Problem 1

We wish to determine the properties of the two-by-two matrix:

ap+1i10-a
ag—10-a

U =

where ag is a real number and a is a real three-vector. We define A=ag+i0 -a. Thus,

A = ap+1iaz az+ia;
—ag+1a1 ag—1tas

so det A=|ag+ias|?>+ |az +iai|?=ad +|a|?>=det AT. Consider the product:
AAY=(ap+io-a)(ag—io-a)= a}+(0-a)® = ad+|a]? = det A

where we use the well known properties o' = o and (o - %)? = 1 for any unit vector ni. Thus, A~! =

1 t .
mA . We find:
1
U=AAN1=AANH = 2
(A7) (A" = 23
Thus, UUT = mﬁ (AT)?2 = - AAt =1 = U'U, so U is unitary. Furthermore, detU:mdet
A%?=1, so U is unimodular. Stated differently, U € SU(2).
We now write out explicitly:
U= 1 2 _ 1 (a0+z’o-~a)2:;(a2—|—2iaoa-a—|a|2) _ a3—|a|2 2a0|a| (io-a)
det A det A det A\™° ad+lal?  ad+|al?
where @ =a/|a|. We recognize the form exp (%W) = cos%—isin% o -1 (Sakurai eqn. 3.2.44), where
2 (2
cos % = —ag |a|2
ag+al
) 2a0|al
sint = —5———
2T e
n = a
Thus, U represents a rotation by an angle ¢ = — 2 sin™! ( QQTI‘ZIL) about the axis @, where the ambiguity
ap

1

in the value of sin™" can be resolved by looking at the cos term.

Problem 2

a)

Recall the angular momentum algebra:

[Jay Jy) = ihd., [Jy, Jo] = ihdy , [Jo,Js] = ihJ,



Given a basis |i), the matrix representations of the J, is [Jm]ij = (i|Jz|j), and likewise for J, and J,.
Thus, since J,, and J, have real matrix elements, we find:

(@J2]) = (GlJali) 5 (ilT15) = (]J=10)

where we use the Hermicity of J, and J,. Taking the matrix elements of the third commutator given
above, we find

(][, T 3) = iR (il Jyld)

where
(i[Jos TG = D (il Jalk) (k|1 ) = (0T k) (k| T2 |5))
= > (k)R] Tali) = (G ol k) (k] T2 [i))
k
= _<j|[Jman]|i>
Therefore,
(i[Jylg) = —{FlJyli)

so, since J, is Hermitean, J, has imaginary matrix elements.

b)

Suppose that [0, J;] =10, J,] =0 for some operator 0. Therefore, we find:
(O, [Je, Jy)] = —[Jy,[0,Je]] = [Ja, [Jy, O] = 0

where we apply the Jacobi identity, [A, [B,C]]+ [B, [C, A]] +[C, [4, B]] =0. Applying the above result to
the angular momentum algebra [J,, J,] =4hJ,, we conclude that

[0,J,] =0
so the result is proven.
c)
We have
Rn(0) = e~i0mJ/n

where n is a unit vector and R,() represents a (right-handed) rotation by an angle 6 about the axis
defined by n. We wish to compute

Lk = R;l(E)Ral(E)RU(E)Ru(E) — eia'v»J/heiau-J/he—iav»J/hefisu-J.h



where u, v, and w form a right-handed coordinate system (u X v = w, etc), and ¢ is an infinitesimal
angle.

To solve this problem, we will use the identity

ceAeB — esA+sB+§EQ [A,B]+0(3)

—eB

Multiplying on the left by e and applying the original identity to the RHS, we find:

e—€BeeAeB e—aBesAJFsBJF%sQ[AvB]JFO(ES) _ 66A+€2[A73]+(9(63)

—cA

Multiplying on the left by e and applying the original identity once more, we find:

E—EA e—aB eaA eaB — 662 [A»B]+O(53)

This can also be written as:

efAeEB _ oeB e A 22 [ABI+O(E7)

where the higher-order terms are not present if [A, B] commutes with A and B. For the problem at hand,
we put in A=—iv-J/h and B=—iu-J/h, so that

) )
ﬁsijkuiijk = —w-J

4, B] = :

1
i [Ji Jj] =

where the last step follows from u X v =w, or &;,u; v; =wy, and we use the commutator
[Ji, Jj] = ih&ijk Jk
Therefore, applying the identity we derived above, we find

R = exp %szw-J+O(53) = Ru(—¢?)+0(e?)

which is the desired result.

Problem 3

In this problem, we study some of the properties of positronium, a bound state of an electron and a
positron. We focus on the spin Hamiltonian, ignoring the spatial wavefunction.

