P6572 HW #8
Due October 28, 2011

1. Isospin
In strong interactions it is found that there is an ”internal” symmetry called isospin
invariance. The proton and neutron are regarded as [, = % and I, = —% states of the
"nucleon”. Strong interactions are invariant under rotations in isospin space, just as
ordinary interactions are invariant under rotations in physical space. The generators
of isospin rotations are indicated by I,,I,, and I, and obey the same commutation

relations as the rotation group:

(L, I,] =il,, etc.
In strong interactions, /2 and I, remain constant. Using the table below and the table
of Clebsch Gordon coefficients, determine the relative rates for the following decays:
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2. Rotations and Clebsch Gordon coefficients
Prove
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Use this along with the known values of the rotation matrices d for j = % and 7 =1

(you calculated this last week) to compute
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3. Sakurai, p. 246, problem 25
Consider a spherical tensor of rank 1 (that is a vector)
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Using

$(1+cos ) —\%sinﬁ $(1 —cos )
d(jzl)(ﬁ) — \%sinﬁ cos 8 —% sin 3
(1 —cos ) \/Lisinﬁ 5(1+cos )

evaluate

S d (B)Vy

and show that your results are just what you expect from the transformation properties

of V, .. under rotations about the y— axis.
4. Sakurai, p. 246, problem 26

(a) Construct a spherical tensor of rank 1 out of two different vectors U = (U,, U, U.)
and V = (V;,V,, V). Explicity write T4, ; in terms of Uy, . and V, .

(b) Construct a spherical tensor of rank 2 out of two different vectors U and V. Write
down explicitly T:|2:2,:|:1,0 in terms of U, . and V,, ..

5. Sakurai, p. 246, problem 27
Consider a spinless particle bound to a fixed center by a central force potential.

(a) Relate, as much as possible, the matrix elements

1
<n’,l',m'[¢—(xiiy)|n,l,m> and (n,I',m'| 2| n,l,m)

V2

using only the Wigner-Eckart theorem. Make sure to state under what conditions

the matrix elements are nonvanishing.

(b) Do the same problem using wave functions ¢(x) = R, (r)Y;™(0, ¢).

6. Sakurai, p. 247, problem 28

(a) Write zy, zz, and (z? — y?) as components of a spherical (irreducible) tensor of
rank 2.

(b) The expectation value

Q=e(a,jm=j|3Bz>=r*)|a,jm=j)



is known as the quadrupole moment. Evaluate

e{a,j,m' | (2* —y°) | o, j,m =j),

(where m' = j,j — 1,7 — 2,...) in terms of @) and appropriate Clebsch-Gordan
coefficients.

7. Sakurai, p. 245, problem 21

(a) Evaluate

> 1d9) L (B)Pm

m=—j
for any j (integer or half-integer); then check your answer for j = %

(b) Prove for any 7,
d - 1 1
Z m2|dfﬂ}m(6)]2 = §j(j +1)sin® B + m'2§(3cos2ﬁ —1).
m=—j

[Hint : This can be proved in many ways. You may, for instance, examine the
rotational properties of J2 using the spherical (irreducible) tensor language.|

8. Integration
Show that

T do (7 d ™ sin Bd ;
/ / o / # Dy, B,7) = G 00,0050
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D, ’m(avﬁav) = <jm/ | 6_%Jzae_%‘]y/3€_%=]z’7 | ]m>

It might be helpful to remember that

where

A
D£n70(a> Ba 0) = 21 + 1Y2 (97 ¢)‘9:,8,¢:a

and that
L*Y™ = RAl(l + 1)y,



