Physics 443, Solutions to PS 7

1. Griffiths 4.50
The singlet configuration state is
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where that second equation defines the abbreviated notation | xy,) and | x_).
(58757 = (x4 §Wb- 5@ | x)

In spherlcal coordinates the unit vector in the 6, ¢ direction is # = sin 6 cos i+
sin 6 cos qu +cos 0k Let’s choose a to be along the z-direction. Then 6 = ¢ =0
and @ = k. And choose b to be in the x-y plane at an angle 0 with respect
to the z-direction so that ¢ = 0. Then b = sin #i + cos Ok. Now

(S 53y — <X la-SDp. 5@ | X>
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We have used the fact that (x4 | S, |x+) = £h/2 and (x+ | S. | x+) =
<Xi‘%’X:F>:O'

2. Griffiths 4.59
To determine the time rate of change of expectation values we use
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(a) We have that

1
H=o—(p—qA)" =g = (p —qp-A—qA -p+qA%) +q¢



Then
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= (5 (I7*.1] —alp- Ax] = g[A - p.x] + (4% x)) + gl0,1]))
Let’s look at the commutators one at a time. (Sum over pairs of indices)

[pQ,I'] = [pipi, ;1T = pilpi, 2|25 + [pi, j]pit;

[P A, 1"] = [piAiyxj]j:j = pi[Ai,l’j]ij + [pz‘, xj]Aiij

[A-p,r] = [Aipi’xj]fj = Aips, xj]fj + [szfj]pii“j =
[AQ, I‘] = AZ[AZ,.’L']]QATJ + [AZ,.ZE]]AZJA?] =0 (4)
[¢,r] =0 (5)

Putting the pieces together we get

;L[ ] = ﬁ (—2ihp + qihA + qihA)
= —(p—qA)
(b)
M~ L - aA)) + (O (p - gA))

- (PP - alp- A, p] — g[A - p,p] + ¢’[A%, p]

b gl Al + o A AT+ A p Al - A% A]) — L (6] - lo, A]

Let’s collect terms and write

1 1 1q
H, —(p—qA)] = —+ (—qli + ¢°L,) — —1I
[ »m(P qA)] 2m2h( qi1 +q 2) i3
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i I includes the terms with one power of A and 2 powers of p
Li=[p"Al+[p-A p]+[A-p,p|
ii Iy has the terms with 2 powers of A and one power of p
I =[A%p]+[p- A Al +[A - p A
iii And finally I3 is the term with ¢ and p
I3 = [¢, p]

All of the other terms are zero.

Let’s see what we can do with I;
L = [p>,Al+[p-A,p]+[A p,p]
= |pipi, Aj|2; + [pidi, pjl2; + [Aipi, ps] 25
= (pilpi, Aj] + [pis Ajlpi + pilAi, pj] + [Ai pjlpi) &5
Now we need
[pi, Al = (piAj — Ajpi)y
= (piAj) + Ajpb — Ajpap
= (pA)v
0A;
— g%
! 3xzw
Then I; becomes

Lo (004 94 9 9 9A_0A 9.

— _Rh%2(V24.— — (V- A A o
h (V A; axj(v )+ (VA4;) -V — axj V) Tj

— —h2<—6X(6XA) +(V x A) )
= ih(p x B —B x p)z;

In the last step we used the vector identity
Vx(VxA)=-V?A+V(V-A)
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and note that

((mj)-v_'-v

Next we evaluate I
I, = [A%p]l+([p-A Al+[A-p,A]

- 04,  0A; . 0A;  0A) .
= i <_AZ &rj &rj AZ + 8901 + Az 6951 ) i

0A; 04, 0A; 04,
= —ih|A(=2L - — L A ) 7
’ ( 1(8172 81'])—'—(8% 0%) >$j
= —ih(Ax(VxA)=(VxA)xA)i
= ih(AxB—-BxA)=2ihA xB

And .

