3.1. DIRAC EQUATION SUMMARY AND NOTATION
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Relativsitic Quantum Mechanics

3.1 Dirac Equation Summary and notation

We found that the two component spinors transform according to A = e*o - &/2 where + refers
to the two independent transformations that are relatd by parity, the direction of the vector x is
parallel to the velocity, and |£] is the rapidity, tanh{ = v. Two distinct transformations produce
two distinct spinors that are equivalent in the respt frame. To transform from one to the other,
transform to the rest frame with A, and then back to the moving frame with A_.

X+ = ¢ xo =T
= e 7 = X
— (E—o0-p)=mx—
— (E+o0-p)=mx+

X+ are eigenkets of helicity with eigenvalues A\ = £//2. In the ultra-relativistic limit y4 are
decoupled and never mix. Helicity is conserved. And in the low energy limit, x4 = x—. The
coordinate state representation is

(zg +i0-V)oi(r,t) = mo_(r,t)

ot
(2 —ic V) (r,0) = mb(r.0)
where
di(r,t) = / d*pe"Fle™® Ty (p)
Define
Y1
oxs P
<¢>_> 7 s
U

A= (A 0 _ e /2 0
0 A_ 0 e~ /2

Then the Dirac equation is written

0 )
(§+Elaxi +imy%)y = 0 (3.1)

or

i%—i—ia-v -m O+ — 0
—-m id —ioc-V) \o-
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Define

(0 I
’70*[0

) . 0 —o;
Oy _ 1 [
72—7—<Ji 0)

Then multiply Equation 3.1 from the left by +° and we have

’yo(% + X aii +imy%)y = 0
(70% +7° aii +im)p =
(7200 +~'0; + im)y
("0 +im)y

(17" 0y — m)yp

Then 702 =TI and

|
o o o o

Just as o transforms as a three vector, y* = (v°,v) transforms like a four vector.



3.2. CURRENT DENSITY

3.2 Current density

Go back to coordinate representation

i8t¢+ = —i0- V¢+ + md),
’l:atd)_ = 7:0' . V¢+ + mqﬁ.;,.

The complex conjugates are

—idh = iV (¢h0) +me
—idt = —iV (¢ o)+ me’

(3.
(3.
(3.

~N O Ot

)
)
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Now multiply Equations 3.2 and 3.3 from the right by ¢% and ¢* respectively and Equations 3.5

and 3.6 from the right by ¢, and ¢_ and add and we have

i0y(¢304) = =iV - (¢hogy) +m(d-¢ — dZdy)
0 (¢~ p-) =iV - (¢0¢_) +m(d10° — ¢ o)

(We have used

(MO)!, = (MupOs)" = My 0}
oM}, = (0" M),
= (09)a = (¢70)a)

The continuity equation

dp
dad Li=0
ot +V-j
suggests
p=0\br+ 0"
and

i=¢hohs — ¢ ob
Note that there is no mixing of left and right states. More notation.
i* = (p.J), Ot =
Also -
p =P =" = 9y %y
where ¥ = 1)*~? is the Pauli adjoint. Then
. « [ O 0 * 3 -
j=v (0 _U)w:w YOy = pyep
and

" =My
Coupling term is py*ep A*



3.3. FERMION MAGNETIC MOMENT

3.3 Fermion magnetic moment

First we introduce the EM field by the usual strategy, p — p — €A or in coordinate space id,, —
i0,, — eA,. Then the Dirac equation becomes

i (O — eAp)p = my

In terms of the left and right handed spinors

[(i0g — eV) + 0-(—iV — eA)]p. = mo_
[(i0p — V) — 0:(—=iV —eA)]p_ = moy
or more compactly
(Ph—0-P)py = mo_
(Po+o-Plp- = moy

Take the sum and difference and define

U o= *2(¢+ +¢-)
- 1
o = —(¢+—9-)
2
Then
P —0-P® = mU (3.8)
P®—0-PU = —md (3.9)
Now define

Substitution into the above gives

PU —6-P® = 0 (3.10)
P'®—¢-PU = —2md (3.11)

Now that last equation can be rewritten
—0 - PV = (—id° + eV —2m)® ~ —2md (3.12)

in the non-relativistic limit. Then substitution into the next to last gives

1 1
PO\D—Q—U-PU-P‘I’Z(PO—T(U'P)Q)\I/ZO
m m
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which leads us to

_>

(i0p — eV — i(lﬂ —io- (P x P))¥

2m
(i0y — eV — %(PQ —iopeij PiP;))W
(i0p — eV — %(P2 - iéﬂk%‘k[ﬂw Pj]))w
(i0p — eV — %(132 + G%Ukﬁijk[viAj - V;4])¥
(i0y — eV — %(zﬂ +eo - B))U
1

(5 (~iV — eA) + %0 B+ eV)W = idyU

The fermion magnetic moment p = ;%0 = #5s = g = 2.

2m



3.4. FINE STRUCTURE HAMILTONIAN

3.4 Fine Structure Hamiltonian

Let’s write an approximation of the Dirac equation to order (v/c)*. We begin with a pair of coupled
equations for the two spinors. In the non-relativistic limit we solve for ® in terms of ¥ and then
write an equation with only ¥ which is the solution to the Schrodinger equation when v = 0. We
are trying to derive the fine structure hamiltonian in the Schrodinger limit, since we will in the
end still rely on perturbation theory and that depends on knowing the unperturbed energies for
Hy = % + eV. Refering back to equations 3.10 and 3.11, in the non-relativistic limit, Equation
3.11 become .

