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1 Laplace’s Eqn.

Gauss’s law says V- E = —% and E = —VV. Therefore

vy =2

€0

and in a region of space with no charge
VvV =0.

In one dimension? Suppose twe have two infinite parallel plates in the y-z plane.
With separation d along x. The potential depends only on z. Let the potential on
the plane at x = 0 is V and the potential on the plane at x = d is 0. Since the
second derivative is zero every where in between, it must be that for all x in between

Vo> V(z)>0

Because a zero second derivative indicates a maximum or minimum. In 2 and 3
dimensions things get a bit more complicated. We only know for sure that the sum
of the second derivatives is zero. But we can say something like the value between
the boundaries is some kind of average on the boundaries.

Cartesian coordinates
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Cylindrical coordinates

ViV =

1a(av> LV PV
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1.1 Average- 2 D

The average on a circle around a point is the same as the value at that point.

1
V(l’,y) = Vavg = ﬁ \% l le

So no local min or max. Say there is a max. Use it as the center of a circle. Average
over the circle. The average would be less. So therefore no peaks allowed.

1.2 Average 3D

Pick any point in space V (r). Use it as the center of a spherical boundary. Compute
the average potential on the boundary. It will be equal to the value at the center.

1
V(r) = ‘/avg = m \% . Vda
sphere

Same reasonaing as before. No local max or min allowed.

Proof: Field of a point charge a distance z from the center of a sphere. The goal
is to average the potential of the point charge over the surface of the sphere and
compare to the potential at the center of the sphere. The potential on the surface
at R,0,¢ is

q 1
V(R,0) =
(.9) dmeg /22 + R?2 — 2Rz cos 0
and 1
Vda = 2 21 R2sinfdd
Amen /22 + R2 — 2Rz cos 6
1 q /W 1 2 .
Vave - 21w R*sinfdo
ArR%4mey Jy 22+ R2 — 2Rz cosf
1 q /1 1 )
e = 2rR°dx
47 R? 471'60 -1 \/22 + R? —2Rzx
2rR? ¢ 1
= — 2+ R? —2Rzz |!
Ve 47rR? 47eq 22R vt s
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2tR? ¢ 1 qg 1
_ —R) — R)) = -
AT R% 4meg 22 R ((= )~ (z+ 1))

N 4meg 2
which sure enough is the potential due to the charge at the center of the sphere.
Thanks to supperposition, the same will be true for any charge distribution outside
the sphere so it must be true in general.

Vave =

2 Uniqueness 1

If we know the potential on the boundary of a region, then the potential everywhere
inside the boundary is uniquely determined. Proof: Suppose there are two solutions
Vi and V,. Then Vi = V,—V; = 0 on the boundary. And V2V3 = 0. If it is zero on the
boundaries and there are no local max or min it must be zero everywhere.Therefore
Vi = V5. A result is that there is no way to electrostatically confine a charged
particle.

We can always add some charge and thenthe potential in a volume V is uniquely
determined if the charge density throughout the region is known and if the potential
on the boundary is known.

3 Uniqueness 2 - conductors

A volume V is surrounded by conductors and there is some charge density p be-
tween the conudctors and maybe on the conductors. The electric field is uniquely
determined if the total charge on each conudctor is given. Note, the potential is not
unique. We can always add some constant. We could connct each conductor to a
battery at voltage V and offset the whole deal.
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4 Separation of Variables - Spherical Coordinates

laplace’s equation in spherical coordinates

1o [ oV 10 oV 1 oV
oy, L O [ 20V L ayv
ViV=1ag, (T 8r>+r28in986 (Sm989)+r2sin20 052

Assume azimuthal symmetry, multiply by r? and we get

ﬁ T28_V + L 2 Sin@2 =0

or or sin 6 00 o0)
Separate variables by writing V' (r,0) = R(r)©(0). Substitute into differential equa-
tion above and divide by R(r)©(#) and we have

Lo (ORY 1 D[ 0e)
Ror\" or ) " osnooo \""" 00 ) T

Solution requires that

1
9 ( 28R) = constant = l(l + 1)

ror " ar
1 0 00
O sin 6 9 (Smeae) W+1
The general solution for
B
1 l
R(T) = Ar + m

and

5 Spherical Shell with charge distribution

Boundary conditions are V(r — oo) = 0, V/(0) is finite, and at the boundary of the
surface, continuous. Inside solution

Vin =) Ar'P,
=0
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and outside
[o@)

By
Vou =) _ 7P
1=0
Vot is zero at r = oo and Vj, is finite at » = 0. Potential is continuous at a boundary
SO

o0 o0 B ,
_ lp _ _ l
Vin =Y JARP = Vo =D g I
1=0 1'=0
Multiply left and right by P~ sin#df and integrate from 0 to 7 to get
> 26, 1 > By 20y
AR = = e
Z ! 2041 ZRZ’+12l/+1
1=0 =0
" B "
v l
— AZ”R - Rl//+1
and
Bl — A1R2l+1

There is another boundary condition at the surface of the sphere. We know from
Gauss’s law that

Eibove o Eﬁelow — z
€0
and 5V
Eperp = T 5
on
At the surface of the sphere %—‘; = %—‘; SO

aver  ovin 4(h)

or or €0

Using everything we know so far we get that

o(0)

€0

i(zz +1)RIR(0) =

=0

Multiply both sides by Py (cos ) sinfdf and integrate and we get

1 o0 :
A= SR /0 E(O)Pl(cos 0) sin 6d6



where we used f PPy sin 6df = L(Sl’l/ For the sphere where the top half has o = o

20+1
and the bottom o = —oy
1 w/2 ™
A = SR /0 Py(cosf) — /ﬂ/2 Py(cos @) | sinfdf
AO == 0
1
A = —
! 260

Even terms are zero. Next term is As. Note that Py = (5cos® — 3cos6)/2. Then

1 oR3 cos
Viut ~ — cosft) = — 5
T 2¢g 71

6 Dipole moment

p= / r'p(r')dr’

Let’s compute the dipole moment for that split sphere.

w/2
p=2 27TR2/ osinfdiRcosf| = 2nR3o
0

pcosf R3 cos @

= =0—
4dmegr? 2¢9 12

7 Conducting spherical shell in uniform E-field

The uniform E-field E = Eyz derives in spherical coordinates from a potential
V(r,0) = —Eyz+ C = —Eyrcosf + C
Set C'=0so V(0) = 0. Check that by taking
ov,_ 10V . 1 9V .
“or o’ T reing 0g”
At large r, V(r,0) — —Egrcosf. And at r =0, V(r) = 0. We can write

V-V

00 in,.l
Vin ="~i—0 Al b
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and B
ou, l
Vour = ) | (Al il E) P,

The sphere is a conductor so the otential inside is everywhere the same, namely zero.
All Ai» = 0. To match the large r boundary condition, A; = —Ey and A;,1 # 0 = 0.
The surface of the sphere is an equipotential so

B

! l _

E (AlR + rl+1> P =0

Since the P, are orthogonal, the only way the sum is zero is if

By
R

AR = —

for all [. There A; = —% and all other A; and B; are zero. Therefore

R3 R3
Vour = —Eo(r — T—Z)Pl(cos 0) = —Ey(r — 7"_2) cos 6

The induce charge

8‘/:)ut 8‘/;71 _
o(f) = —¢ < o 7) lr—r = €(3Ep) cos