Putting the pieces together we get

L, 2 A A A .
ﬁ<[H7E(p —qA)]) = 2m2h ( qli+q 12) mhI3
= 5% ( qih(p x B—B x p) + ¢°(2thA x B)) + mV¢
q q2 q =
And finally
d{v) ¢ q q,,a 0A
p7a 2m2<(p><B—B><p) W(AXB)H‘E((V(? E»
2
- 1 _ _ T a4
= o xB-Bxp) - L(axB)+ LE)

If E and B are uniform over the volume where the wave function is
non zero then, p and B commute and there is a sign change due to
reversing the order of the cross product. That is:

px (BY) = 19 x (Bu) =~ (¥ x Bjis — B x (V) = B x pu

i
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Then

mf L m) LA )+ LiE
= L((p—qA) xB)+E))

= q((v) x B4+ E)

3. Griffiths 4.61

(a) The effect of the gauge transformation on the electric field is

E = —V¢—§Z/
o SA. oA ova
= —W—aaAt)—at—at
— _v¢_g
- E

The effect of the gauge transformation on the magnetic field is

B = VxA

B = VxA’
= Vx(A+VA)
= VxA
= B

where we use the fact that V x (VA) = 0.

(b) We aim to show that if
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where

U — My
and 9
'=¢——, A=A A
Substitution into Schodinger’s equation gives
1 (h ? oA |
LHS = |— [ =V —¢(A + VA — —)| Welah/n
5 [27" (39 -aarvn) sao- G| verr
Taking the derivative on the left hand side of Equation 1 we get
o . oA 0
- Y igh/h _ igh/ho (T -y Y
Zhat\lle e ( 95 +m6t> v (8)

On the right hand side we get

RHS =

Setting the
4. Griffiths 5.1
(a) If

1

h o (B
o (iv —g(A+ VA)> ¢itM/h (iv +qVA — (A + vm) v
oA
ot

1 (ﬁv —q(A+ VA)) elh/h (ﬁv + —qA) U +q(¢— %;\)\Ifeiq’\/h
1

2m \ i

+q(p — =) Welt/n

OA

: 1
elah/h [ (?v +qVA —q(A + VA)) (?v + —qA> U+ q(op — 5

2m
~ 1 [(h h oA
igh/h | = [ _ ” _ _
e l2m<iv qA) (Z_VJr qA>\If+q( 875)\1]]

LHS equal to the RHS we recover Equation 6.

r = r;—ry and 9)
R — mqry + Mol (10)
my + Mo

m]



then solving for r; in terms of R and r gives r; = R+ (u/m)1)r and
solving for ry gives ry = R — (pu/mo)r. If

v o _ Y 57 ki
! Z@xl +]8y1 + 821
<0 L0 .0
Ve, = =t—+j—+k—
"ox +38y + 0z
~ 0 ~ 0 .
Vi = =g+ s
4 ‘ox ey Tz
then
) )
e = O0xr10X  Ox Ox
From Equation 9 we get that 88—;”1 = 1 and from 10 that g—ﬁ = b
so that
Vla: = LVRJ:"'VTI
mi + Mo
= ﬂva + vr:p
mo
and similarly for the y and z components. And so
Vi= VetV
mao
Meanwhile Equation 9 gives 8% = —1, and 10 that % = mlez SO
that
v?x = Lva - er
my + Me
M
- 7VR$ - vrz
my
_ M
— Vy=—Vr—-V,

my

(b) The two particle Schrodinger equation is

h? h?
— V2 — V24 V(ry —1y) | = Ev

2m1 2m2



[ , I 2

— (= = o (L-Vp -V, =B

oy G Vi VO = (V= V) 4 V)| 0 = B

G 1\ oo 2 1\ oo 2

;@mﬁgm)va+va—2m2gm)V}+VJ+V@>w—Ew
TR 1\_, h/1 1Y\ s
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(c) Separate the variables so that ¥(R,r) = ¥g(R),r, substitute into the
Schrodinger equation and divide by ¢ and we get

n Vir BV,

2(my + my)