Written out explicitly, we have:

z

H = A[s® S<2>+S§1>S§2>+S§1>5§2>]+(£>(s<1>—

x me z

5(2))

where S is the spin operator for the electron and S is the spin operator for the positron. We consider
the state |+, —2)) where +£() refer to the +5h/2 S’Z(l) eigenstates, and likewise for +( .



a)

We set A=0. Apply H to the state in question, we find:

H)+0 @)y — <;_BC><§_<_§>)|+<1>7_<2>>

eBh, L) _@)
mc

Thus, |+, @) is an energy eigenstate with energy eff.
b)
Now we set B=0. We have:

h

. h
Syl+) = +ig|F)

Thus,
H|+W @)y = ATFFH_(1)7+(2)>+,~(_i)|_(1)74_(2))_|+(1)7_(2)>]
- ATFFM_<1>,+<2>>_|+<1>7_<2>>]

Clearly, |+, =)} is not an eigenstate. We compute:

(H) = (+0, =@ |1 |+, -2)

_AR?
1

Thus, the energy expectation value for this state is — AhZ%/4.

In fact, it is straightforward to check that the eigenstates are

1 1
_|_(1),_|_(2) , _(1)7_(2) ,— (1)7_(2) 4 _(1),4_(2) and — _|_(1),_(2) _ _(1)7_|_(2) .
| ): | ) 7 )+ ) 7 )= )

where the first three are degenerate with eigenenergy Ah2?/4, and the last is the ground state, with
eigenenergy — 3 Ah?/4. This three-one splitting should be familiar. The first three states form an [ = 1

angular momentum triplet, and the last is the [ = 0 singlet. The energy splitting between them is the
positronium analog of the hyperfine splitting of the hydrogen ground state.

Problem 4

Consider the Hamiltonian:

H = %Z I K?



where K; are the angular momentum operators, satisfying the usual commutation relation:
[Ki,Kj] = ihEiijk
The Heisenberg equation of motion is:

: 1
K, = o [K;, H]

1 —1 72
= leZIJ Kj]
J
1 _
= mz Ij 1([KiaKj] Kj+Kj [Kiij])
J

1 _
=3 > eign I (KL K+ K Ky)
gk

1 R
= 5> e (Ij Lo, 1)Kij
7.k

We now take the classical limit, A— 0. Thus, [K;, K;] — 0. Writing out the sum, we find:
K, = (I;l—lg—l)KgKg

and cyclic permutations. We have K; = I, w;. Thus,

Ilu')l = —(12—13) Wwa W3
IQ(.L.)Q = —(Ig—[l) w3 w1
I3u'13 = —(11—12) w1 w2

and cyclic permutations. These are Euler’s equations (modulo a sign).

Problem 5

We have

—i(a+7)/2 —eila=y)/2g4
D30, 5,7) = ( cosf/2 —e smﬂ/2>

=N 2gin /2 €N/ 2cos 3/2
As in problem 1, we want to rewrite this in the form

exp <%ﬂ¢) = cos <%) —¢sin (%) o-n

In particular, we wish to find ¢, the angle of rotation. As a shortcut, we take the trace of both expres-
sions. Since Tr o =0, we find:

2 cos (%) = {ei (@t+)/2 4 g=ilaty)/2 ] cos (3/2

= 2cos(a—2i_7>cos<§)




Thus,

¢ = 2cos! [cos<a—2i_7>cos<§)]

This is sufficient to determine ¢ up to its sign, which is meaningless in any case unless we specify the sign
of the axis of rotation.

To find the axis of rotation, we use

. ap—1a3 —as—1a
ap—10-a = E 2
az—1a; ag-+ias

from problem 1. Thus,

() = (sn(257 ) (2) (52 )om(£). (257 e (2))

Problem 6

We start with the Hamiltonian

(2 %%
Ho:(elo):<E1_ 210>
0 e 0 FEs

where Ey, E and 7 are real and 47 > 0. The state |1) is unstable with lifetime 1/41, and the state |2) is
stable. We now perturb the Hamiltonian by coupling |1) to |2):

o o €1V
ve o= (1)

where W11 = Way =0 and W13 =W3; =V. The coupling between |1) and |2) will render |2) unstable, as we
now show.

a)

We find the eigenvalues of H. The eigenvalue equation gives:
(E1=A(e2=A) = [V[?
Thus,
NM—(a+e) +(aea—|V[?) =0

SO

. 61—|—€2:|:\/(61+62)2—4(6162— |V|2)
2

€1+ €2 €1— €2\ 2
= +
5 \/< 5 ) + V|




2
Suppose that 2|V | < |e; — €a] = \/(El — E»)? + %. In this case, we can approximate:

— 2 -

Therefore,
~ V2 _ g ihm V2
)\1 o 61+61—€2 o El 2 El—ih’yl/Q—Eg
v v
~ g = By
>\2 € €1 — €2 2 E1—2h71/2—E2

