LECTURE 23

Collective instabilities

Types of instabilities

An instability driven by narrow-band rf cavities: the
Robinson instability
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Collective instabilities
Types of instabilities

The various wake potentials we have discussed constitute
forces on the beam; these forces will alter the trgjectory
equations of motion. Depending upon the phase relationship
between the forces and the dynamical variables of the beam,
the only result may be tune shifts and lattice function
distortion, or aloss of stability may occur. In such cases, the
beam is said to be subject to a collective instability.

Collective instabilities can be present in both bunched beams
and unbunched beams, in either or both the transverse and the
longitudinal planes. Because of the absence of synchrotron
motion, the longitudinal and transverse dynamics of
unbunched beams are quite different from that of bunched
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beams, and the instability mechanisms are likewise quite
different. Although the bunched beam case is more complex,
we will start the discussion of instabilities with those of
bunched beams, because they are by far the most common
and important case.

An instability driven by narrow-band rf cavities: the
Robinson instability

We have seen that the single strongest impedance in a
machine is the fundamental narrow band rf cavity
longitudinal impedance. The associated wake fields can cause
an instability called the Robinson instability. Thisis one of
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the most important instability mechanismsin accelerators.
Fortunately, the control of thisinstability is relatively
straightforward.

To see how thisworks, consider a“ macroparticle’: a point
charge of magnitude Ne, circulating in a synchrotron. This
macroparticle will create awake field when it passes through
the rf cavity. The macroparticle undergoes synchrotron
oscillations; the wake potential s introduce additional forces
into the synchrotron equations of motion. These additional
forces can lead to an instability.

The wake fields generated by the macroparticle can be
expressed in terms of avoltage drop across the rf cavity. The
voltage drop due to a pure harmonic current of the form
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lo(t) = To(w) cos( at), from Lecture 21, p 19, can be written in
terms of the cavity impedance as

Es(t) = —To(w) cos{ at) ZY( )

To use the above equation, we need to know the Fourier
spectrum of the current, which consists of asingle circulating
macroparticle of charge Ne. Let us consider for the moment
that the macroparticle is not undergoing synchrotron
oscillations. The current due to the point charge Neis a series
of impulses, which occur at timest = nT,, where nisthe turn
number, an integer running from —oo to co. This current can
be represented as a sum of Dirac delta-functions

|0(t) = Ne g 5(t —nTo)

n=-—oo0
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in which T, isthe revolution period. The sumis over all
turns.

The Fourier transform of thisis
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N=—00—c0

To(w) = }o dtexp(—i at)lo(t) = Ne E }o dtexp(—i @) &t - nTy)

= Ne E exp(—iwnTy)

n=—o0

The Fourier transform has the form of a series of
exponentials. We can convert thisinto a series of Dirac delta-
functions, using afundamental result from Fourier transform

theory, called the Poisson sum formula:
Yy exp(in)=2m Yy §x-21p)

n=-—o0 p=—0

Using this, we have
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i exp(—i(mTO):Zﬂz (103'0+2 p):iﬂ i 6(w+p%)

n=-oo p=-—o 0 p=-o

inwhich wg = Z_FT isthe revolution frequency. So, finally, we
have

~ o\ 21iNe ¢

o(@)="7= 3 dw+pa)

p=—o

The Fourier spectrum of the current due to the circulating
macroparticleisjust a series of discrete lines at integral
multiples of the revolution frequency.
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The current for the circulating macroparticle may now be
written in terms of pure harmonic components as

I(t)=21n}dwexp(ia1)l~0(a)=$ei }daexp(i &) bwp o

0 p=—oZx

Ne & .
=T—e > exp(—ipwyt)

0 p=-o

We now let the macroparticle execute synchrotron
oscillations. The synchrotron oscillations will introduce
additional frequency components into the Fourier spectrum.
The equations for small-amplitude synchrotron motion, from
Lecture 10, p. 16, can be written as

At, =(At)  cos2mQ.n+(AE) . B sin2mn
= Acog(2mQ,n + @)
AE, =(AE), , cos2mQ.n - (Mgmaxsi n2mQ.n

