
PHYS 3323

PHYS 3323 - Formulae

E(r) = 1
4πε0

∫ ρ(r′)

r 2 r̂ dτ ′
∮
E · da = 1

ε0
Qenc ∇ ·E = ρ

ε0∮
E · dl = 0 ∇×E = 0 E = −∇V

V (r) = −
∫ r
O E(r′) · dl ∇2V = − ρ

ε0
V (r) =

∫ ρ(r′)
r dτ ′

E⊥above − E⊥below = σ
ε0

At the surface of a conductor E = σ
ε0
n̂ and σ = −ε0 ∂V∂n

C = Q/V W = 1
2CV

2 F = qE

Vdip = 1
4πε0

1
r2
r̂ ·
∫
r′ρ(r′)dτ p =

∫
r′ρ(r′)dτ ′ Vdip(r) = 1

4πε0
p·̂r
r2

Edip = p
4πε0r3

(2 cos θr̂ + sin θθ̂)

Solution to Laplace equation in cartesian coordinates in two dimensions

V (x, y) = (Aekx +Be−kx)(C sin ky +D cos ky).

Solution to Laplace equation in spherical coordinates

V (r, θ) =

∞∑
l=0

(
Alr

l +
Bl
rl+1

)
Pl(cos θ).

Solution to Laplace equation in cylindrical coordinates (2 D)

V (ρ, φ) =

∞∑
m=1

(Am cosmφ+Bm sinmφ)(Cmρ
m +

Dm

ρm
) +A0 +B0 ln(ρ)

Multipole expansion

V (r) =
1

4πε0

∞∑
n=0

1

rn+1

∫
(r′)nPn(cosα)ρ(r′)dτ ′

• Spherical:

– line element
dl = drr̂ + rdθθ̂ + r sin θdφφ̂

– Gradient:

∇t =
∂t

∂r
r̂ +

1

r

∂t

∂θ
θ̂ +

1

r sin θ

∂t

∂φ
φ̂

– Divergence:

∇ · v =
1

r2
∂

∂r
(r2vr) +

1

r sin θ

∂

∂θ
(sin θvθ) +

1

r sin θ

∂vφ
∂φ

• Cylindricall:

– Gradient:

∇t =
∂t

∂r
r̂ +

1

r

∂t

∂φ
φ̂+

∂t

∂z
ẑ

– Divergence:

∇ · v =
1

r

∂(rvr)

∂r
+

1

r

∂vφ
∂φ

+
∂vz
∂z

– Curl:

∇× v =

(
1

r

∂vz
∂φ
−
∂vφ
∂z

)
r̂ +

(
∂vr
∂z
− ∂vz

∂r

)
φ̂+

1

r

(
∂(rvφ)

∂r
− ∂vr
∂φ

)
ẑ
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Electric Displacement

ρ = ρb + ρf .

ε0∇ ·E = ρ = −∇ ·P + ρf .

ρf = ∇ · (ε0E + P).

D ≡ ε0E + P.

∇ ·D = ρf .

∇ ·P = −ρb
P · n̂ = σb

Linear dielectric

P = ε0χE

where χ is the electric suscpetiblity.

D = ε0E + P = ε0(1 + χ)P = εE.

Boundary conditions

D⊥above −D⊥below = σf D
‖
above −D

‖
below = P

‖
above −P

‖
below

E⊥above − E⊥below =
1

ε0
σ E

‖
above −E

‖
below = 0

In linear dielectic

ρb = −∇ ·P = −∇ ·
(
ε0
χ

ε
D
)

= −
(

χ

1 + χ

)
ρf .

the bound charge density is proportional to the free charge density.

εaboveE
⊥
above − εbelowE⊥below = σf .

Current

J = σE V = IR

F =

∫
(v ×B)dq =

∫
(v ×B)λdl =

∫
(I×B)dl.

Fmag = I

∫
(dl×B).

Fmag =

∫
(v ×B)ρdτ =

∫
(J×B)dτ.

∇ · J ≡ −∂ρ
∂t
.
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Magnetic Field

Biot-Savart

B =
µ0
4π

∫
I× r̂

r 2
dl′ =

µ0
4π
I

∫
dl′ × r̂

r 2
.

B(r) =
µ0
4π

∫
J(r′)× r̂

r 2
dτ ′.

Divergence

∇ ·B =
µ0
4π

∫
∇ ·
(
J(r′)× r̂

r 2

)
dτ ′.

∇ ·B = 0.

∇×B = µ0J + µ0ε0
∂E

∂t∮
B·dl = µ0Ienc + µ0ε0

∂Φe

∂t
.