For |V'|# 0, both A1 and Ay will be complex, so both states become unstable.

b)
We write:
h T
A= A
and similarly for . In the weak coupling limit, 2 |V| < \/(El —E)%+ s ’Y%, we find:

N o~ B _ih’71+|V|2(E1—E2+ih’71/2)
N (Er — E2)*+ 121 /4

|V (Ei—Es+ihm/2)

A ~ E
’ 2 (Bi- a2+ H2A3/4
Collecting terms, we read off:
V|?(E1— E) VEm
Ay ~ FE | ~ —
' a (BEr— Eo)?+h2~3/4 " (E1 — E2)? +h2 77 /4
V[ (E1— E») V27
Ay ~ Eo— | Iy ~
T Bm-EPEERMA T (BB iR A7/
c)
Now we want to move beyond the weak coupling approximation. We set E; = F,. The eigenvalues

become:

4 2
V= msg i [(ZE2) e

= E1 —’Lh"yl/4:|: \ |V|2— (h"yl/4)2

We assume that |V'| > hiy;1/4. Thus, the square root is real, and we find:

Ay = BEi+ [V = (hm/4)?
Ay = BEi— |V = (hm/4)?

Iy = 1/2 =T_



where A\ = Ey ++/|V|? — (hy1/4)? —ihvy1/4. We find the corresponding eigenvectors:

El—ih"yl/2—)\i |4 a -0
vV Er— X1 b )

Thus,
V*a+(E1—Ag)b = 0
so b= = Via . Therefore, the eigenvectors are:
Ar—Er —ihy/ax /TVE = (Ayi/4)? '
1
|+) = v+

—ihyi/4+ V]2 = (hy1/4)2

(it is not necessary to normalize them; moreover, since H is not Hermitean (4 | —) =0 in general).

We rewrite |2) in this basis:

— V — p—
2 = 5 () -1-)

Thus, the transition amplitude is given by:

<1| efth/h|2> _ <1| Vv (efiA+ t/h—T1/2 ‘ _|_> _ efiA,t/hth/2| _ >)
2V = (hm/4)?

_ |4 efl‘t/2l(efiAth/h_efiA,t/h)
[V [2 = (hv1/4)? 2

_ —iV o-Tt/2 g—iBit/h g [V[? = (hm/4)*t
V2= (hy1/4)2 h

Therefore, the probability to find the system in state |1) as a function of time is:

Pi(t) = [(1e=*HM2)P?

VP rege ( V= (hF/2)2t>
V[P—(nT/2)? n

where I' =71 /2 is the inverse lifetime of both eigenstates.
d)
As in part (c), we set Ey = Fs, so that
A = B —ilim/4+/|V]2 = (hy1/4)?
Now we assume that |V| < (hv1/4). The above expression can be rewritten:
Ay = Ey—ihm/4FiN/(hy/4)? —|V]?

= By—ihm/4(14/T= @V]/h)?)



Thus, Ay =A_=Fj, and

re = 3 (1= Vi—avimn?) 1o = 3 (1-VI-aVian?)

Now the eigenstate | 4 ) is shorter lived than the eigenstate | —). We find the eigenvectors as above:

1
|£) = v*
—ih’yl/4(li\/1 —(4\V|/rm)2)

Thus,

2¢V
2) = =
2) = e ()|

The transition amplitude is therefore:

(H|e=iHt/B2) — (1] 2:V e—iElt/h(e—mtm‘+>_e—r,t/2|_>)

h’}/l vV 1-— (4 |V|/h’}/1)2

_ 21V efiElt/h(67F+t/2_€71‘7t/2)

hy /1= (4[V]/hn)?

_ -4V e~ iB1t/h g—yit/4 sinh<(r+_r)t>
oy V1= (4[V]/hy)? 4

Thus,

Pi(t) = |(L]e /M 2)P

_ |V|2 —v1t/2 o 2 2
= W@ / sinh (71\/1—(4|V|/h’}/1) t/4)
e)

For |W| > hiv1/4, the mixing is faster than the decay, and the system oscillates back and forth between
the states |1) and |2). This is analogous to an underdamped mechanical system.

For |W| < h~1/4, the decay rate dominates, and no oscillations occur. Instead, the system evolves towards
the longer lived state | — ), with some mixture of |1) and |2), at the same time as the overall amplitude
decreases. This is analogous to an overdamped mechanical system.

The case |W| = fiy1/4 is more difficult to solve, since H is no longer diagonalizable (this can occur, since
H is not Hermitean). One might guess that this case is analogous to a critically damped mechanical
system.

