equal-sign contributions (see matrix representation below), the normal quad term can be
extracted from the difference of AK L values obtained using the horizontal and vertical tune shifts.

The left side of this form simplifies under AQ, K Q= and AQy K Q4 to

4m (cos 27Qy — cos 27Qy) (—AQ4 sin 27Q, + AQ, sin 2wQ,) = (AKL)? BBy sin 2w Q. sin 2w Q,
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Matrix representation

Transport matrix for an element with normal quad strength KL and skew quad strength K L in the approximations
VKL <« 1and vVKs;L < 1 and length L:

MapbMp Moy, =

1 0 0 1 0 0
KL 1 KL 0 1 L 0 O KL 1 K.L 0
2 2 0 1 0 O 2 2
0 0 1 0 0 0 1 L 0 0 1 0
KsL 0 —KL 1 0 0 0 1 KL 0 — KL 1
2 2 2 2
i KsL2? 1
1 KL? L s 0
+ 2 2
(K+Ks)2L3 KL2 KsL?
KL+ —— 14 2= KL
_ 4 2 2
Ks_Lz 0 1— KL? L
2 2
K.L K.L? —KL + (K+K,)*L® 1 _ KL?
L 2 4 2|
For K = 0 this becomes
_ Y -
1 P 0
2
K213 1 K.L K.L?
4 2
2
Kok 0 1 L
2
K.L KsL? KZ2L® 1
L 2 4 -

The drift length L does not contribute to the skew transport.
The skew quad strength KsL makes a second-order, same-sign contribution to the H and V tunes.

For Ks = 0 this becomes

1+KTL2 L 0 0 ]
KL+ X2 4 xe? 0
2
0 0 1—KTL2 L
0 0 _KL4+ XY ke?
L 2 -
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Normal and Skew Quad Contributions from Sextupoles

Bmad manual section 16: Normal sextupole

gL 2
FOBY = KzL (X -y )
qL

-—Bx = 2K.L

B, Bx 2Lxy

qL dBvy

-— —— = 2K,L
P, dx 2
gL dBx

-— —= =2K-L
P() dX 2Ly

Assuming the initial sextupole strength is zero, changes in the sextupole strength K2 gives changes in the local field
slopes (normal (b1) and skew (a@1) quad strength changes):

_4qL dBy ) _
Aby = o) A( i ) = 2AK:L (X0 + Ax)

Aai = FO A <K> = 2AK-L (Yo + Ay)