on 2w, TVE=E

The first term depends only on R and the second and third only on r

SO

5. Entangled States
(a)
(1G2G | )

— 0

0
=0

h2
2(my + my)
h2
Vi, + V() = B,
24
and F =FEr+ E,

Vir = Err

0

{
{
{

1G2G | 1R1G)a + (1G2G | 1G1R)G + (1G2G | 1G1G)y
1G | 1R)(2G | 1G)a + (1G | 1G)(2G | 1R)B + (1G | 1G)(2G' | 1G)y
2G| 1R)B + (2G | 1G)y



where we use the fact that (1G | 1G) = 1, and (1G | 1R) = 0. Similarly

(2G1G |¥) = 0
—0 = (2G1G | 1R1G)a + (2G1G | 1G1R)B + (2G1G | 1G1G)y
0 = (2G|1R1G | 1G)a + (2G| 1G)(1G | LR)S + (2G | 1GY(1G | 1G)y
=0 = (2G|1R)a+ (2G| 1G)y

For future reference, we have that

G| 1R) (11)

VP = (2G2G | ¢)
= (2G| 1R)(2G | 1GYa + (2G | 1G)(2G | 1R)3 + (2G| 1G)(2G | 1G)
= —(2G | 1G)* —v(2G | 1G)* + (2G| 1G)?
= —(2G [1G)”

where we have used Equation 11. Finally, since |a|* + |8]? + [7]* = 1
we have that

2G [ 1G)|?

1 = 22<7 1

! ’@G|uw +]
2 1R)|?

Lt o (2G| 1R)]|

2|(2G | 1G)|>? + |(2G | 1R)|?
And
2
p = 7 (12G [1G)P)

(2G| 1R)? ((2G | 1G)P)°
2]2G [1G)P + [(2G [ 1R)P

(12)

Since (we are given)

12G) = ¢*|1G) +/1—q| 1R)
|2R) = ¢2| 1R) — /1 —q| 1G)
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we get that

1G126) = Vg (13)
(IR|2G) = /1—¢q (14)
(1G | 2R) = —/1—q¢q (15)
(IR|2R) = ¢ (16)
Then substitution of Equations 13 - 16 into 12 gives
) = 1-q9¢ _ (1-49)7
2g+1—¢q 1—¢q?
(¢) To maximize p with respect to ¢ set
d 1 — 2.2
0 - << @q)
1—¢
2 2
¢(1-q9)°2g))\ 1
= (2¢(1—q)* —2¢*(1 —
e
=0 = ((1—-¢q)—q+
(a-0-a+ %)
=0 = 1—2q(1—|—q)+q2:1—q—q2 (17)
=q :—Eai¢®

But ¢ > 0 so we choose the + sign and the ¢ that minimizes p is
g=z= %(\/3 —1). For future reference note that

o 2G| 1R
2|1(2G | 1G)|> + |(2G | 1R)|?
Il—q¢ 1—¢q

20+1—q 1+gq
2 1 1-—

042 — ﬁ2:72|<G| G>|2: q q
(2G|1R> 14+qg1—g¢q

Then when p is maximized so that z =gand 1 —z =22 and 1 + z =
z/(1 — z) ( which follows from Equation 17)

(1G1G | ¢) = |o(1G | 1R)1G | 1G) + B1G | 1G)(1G | 1R) +~(1G | 1G)(1G | 1G)|?
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— 2 l—z
1+z2
(IG1R | ¥) = |a(1G|1RY(IR|1G) + B{1G | 1G){(1R | 1R) +~(1G | IG){(1R | 1G)|?

_ o2 F 2
=0 142

(IRIG | ¢) = |a(1R|1RY(1G | 1G) + B(R | 1G)(1G | 1R) + (1R | 1G)(1G | 1G)[?

(IRIR |¥) = |a{IR|1RY(R|1G)+ B(1R | 1G)(1R | 1R) + (1R | 1G)(1R | 1G)|’
— 0

(162G | ¥) = |al1G | 1R)(2G | 1G) + B(1G | 1G)(2G | 1R) + ~(1G | 1G)(2G | 1G)]?
= |BVI—z 4+

- T e avE =0

ete.
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