Problem 7

Before solving this problem, let me review some background on the neutral Kaon system. The states |Kj)
and |Ko) are psuedoscalar! mesons with quark constituents d5 and d s. These mesons can be produced by
interactions due to the strong force in particle colliders or by cosmic rays hitting the upper atmosphere.
Their rest mass is 497.614(24) MeV (PDG). They are unstable due to the weak force, and decay predomi-
nantly to either two or three pions (either charged or neutral), or semileptonically (which we will ignore).

1. That is, they have zero spin and odd intrinsic parity.



We choose their relative phases so that C |Kg) = — |Ko) and C'|Ky) = — |K) where C is the charge conju-
gation operator. Thus, CP|Ky) = |Ko) and vice versa, where P is the parity operator. Unlike C' and P,
the combination C'P is conserved by the weak interaction to a good approximation. Thus, it is convenient
to work with the basis:

1 _
|K1) = ﬁ(|Ko>+|Ko>)
Ks) = — (1Ko)— | Ko))

V2

These are, respectively, even and odd eigenstates of CP. C'P invariance dictates that |K7) can only decay
to an even eigenstate of CP, whereas |K3) can only decay to an odd eigenstate. As it turns out, this
means that the leading decay mode for |K7) is two pions, whereas for |K3) it is either three pions or a
three-body semileptonic decay. Three-body decays are kinematically suppressed, so the state |K3) is much
longer lived that |Kj). Particle physicists refer to these two states as K and Kg, with lifetimes
5.116(20) x 10~% s and 0.8953(5) x 1071% s respectively.

Consider the Hamiltonian for the neutral kaon system in the |K1), |K2) basis:

_ El—ih’71/2 0
Ho = < 0 Eg—img/z)

The approximate CP symmetry of the weak interaction forbids off-diagonal couplings. To a good approxi-
mation, F1 = F5,2 and 71 > 5. Thus, we approximate the Hamiltonian as:

E—ihv/2 0
Ho >~ ( ZOFYI/ E)

In this picture, the K, is approximately stable, whereas the Kg is unstable, and rapidly decays.

If the gravitational mass of |Ky) and |Ky) is different, this will introduce off-diagonal couplings into the
Hamiltonian:

GM > >
Hypyy = — T (mKO |K0><K0| +mk0 |KO><KO|)

o GM(m;ngo) (| Ko} (Ko + | Ko) (Kol ) -

GM (mk,—mg,)
2R

(| o) (Kol — | Ko)( Kol)

The first term just shifts the overall energy, and can be dropped. The second term can be reexpressed in
the | K1), |K2) basis as:

0 _ GMAm
H. — 2R
int _GMAm 0
2R

where Am = mg, — mg,. Let’s estimate the size of the coupling term under the maximal assumption
Am= QTI’LKO. We have GME/RE = (GME/R%) RE = JE RE = (98 m/sz) X (64 X 106 m) =6.3 X 107 rn2/
s2=7.0x10"19¢2 Thus, V = Gfﬁm ~ (% X 10’1()) Amc?. Putting in Am ~ 975 MeV/c?, we find V ~
0.34 eV. By comparison, iivy1/4~(6.582 x 10716 eV -5)/(4 x 0.8953 x 107 108) ~1.84 x 107%eV. Thus, V >
h~1/4, and we are in the “overdamped” regime, as described in problem 5. In this case, Kg and K, would

have equal lifetimes and large intermixing, with [ "= (y1/2)"1~1.8 x 10710 s.

2. In fact, B3 — By = 3.483(6) x 10~ 12 MeV, corresponding to a small off diagonal term in the Ky, K basis. This very small
value is due to the fact that strong and electromagnetic interactions conserve quark flavor. The weak interaction does not
conserve flavor, and gives rise to this mixing. An observable consequence is that Kg’s oscillate in Kj’s and vice versa.

10



Obviously, to be consistent with experiment, Am must be much smaller than this. At a minimum, K,
and Kg have different lifetimes, so we must have V < hvy;/4 = 1.84 x 10=% eV. This translates into the
limit

1.84 x 10~ %eV

A LX) Y 53K
M gExi0weE - IRy

Thus, the gravitational mass of the Ky and K must match to one part in 10°!

At this point, several corrections that we have so far negelected will become important. The energy split-
ting By — Fa = 3.483(6) x 10~ % eV is now comparable to the off-diagonal term, so we cannot set E; = F»
any longer. However, we haven’t yet harnessed the full set of experimental data on this system either. We
know that K7, is much longer lived than Kg, so (in the language of problem 5) the system must be far
into the overdamped (weakly coupled) regime. In fact, experiments show that the K, decays to two pions
with a branching ratio of about 2 x 1072. This is understood to occur due to CP violaton in the weak
interaction. Am must be sufficiently small that the additional mixing between K; and K5 does not lead
to two pion decays in excess of the measured value. Accounting for all of these effects is beyond the scope
of this problem.
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