Physics 443 Prelim #1 with solutions
March 7, 2008

Each problem is worth 34 points.

1. Harmonic Oscillator
Consider the Hamiltonian for a simple harmonic oscillator

p2
H = % + §mw2x2

(a) Use dimensional analysis to estimate the ground state energy and

the characteristic size of the ground state wave function in terms
of m, h,and w. (That is, determine the characteristic length [y and
energy Ey.)
[Let © = lpz and E = €FEy, where [y and Ey have dimensions of
length and energy respectively. Substitution into Schrodinger’s
equation gives
o1
<_2ml3d2’2 + me2l§z2> ¢ = €E077/)

Multiply through by 2mi2/h* to get
d> It 2ml?2
(— + m2w2022> V=€ m 0 Byt
z

Define [; so that the coefficient of 221 on the left hand side is 1
and Fy so that the coefficient of € on the right hand side is 1.
Then

h 1
lo=1/— and Ey = —hw.]
mw 2

At t = 0 a particle in the harmonic oscillator potential has as its
wave function an even mixture of the first two stationary states
with energies %hw and %hw.

U(x,0) = Altb(x) + 1 ()]

Compute A and find ¥(x,¢) and |¥(z,t)|*. Give your answers in
terms of vy and 1.

[A is the normilzation constant.

Wle) = 1
= JAP[(Wo | o) + (o | ¥1) + (¥ | tho) + (Wr | )]
= |AP1+0+0+1]

1
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U(z,t) 5 7
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W (x, )2 = ;HJ+%%6M+W%W]
= [1 4 51 cos(wt)]

Compute (z) using z = (/52— (ay + a_). What is the angular
frequency of the oscillation?

[(z) = Wlz[)
— ;(<¢O|I|¢0>+<@/J1|x|¢1>+<¢1 |x|¢0>em+<wo|x|¢1>e_w)
= ; <<1/11 | 2 | o) €™ 4 (o | 2 | 1) e*M)

= (1 [ 2] o) cos(wt))

The last step follows from the fact that the wave functions v; and
1o are real and x is an Hermitian operator. Finally

I
(Y1 | o] tho) = \/%<¢1|a++a—|¢o>
h
= \/%<¢1|a+|¢o>

h

2mw

The last step follows from the third equation for the one dimen-
sional harmonic oscillator on the formula sheet. So

(x) = 2:;} cos(wt).

The angular frequency of the oscillation is w.]

If you measured the energy of this particle, what values might you
get and what is the probability of getting each of them?

[A measurement of the energy of the particle would give either
%hw or %hw with equal likelihood.]
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What is the expectation value of H?
[(H) = 3[(¢o | H | ¥o) + (¥1 | H | ¢1)] = hw]

2. WKB

Consider the infinite square well with a sloped floor

(a)

oo for (z < 0),
V(z)=1] kx for (0 <z <a),
00, for (z > a)

If the well is narrow (small a) and k is small, the turning points
for the ground state will be at x = 0 and x = a. If the well is
very broad, the right turning point for the ground state will occur
along the floor, at x < a. Assuming that the turning points are at
x =0 and xr < a, use the WKB approximation to find the energy
of the ground state and the turning point.

[The turning point x; = E/k. The quantization condition for a
well with one infinite vertical wall is

1 =

e | 1
= \/ka/ (E—J})§dl‘
0

2 E )
= —g 2mk(E —x)3/2 Ot
2 E
= SV2mk(+)*?
5 V2mk()

33 nhk \*?
= E=|=- ]
24/2m

Now assume that the turning points are at x = 0 and x = a and
use the WKB approximation to write an expression that deter-
mines the energy levels of the system. (You do not need to solve
for £,.) [Now we use the quantization condition for two infinite



vertical walls.
)

Th = pdx

x1

= /a 2m(E — kx)dx
0

— \/M/xt(E —:E)ldx

N
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2 E .
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3. Spin 1/2
Suppose that a spin-1/2 particle is in the state

-(3)

where a = cos o and b = sin « are real and the state is normalized.

(a) What are the probabilities of getting +h/2 and —h/2, if you mea-

sure S, and S,7

[The probability for getting +%/2 if you measure along the z di-
rection 1s

a
xR =11 0) ()12 =laP

and the probability for —7/2 is |b]?>. The probability for getting
+h/2 if you measure along the z direction is

o)t 1 a 1
= s (0 1) () 1= gla o

X(f ) are the eigenvectors of S, with eigenvalues i%h. The proba-

bility for —h/2 is $|a — b|*.]

In a coordinate system rotated by an angle 6 about the y-axis so
that z — 2’ and = — 2/, what are the the probabilities of getting
+h/2 and —h/2, if you measure S, and S,/ 7
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[In the rotated coordinate system

= (Sl ) (1) < () = (jenld b

Now the probability of getting +%/2 if you measure along the +2’
direction is |a/|? and the probability of getting —%/2 is [b'|?. The
probability of getting +h/2 if you measure along the +z’ axis is
sla’ £ V)2



Formulae and Tables

ov
HY = h—
ot
n? o 9
r 9y — W2
2m Ox2 (z,1) m@t (z.1)
e WKB
1 o :
/ p(z)dr = (n — 2) wh  (no infinite vertical walls)
p x)dxr = <n - > wh (1 infinite vertical wall)
/ " p(z)dx = nmh (2 infinite vertical walls)
U(z) = — exp - / ) + 7 exp(—ﬁ " p(a')da)

P(z) = \/Hexp(h/ Ip(z")|dx") + —eXp ——/ Ip(z")|dx")

e One dimensional harmonic oscillator

/\2 1
H = 2p—m+2mw2x2

1
ar = ——(Fip+ mwl
- \/2hmw(:F b )

arthn = \(n+ 1)

a—wn - \/ﬁwn—l
[CL_,CL+] =1
1
H = hCU(a,CM,—i)
1
Hy, = hw(n+§)¢n
mw\/4 e o mw\4 [2mw e o
wo= (T) T w= () TR



Relativisitic energy momentum
E = \/p*c? + (mc?)?

Time dependence of an expectation value

d(Q) i oQ
T ﬁ([hﬂ Q) + <E>

Three dimensional infinite cubical well

9 3/2 N .
@an,ny,nz (l’, Y, Z) = <) sin (Mflf) sin <ny7ry> sin (MZ)
a a a

a

272
0 7=h

N Ny, Nz

= 55 (n; +n, +nl)

Virial Theorem

For stationary states

UT) = (r-VV)

Generators o
eoM2 = cos(¢/2) + (i - o) sin(¢/2)

Boundary conditions for V(z) = ad(z)

Y (x) continuous,

>(8) -0

dx K2

—sin
cos 2

)