L

The wake voltage, summed over all harmonics, will then be - _ ;\ sin(2mQ,n + )
- Ne ¢ . t
E ()= _-To p:ZweXp(mwot)chl(pwo) inwhich
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A =(At), +(AE) . B | dentity:
(AE) ﬁL . 2 | .
tan = - ——Lma "L expl—ixcos@)= Y i~ J,(x)explil
e pl-ixcosg)= 3 i3 (x)expll )
The current associated with the macroparticle now consists SO

of series of impulses at t = nTy + At,,, rather than at t = nTj,.
Thecurrent is

1,(t) = Ne ) &(t -nT, -At,)
The Fourier transformis

To(w) = Nenio exp(—i onT, +At,))
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To(w) = Nei exp(~i &nT, +Acos(2 1O,n +0)))

= Nei i i"Jl(aA)exp(—i anT, +1(2 Q,n +q’))

n=-—oo|=—c0

Using the Poisson sum formula again gives
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exp(—in(wTO—ZrQsl)):Zni §@,-2 Ql+2

frequency wg = Qs on either side of the 1=0 lines. For small
amplitude synchrotron oscillations, wA <<1,

n=-co p=-c0
w Jo(wA) =1,
T 0
== > dw-la+pw) A,
0 P J,(ah) = o
so
and
~ _2TNe & « . . )
fo(w) == > i3 (aA)exp(il®)J w1 w+p ) " (@) Zmeié( . )+aAEEXP('q’)5(w‘0%+p06) 0
0 pelTe o\w)= wWrpwy)+t - :
T, £, 2i -
Each discrete revolution harmonic line in the Fourier o P E+exp( |<D)5(w+ @*p %)E
spectrum of the current due to the circulating macroparticle
(I=0 in the above series) acquires a series of “synchrotron The current is
sideband” lines, spaced at multiples of the synchrotron
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I (t) = 1}dwexp(i a)iy( @)= E.(t)= _Ne i exp(ipwyt)Zi(pw,)
2rrd. 0 s T, £, 0')%0

O .
0y exp(-ipwgt)
_Neg™
T, Ek AO-pow, + w,)exp(id)exp(i(-p w + w)t)

A 2i H(- pa, - c,)(exp(-iv)) exp(i(~p o3 - ag)t)%

IEI:II:II:I

The wake voltage, summed over al harmonics, will then be
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+AE(pwo + o, )exp(ie)expi(pay + wlt)Zi(p @+ @ O
20 D pav, - ) exp(-i0)) expli(p cy ~ @)t)Z}(p @9~ @)

L et the resonant frequency of the narrow-band impedance Zﬂ
be wi. Let the closest harmonic line to this frequency have the
harmonic number h, SO wr = hay. The width of the resonance

isof order WR - h—%. Provided that D<<1, asistypical for
2Q 2Q Q
narrow-band resonators, only the contributions at p = £h,
close to the resonant frequency, will be important.
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Re Z)—|

>

W

(h-1) W ha, (h+1) [0}

Thus, the narrow-band wake voltage can be written as

E.(0)= 1 (explihw,)Z(he) + exp(-ih ) (- )

alho,+ @)eiolenfiha s @)zl e @ O
2i B+(ha)O - w,)(exp(-i®))exp(i(h @ - w)t)Zl(hw, - ws)H
, All-hw, + w)ep(i@)em(i(-hw + @)t)Zi(-h @+ o

O

2 Bh(-heo, - @ )(expl-i))expli(-h 3 - )t)z}(~h - )

After some algebra, and using [Zﬂ(hwo)]* = Z)(-haw), we

find
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Ceos{hooyt) R Z5(hew,)] —sin(h agt) Im[ Z}(h )] - O
0 ok
0 Ceos~hat +aat +@) Izl - w)(h @- @)+ !
E.(t)= —ZT'\'eBAEpos(hwot + @t +o)Imzihay + @)(hw, + @)~ ) R 2!
0 1,00,
2 in(-hat + wt +©)RAZI(h 6y - @)|(h 9= @+ T
H Esin(hwot +wt +0) Re[Z('l(h w + ag)](h @+ H "%‘I‘
«
The synchrotron oscillations of the macroparticle are ha e
responsible for the frequency componentsin this expression
at w, = w,, which sample the impedance at these frequencies:
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We want to find to find energy change per turn produced by
this wake voltage: then we can insert this energy change per
turn into the synchrotron equations of motion and look for a
solution. If t=0 is the time when the macroparticleis at the rf
cavity, then at alater time t = nTy +At,,, the wake voltage is
Es(nTp + At,,) = Egp, where nis the turn number. To lowest
order in the synchrotron oscillation amplitude, making use of
the fact that his an integer, and using hw, >> w,, we have

