LECTURE 8

Linear deviations from an ideal lattice:
Dipole errors and closed orbit deformations

(continued)

Quadrupole errors and tune shifts

Chromaticit
Sextupole Compensation of Chromaticity
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Example: Our 500 m accelerator has an F quad misaligned in
the x-direction by 1 mm at s, =50 m. What is the resulting orbit
deformation?

The focal length of the quad isf=4.5 m. The quad strength is
1 _ B
il (Bop)
If the misalignment is Ax, the kick angle due to the
misalignment is

' -3
_ABL) _BMqg_ax_107° o, 0

(Bop) (Bop) 45
Thekick occursat B, = 16.8 m, and Q=9.3747. The orbit

displacement at thekick is

4
25) = B(S) goot o = 1683% 2222107 _
2 2tan9.3747m
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Plot of the “closed orbit” (s = & /A8 Als) — (s -
ot of the co(morl 29)=> S0 cog|®(s) - D(s)| - Q)

=

100 j0 0 af 500 s(m

'
[N

26

For agiven kick angle, the orbit deviation is much greater, the

closer Qisto an integer. For Q=integer, the orbit diverges. So Q’'s
close to an integer must be avoided.
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If I have not just one error, but N, then the orbit distortions add
Iinearly and we have

29 = PEL \ﬁ” zek\/ﬁ(s()cos(@(s) (s) - )

If the N errorsare uncorrel ated and randomly distributed in
phase, then

=P = *2‘3(5) § 628(5)

_~N{B()(B)
- 2~\~"\§sian @

Note dependence on ~'N: Very large machines typically have
very tight error tolerances on individual components.
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In our example, if all quads were misaligned with an rms error
of 1 mm, we would expect a maximum orbit distortion with rms

,\§<22>=2xx/§) mm = 1.4 cm

Typical size of a high-energy beam: take &,,,=10° m-rad and
d.m=10". Then
Zmax = 227 = iz(@&msﬂ + 5rms’7)

- 12(\/10‘6 x16.83 +1073 x1.3) m

=+10.8 mm
An orbit distortion 1.4 times the beam size generally can not be
tolerated.
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Short correction dipoles are placed into the lattice at high-beta
locations (next to F quadsin x, and next to D quadsiny). These
dipoles can be tuned to introduce kicks that compensate for the

field errors.

The orbit correction is done using position information from

beam position monitors, which have to be carefully aligned onto

the reference orbit. The orbit can typically be corrected to alevel
of afew tenths of a mm.

Fregquently one wishes purposefully to deform the closed orbit
from the reference orbit in alocal region of the machine. The most
common purpose is to facilitate injection or extraction; other
purposes might be for beam collimation, to accommodate an
asymmetric physical aperture, or for diagnostic purposes.
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This local orbit deformation is called a “bump”. Bumps are

created using combinations of (usually three or four) dipole
correctors.

Orbit

0

q Zbump

Ll ‘% SK%

We use three corrector dipoles, a s;, S,, and s;, which deliver
kick angles 6,, 6,, and 6. The phases at each of these points are

D(s) = Py; P(sp) = Py; P(s3) = Py, and the betafunctions are
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B(s) = Bi; B(sp) = B B(s3) = B - Therelation between the kick
angles, which is required to make the bump local (that is, only
non-zero between s, and sy), is

_ [Busin(®3 - ®y)
\ B, sin(®3 - @)

05 _ /Esin(qnz—cm)
6\ Bssin(®z-®,)

o

DS

The bump amplitude at s, is
Zhump = 61V BB Sin(q)Z - q)1)

Exercise: derive these relations.
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Examples:

1. s=20 m, s,=30 m, s;=40 m, 6,=1 mrad,6,=-0.76 mrad, 6,=1

15¢

12.5¢

10}

7.5¢

5t

2.5)

mrad.

x(mm
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2. 5=20m, s,=30 m, s;=40 m, 6,=1 mrad,68,=-0.76 mrad, 6,=0.8

mrad.
125 y(m
10|
7.5
5!
2.5
20 4b\/56r 80 00 S(m
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C. s,=20 m, s,=50 m, s,=80 m, 6,=1 mrad,f8,=1.85mrad, 6,=1

15¢

10+

(&)

mrad.
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Linear deviations from an ideal |attice:
Quadrupole errors and tune shifts

After having explored some of the consequences of dipolefield
errors, we'll now take alook at the effects of quadrupole field errs.

Some quadrupole field error sources:

* Differences between the idealized quadrupole field and the true
quadrupole field, due to fabrication errorsin the magnets, and/or
due to remnant field effects (this is usually the biggest source of

error)
* Quadrupole fields due to errorsin the dipole magnets
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 Quadrupole fields due to sextupoles not being aligned on the
reference orbit
 Stray fields on the reference orbit from other accelerator
components
From Lecture 3, p 7: The trgjectory equations, to lowest order
in quadrupole field errors, are

A quadrupole field error produces a perturbation in the focusing
function K(s). The focusing function K(s) determines the lattice

functions 3, and 7, and quantities derived from them, such as @

and Q. Thus, we expect all these quantities to change as aresult of
guadrupole field errors.