Vector potential

B = ∇×A.

∇×B = ∇× (∇×A) = ∇(∇ ·A)−∇2A = µ0J

A(r) =
µ0
4π

∫
J(r′)

r dτ ′.

A =
µ0I

4π

∫
1

r
dl′.

Boundary Conditions

In linear media

ε1E
⊥
1 − ε2E⊥2 = σf , E

‖
1 −E

‖
2 = 0

B⊥1 −B⊥2 = 0,
1

µ1
B
‖
1 −

1

µ2
B
‖
2 = Kf × n̂

If there is no free charge or free current at the interface

ε1E
⊥
1 − ε2E⊥2 = 0, E

‖
1 −E

‖
2 = 0

B⊥1 −B⊥2 = 0,
1

µ1
B
‖
1 −

1

µ2
B
‖
2 = 0

The vector potential is continuous at a boundary.
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Multipole Expansion

A(r) =
µ0I

4π

∫
1

r dl′ =
µ0I

4π

∞∑
n=0

1

rn+1

∮
(r′)nPn(cosα)dl′.

m = I

∫
da′

Adip(r) =
µ0
4π

m× r̂

r2
.

Adip(r) =
µ0
4π

m sin θ

r2
φ̂.

B = ∇×A =
µ0m

4πr3
(2 cos θr̂ + sin θθ̂).

Torque and Force

N = m×B.

F = ∇(m ·B)

Magnetization

The total current
J = Jb + Jf

∇×B = µ0J = µ0(∇×M + Jf )

∇× (
1

µ0
B−M) = Jf

H =
1

µ0
B−M

∇×H = Jf +
∂D

∂t∮
H·dl = Ifreeenc +

d

dt

∫
S
D · da

Jb = ∇×M Kb = M× n̂

Linear media:
M = χmH

χm =
µ

µ0
− 1

B = µH

Boundary conditions:

B⊥above = B⊥below B
‖
above −B

‖
below = µ0K

Aabove = Abelow Babove −Bbelow = µ0(K× n̂)
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Induced fields

E =

∮
E · dl = −dΦ

dt∮
E · dl = − d

dt

∫
B · da

∇×E = −∂B
∂t
.

E(r) =
1

4π

∫ −∂B
∂t × r̂
r 2

dτ ′ = − 1

4π

∂

∂t

∫
B× r̂

r 2
dτ∫

B·dl = µ0

∫
J · dl = µ0Ienc

Inductance

Φ2 = M21I1 M21 =
µ0
4π

∮ ∮
dl1 · dl2

r

M21 = M12, E2 = −dΦ2

dt
= −MdI1

dt

Φ = LI, E = −LdI
dt

Maxwell Equations

∇ ·E =
1

ε0
ρ ∇ ·B = 0

∇×E = −∂B
∂t

∇×B = µ0J + µ0ε0
∂E

∂t

In matter

∇ ·D = ρf ∇ ·B = 0

∇×E = −∂B
∂t

∇×H = Jf +
∂D

∂t

Wave equation

∇2E = µ0ε0
∂2E

∂t2
, ∇2B = µ0ε0

∂2B

∂t2

v =
1
√
εµ
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Waves and Waveguides

Phase velocity and group velocity (k is the propagation direction)

vp =
ω

k
, vg =

dω

dk

Rectangular waveguide

k =
√

(ω/c)2 − π2[(m/a)2 + (n/b)2], ωmn = cπ
√

(m/a)2 + (n/b)2, k =
1

c

√
ω2 − ω2

mn

Energy and Momentum of EM fields

u =
1

2

(
ε0E

2 +
1

µ0
B2

)
, S =

1

µ0
(E×B)

Momentum

g = ε0(E×B), p =

∫
V
gdτ

Angular momentum
l = r× g = ε0[r× (E×B)]

Legendre Polynomials

P0(cos θ) = 1

P1(cos θ) = cos θ

P2(cos θ) = (3 cos2 θ − 1)/2

P3(cos θ) = (5 cos3 θ − 3 cos θ)/2

P4(cos θ) = (35 cos4 θ − 30 cos2 θ + 3)/8

P5(cos θ) = (63 cos5 θ − 70 cos3 θ + 15 cos θ)/8

∫ 1

−1
Pl(x)Pl′(x)dx =

∫ π

0
Pl(cos θ)Pl′(cos θ) sin θdθ =

2

2l + 1
δll′∫ a

0
sin(nπy/a) sin(n′πy/a)dy =

1

2
δnn′
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