E,,=E,(nT,)=

tl
ERe[Z"(ha) )] -
_gmm%ﬂﬁnﬁﬂm%+@ zlh g - )
T, D 2

(Zhheo, + w) + Zi(h o - w))

H+ha)OAt Im[Z (hay,) - ,

The first term in brackets corresponds to the parasitic energy
loss, which we have aready discussed. The second term
represents a dynamic effect: the wake energy changeis

proportional to the energy difference from the synchronous

EHEoooooo
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particle. Thisterm has the potential to produce damping or dAt, = 21Q. R AE,

growth of the synchrotron oscillation, depending on the sign dn >
of the coefficient of AE,,. For example, if the sign is such that dAE, _  2mQq At
the energy change due to the wake is the same as that of AE,,, dn B

then AE,, can grow without bound and we have ainstability. I nserting the wake energy changes into the equation of

If the signs are opposite, then the wake potentia will act to motion gives

damp synchrotron oscillations.
The third term comes from the fact that
sin(hawg[nTo +Aty]) =sin(2mh +h @At ) = h et

This term corresponds to a wake voltage proportional to the

time difference: thiswill lead to a frequency shift. We now

insert this into the synchrotron equations of motion. From

Lecture 10, p.16: the longitudinal equations of motion are
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dfj\E“ = ek, ZZQS Aty Differentiating once and using dsrt]“ =21mQs 3 AE, gives
L
_ e NePhwoi Re{Zhey + ) - Z(h @ - ) d?AE, _ dnE, Nehwn B RgZh(hay + ca) - Zi(h & - @)
- n TO dn2 dn TO
2, 0 {2rQy)* -
S i . [zl (heop) i
-4t J ~AED 2 W
"0 2N s Z(heop + a) + Z(h 6 - @))CD n0, Ne“4mQs R O m
mT—ehwo imchtha - . I g TP 'mQ(ZH(hwo +w)+Z(he - og))%
O 0 O N 2
This equation has the general form
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A, _ _, dAR, (2rQe)* = (210)*
5 = =20 (Zan) En > >
dn dn , ng (haop) 0
which is the equation of a damped harmonic oscillator, with a N Ne“4mQs 3 heon Im3 0
solution (for ar << 2nQyY) To 0 @_(Zﬁ(hwo +a)+Zi(hay - @)@
AE, Dexpl o+ 2 QL) e 2
By comparing with the equation above, we see that the ampingrate
damping rateis From Lecture 10, p 16, we have
M T
Ne?hay B, Rel Zl(hegy + @) - Zl(h o - @) __Nc __NncTo
N Rz} ?TO @-Ane- o) A% onfecq,  2nfEQ,
and the frequency is given by X so that
Ne“hwg e
a=-——=—=RaZj(hwy +wy) -Zj(hay — «)
e dZb(ha +aa) ~Zh(h e - )]
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The damping rate must be positive for damping; a negative
damping rate corresponds to exponential growth. This growth
is called the Robinson instability. To avoid the instability,
above transition, (when n->0) we require that

R Z(haxy - )] >R Z(hap + )]-

This condition is called the Robinson criterion. It is achieved
in practice by tuning the cavity resonant frequency «x to be

dightly lower than hay,, as shown below:

Ok
'
Rez,\(h %_( ‘/Rezoll(h QW)
\ y
ngd " g

A simple physical picture can be provided to qualitatively
explain the Robinson criterion. The synchrotron oscillations
effectively introduced additional frequency components into
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the macroparticle current, one at w, above hay, and one at c, "
below heay,. The dlip factor relates frequency to AE, via ‘
Ao _, AE
w CE’ AESO AE<0
lthw+w
The frequency component at hay, -, thusis associated with a ReZ,(hay-w) Rez(heg*)
. ‘eq ~ P “h-ed . Grea(ier loss & Less loss
positive AE. If the energy loss due to the wake is greater at \
this frequency than at the frequency hay, +w,, for which AE is 7 ha N - w
negative, then the wake energy loss will tend to reduce the hey-w % h W,

energy more when AE is positive than when AE is negative,
providing damping.
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Below transition, (when .<0), the Robinson criterion
reverses, to become