D~ 5 v (3.13)
Substitution back into 3.11 gives ® to next higher order

PO 5. .
oo (PP P\,
2m 2m 2m

and then substituting into 3.10

Ps.P o-P
PV = 0P|+ |V 3.14
7 ( 2m 2m + 2m ) ( )
Ps.P o-P
= -Pl-——+—+— | ¥ 3.15
7 ( 4m? + 2m ) ( )
Our goal here is to derive the Schrodinger equation to order (v/c)®. But ¥ is not the same as ).
After all Po.P
273 3 2 2 3 2 »0 Lo
d’r= [ d°r(|¥ %) =~ [ d°r(|¥ U
Jwkatr= [arqupsiom ~ [arup 2% )

Therefore, in order that ¢ be properly normalized

1 /o -P\?

Y = (1+2<2m> )
and

1 /o -P\?

o= “‘2(2m> v

and substitution into 3.15 gives an equation for the Schrodinger wave function

o3 - (e

2m 4m 2m 2m

Let’s expand and rearrange that last

Ps.P o-P 1/o-P\° 1(c-P\°
Po o= o (SR (G ) ey (G )
~ R R L (o PR+ (o PP - T (P Pl PP
~_ (o-P)? (o-P)* 1 B c-P (0-P)?
= L L (P (o PR - T (P P - Py



3.5. FINE STRUCTURE HAMILTONIAN (SAKURAI’'S TREATMENT) V/C

As we are interested in a hydrogen atom, we know that P° = 30, — eV and as we are in an energy
eigenstate i0;) = Ey. Alsoo-P =0 - p.

(E—eV)y = ((02-:;)2 3 (?6752’4 + 8;2([ev, (c-p)?)) — Zn'll;([ev,g p)) — (c;sz)?(E — V)
= (B 9 - T R o) - TR ey
= ((;: - 1(53; + 55 (V) + 5 (pp. V] —io - (p x [p,V]) — (08}52)2@ — V)
= ((ngj - 1(;:3 + 8;2 (V2V) + 4—;2(—V2V —io - (—ip x VV)) — ((;7';’2)2 (E — eV))b
= ((;;2 - 1(5:3 + 55 (V2V) + 15 (= V2V —io - (=ip x %%r)) - (”8;7};)2(%))11,
- ((;312 - 1(57:3 - 87i253(r) + Te2(” ' L%%) - (157;3))1?
- - )+ gt T

The second term is the “relativistic” correction. The third, the Darwin term, and the last, the spin
orbit coupling. Note that the factor of two that in the nonrelativistic approach comes from the
Thomas precession is already there.

3.5 Fine Structure Hamiltonian (Sakurai’s treatment) v/c

To recover the fine structure hamiltonian we need to keep terms to next order in v/c like we started
to do in Equation ?? and we need to pay attention to the normalization. The solution to the
Schrodinger must be normalized and ¥ and ® are not, but rather we should have that

2
J1wpar = [@rque+iep) = [enqupas 2+

where we use 77 to lowest nonzero order. Now define

p2

=QU = (14 ——
¥ (+8m202

)

so that )
p
4m2¢c? )

Then multiply ?? from the left by Q! and for simplicity assume that A = 0.

[p1? = [U(1 +

eV — E,,
2mc?

_ cp-o _ _
& 1((25)%2) Jep-o+eV)Q 'y = B, Q7%

(1+

To order (v/c)? we have

2 2 2 2
p p p 0P (En—eV p
LI 74y B R (5 RIS /A I G . —E,(1- -2
[Qm e {8m2c27 (Qm e )} 2m ( 2me? ) 7 p} v ( 4m202) v




3.6. DARWIN

With some manipulation, using VV = —E and V x E = 0 we get

2 4 2
P P eho - (E X p) eh
o V - - Enr
2m te 8m3c2 4m?2c? 8m202 Blv= ¥
Using
1dV
T ordr

we get that the fourth term is

eh —1dV (x x p) eh 1dV L — eh 1dVS L
- . = 0 - -
T 2 dr’ P = e ar 2m2c2 r dr
The last is the Darwin term. For hydrogen
2 2
eh B eh 5 (x)
8m2c? 8m2c?

3.6 Darwin

We associate the Darwin term with the fact that for a relativistic electron we cannot localize it
better than the compton wavelength A = 1/m. Therefore, the interaction with the Coulomb field
is smeared out and becomes a bit weaker. We can estimate the size of the effect in these terms by
first considering the average of the Coulomb potential over a small region of space.

2
V(r) = V() + n+ Z av (marj

Vo) ~ %VZV(&’)Q - %6253@)(&)

Finally approximate 6r ~ 1/m and
1 e?
Hp = 6—53( r)

which is pretty close to what we get from the Dirac equation. Note that it will only shift the energy
of [ = 0 states, and it turns out by the same amount as the contribution from L - S when [ = 0 and
spin orbit really cannot be contributing at all.



