Physics 3323, Fall 2016 Problem Set 11 due Nov 18, 2016

Reading: Griffiths Ch. 8

Show that the total impulse is (again) equal to the momentum
originally stored in the fields.

1. Force and momentum (Griffiths 8.6) ' SOLUTION: |

A charged parallel-plate capacitor (with uniform electric field
E = F7%) is placed in a uniform magnetic field B = BX as
shown in Figure 1.

Figure 1: Parallel plate capacitor

a) Find the electromagnetic momentum in the space between
the plates.

b) Now a resistive wire is connected between the plates, along
the z-axis, so that the capacitor slowly disharges. The current
through the wire will experience a magnetic force; what is the
total impluse delivered to the system, during the discharge?

c) Instead of turning off the electric field (as in (b)), sup-
pose we slowly reduce the magnetic field. This will induce a
Farady electric field, which in turn exerts a force on the plates.

a) The electromagnetic momentum
p= eo/E x Bdr = g EBAdY

b) The force on the wire is

d
F — [dBY = %dBy

p = Fdt = QdBy
The electric field F = A Then

p = eoEAdBy

c¢) The magnetic flux ® = [B-da = Bdw where w is the
width of the plate. The change in flux through the loop
across the width of the top plate, the distance d separating
the plates, backwards across the width of the bottom plate
and across the gap to the starting point corresponds to

0P oB
E= % -dl =2Fw =5 = dw wos

The force on the plates is

AB

- E(Qtop + Qbot) in = dAE()ETt

p = FAt = dAegEBY




2. Electron (Griffiths 8.11) And inside

Picture the electron as a uniformly charged spherical shell,
with charge e and radius R, spinning at angular velociy w.
(See Example 5.11 for the vector potential of the spinning

2
B = g,uoaRwi.

Then the total energy outside the sphere is

1 2

shell) Uyt = 2/ (6016 62 5 4r2dr27rsin9d9> +
Te€EqT
a) Calculate the total energy contained in the electromagnetic 1 Rt 02 L eos? 8 2
fields. <#0 wo’) ( COZ + siu ) 2mr2dr sin 0d6
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b) Calculate the total angular momentum contained in the _ 1 LoRYwo\2 [ 4
fields 2 47reoR o\ 3 3R
c) According to the Einstein formula (F = mc?), the energy 1 ,uoew 2 /AR
in the fields should contribute to the mass of the electron. ) 47T60 R 3(47r)> <3>
Lorentz and others speculated that the entire mass of the r
electron might be accounted for in this way: U, = m.c>. = 1 ,UO R

2 47reoR o 27

Suppose, moreover that the electron’s spin angular momentum
is entirely attributable to the electromagnetic fields: L., = _ (1 + 2R2>
h/2. On these two assumptions, determine the radius and 47T€OR 27¢?
angular velocity of the electron. What is their product, wR?

Does this classical model make sense? And the energy inside the sphere is
1
: 14 4 2 2 w?R?
SOLUTION Upy = —— = (o0 Rw)? “Rs == S 20
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The vector potential outside is
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b) The angular momentum is

L = 60/(1‘ x E x B)r?dr sin 0dfdg
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3. Electromagnetic momentum again

Imagine two parallel infinite sheets, carrying uniform surface
charge +o (on the sheet at z = d) and —o (at z = 0). They
are moving in the y-direction at constant speed v.

a) What is the electromagnetic momentum in region of area
A?

b) Now suppose the top sheet moves slowly down (speed )
until it reaches the bottom sheet, so the fields disappear. By
calculating the (magnetic) force on the charge (¢ = 0 A), show
that the impulse delivered to the sheet is equal to the momen-
tum originally stored in the fields.

SOLUTION:
a) The momentum

p= Eo/E x Bdr = eoguoav(dA)fc
€0

b)The force on the charged plate as if moves with velocity %
through the magnetic field B is

F = G'A@B
dt

The change in momentum, that is the impulse, is force X
time.

F = pAt=ocAd(uoov)

which is indeed the momentum that was stored in the fields.

. Toroid

A point charge ¢ is located at the center of a toroidal coil of
rectangular cross section, inner radius a, outer radius a + w,
and height Am which carries a total of N tightly wound turns
and current I.

a) Find the electromagnetic momentum p of this configura-
tion, assuming that w and h are both much less than a (so you
can ignore the variation of the fields over the cross section).

b) Now the current in the toroid is turned off, quickly enough
that the point charge does not move appreciably as the mag-
netic field drops to zero. Show that the impluse imparted to ¢
is equal to the momentum originally stored in the electromag-
netic fields.

SOLUTION:
a) The electric field is

qa .

E=—"t1
4degr?



The magnetic field of the toroid is nonzero inside the volume
of the toroid

fB-dl = NI

NT -
B = M5

2ma

Since a > w, h, we assume the magnetic field is constant over
the volume of the toroid. The electromagnetic momentum is
q poNI N
=¢ [ ExXBdr = ¢ 2mahw)z
p 0/ 047reoa2 2ma ( )
pogNThw
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b) To determine the induced field at ¢ when the magnetic
field in the toroid is reduced to zero we use

0B
VxE_—E
in integral form
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