R Z(he - )] <R Z(h o + c)]-
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Synchrotron oscillation tune shift

The synchrotron oscillation tune in the presence of the wake
field is Q;; if the tune shift is dQs = Q% — Q,, we have, for a

small quantity A4,
ZTle:\/(ZTQs) +A=21/)s l"' 4 =21 + 4
\ (Zan) TQS
A
1 & 8m°Q,

Comparing this with the equation on p. 29, we have
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EJZH(hwo) -
@(4(“@ +ay) +Z(hay - og))g
2

Substituting for B, from above gives for the synchrotron
oscillation tune shift due to a narrow-band cavity:

Ez“(th) O
Ne I] how
6Qs ~ c!''vo

@2 gEQ. % (ZBhax + ) + Z(h e - og))g
2
Thefirst term in the bracketsis a“ static” effect (it does not
involve the synchrotron motion of the macroparticle); itis
called “potential well distortion”. The slope of the wake field
voltage adds to the slope of the rf voltage, thereby changing
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the oscillation frequency. Since it does not involve coherent
motion of the macroparticle, this piece of the tune shift is
incoherent, and can cause reduction or growth of the bunch
length.

The other terms are dynamic effects, which will appear as a
coherent synchrotron oscillation tune shift, but will not affect

the bunch length. The total coherent tune shift is Q..

Example.
Consider the standard expression for the narrow band
resonator impedance: Zg(w) = &

w U

1+iQﬁ wRE
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If welet A=hwy — wg and take A and w, both to be much

less than the resonator wi dth > R then we have

_ A 4NEncQRs
rhEs
5Qs ~_ 6Ne ’7CQ RS
Qs hE,

Consider the 500 MHz copper cavity again, operating in
CESR for which n¢ = 0.01, h=1281, and E; =5.2 GeV. Let the
“macroparticle’ contain 2x10* electrons. If we let the
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detuning parameter A = 2%'5 (i.e., detune about 1/10 of the

width of the resonance), then we find from the above formula
that a=0.00245 (thisisthe damping rate per turn) and 6Q = -

0.03Q.. The synchrotron tune is shifted down by about 3%.
The energy damping timeist = -IC-? =1 ms. Note that thisis
much more rapid than synchrotron radiation damping.
Conversdly, if the detuning has the wrong sign, the instability

growth rate can be much faster than the radiation damping
time.

The considerations given above refer to any impedance, not
just a narrow-band one. However, a broad band impedance
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will sample many revolution harmonics of the current, so that
the sum over harmonics becomes effectively an integral over
the frequency spectrum of the impedance. The real part of the
longitudinal impedance is an even function of w(thisfollows

a1 I wz
from the fact thet W(2) = _Ioodwzm(w)expa ?Bs real),

and so _[ dwwRe(ZH( ou)) = 0. Broad band impedances do not

lead to Robinson-type instabilities.
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Parasitic losses will cause a shift of the synchronous phase.
This can be evaluated by writing the equation for the energy
oscillationsin an rf cavity driven by a sinusoidal voltage:
(Lecture 10, pg 16):

dgsn =eV(sin(at,) - sin(at,))

and adding the parasitic loss term (pg. 20 above):

E = —ZTNeRe[zg(hwo)]
0

s,n

giving
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dAE,  2Né
T Re Z}(hw,)]
+eV(sin(hawyt,) + coshat,)h wAt, —sin(h agty,))
=eV(sin(@)-sin(g,)) - Ne2 Re[Z”(h )

inwhich ¢ =hawgts, @g =h ag,tso. The synchronous phase
is determined by the condition

ev(sin(g) - sin( o)) 2'\"9 T A a)

If @ =@ + J@, inwhich 5@ <<1, then
sin(g) =sin(@o + o) =sin( @)+ dgeoy )
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SO

_ 2NeRe Z(hap)|
 VTgcog@y)

Thisisthe shift in the synchronous phase produced by the

wakefield.
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