Asin the case of dipole errors, we'll treat a single gradient

"+ x§< iD (s)x " vk = AB'(s)y error aslocalized at one point, and sum over these to treat a
0° H oY= Byo collection of gradient errors. Thus asingle gradient error istreated
asathin lens, of focal Iength1 =AkL = AB L), where L isthe
Both of the form f Boo
AB'(s)0 length of the gradient error along the reference orbit.
z"+§<(s)+BO Ezzo
P Suppose the gradient error islocated at s,. Then the one-turn
matrix at this point becomes
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[£0s27Q + a(s)SiN270 Bs)sn2@ O
M(C+s,5) = _ - a . 1
E y(s)sin2m) cos2 1 — fsy)sin2 7@% - E_[BO(SO)A(kL)

fo(s0)sin2

B 0S271Qy + 0g(Sy) SN2,
- @—A(kL) 1%: ~yo(Sp)sin2mQ, cos2 10y — Gp(Sp)sin2 1@,

in which the lattice functions with subscript O refer to the
unperturbed lattice functions and tune.
Carrying out the matrix multiplication and equating the trace of
the matrices on each side of the equation, we get

COS27KQ = €0S2 1), cos2 Q —sin2 @ysin2 AQ

= cos2rq, - Ao()AKL)Sn2ry
in which the changein the tuneis AQ=Q-Qy.

If AQ <<1, then we have
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The lowest order effect of the quadrupole error isachangein
the tune, proportional to the strength error, the error’ s length, and
beta at the location of the error.

Thisresult isonly trueto first order in Ak, since the lattice

functions are also perturbed, and we have ignored this. Its accuracy
also depends on the assumption that the pertubed motion is still
stable. Stability requires that

c0s27Q = c0S2 16 —BO(SO)A(kIZ‘)SmZTQO <1
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If the unperturbed tune Q, is close to n/2, where n is any integer,
then |cos2mQy| is close to 1, and the quadrupole perturbation could
be large enough to violate the stability criterion. Thereis arange of
tune values around Q,=n/2 for which the motion is unstable. This
range, which depends on AKL, is called the half-integer stopband.

Q

I P
" ﬁﬁ,{/”’T 4

So, in the presence of gradient errors, we must avoid a range of
tunes around the half-integers.
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Example: Take a quadrupole field error of 10%, in one of the F
guads, in our 500 m accelerator.

Using f=4.5m,
kL :1 =0.2222 m™%; A(kL)=0.02222 m™

1 16.8x0.02222
AQ=-—— A(kL) =———=0.03
Q= Ao()Ak)=""""

This may seem small, but it should be compared with the
fractional part of the tune (9.3747); it is about 10% of that.

The stopband width is twice this, or 0.06: so, with this gradient
error, tunes from 0.47 to 0.53 must be avoided.
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If we have many errors A(kL), at locations s, then the tune shift
is
1 N
8Q=, 5 Fo(s)A(KL)
In this case, the stopband width is no longer twice the tune
shift, since the relative phases at the perturbations must be

accounted for.
For a continuous distribution of errors, this generalizes to

1
AQ= y i dsB(s)AK(s)

This result can be used for gradient errors due to any source:
e.g., eectric field gradients, space charge and beam-beam fields,
etc.
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Gradient errors cause a perturbation to the lattice functions
everywhere in the machine. To calculate this, let the quadrupole
error be at s, . The one-turn matrix at another point, s, is given by

1 0
M(s+C9 =Mo(C+s) y) Mo
If we write the unperturbed transfer matrices
Mo(C+s5) and My(sg,s) interms of the unperturbed lattice
functions 3, and a,, at the appropriate points, we can carry out the

matrix multiplication on the right-hand side. Then, on the left-hand
side, the matrix element

Mi2(C +5,5) = B()sin27Q =( B(s) +A As))sin2 7Qy +AQ)
inwhich AB(s) isthe perturbation S at s.
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Use AQ= 41n,80(so)A(kL), and then equate this to the

corresponding matrix element on the right-hand side. Solve for
AB(S). Theresult (for general s) is

Example: A(kL) =0.02222 m™ at the F-quad at 50 m in our
500 m machine. The perturbed 3 function is shown below:

20

bet a(
AB(s) _ _A(KL)Bo(%0)
=- cog 2| Py(S) — P, - i
BO(S) 25|n27'Q0 4 (‘ 0( ) O(SO)‘ TQ)] 15
o L
We again see the sensitivity to Q, near the half-integer: the beta !
function perturbation blows up at this point. The beta function
perturbation oscillates twice as fast around the circumference as 5
the closed orbit perturbation.
20 40 60 80 100
s(m
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Chromaticity 1 55 term, which corresponds to the (weak) focusing in dipoles:
P
Chromaticity refers to the dependence of the focusing function then
on momentum. Back to Lecture 3, p 7 again: Ignore field errors,
but keep all terms linear in (x,y) or in the momentum deviation & X" +xk(1-3)=0
y' - yk(L-3)=0
p2 E_ 5 which isjust equivalent to a gradient error of strength
y' ~yk(1-9)=0 Dy, =Tkd
The constant o is responsible for momentum dispersion, which Thisfocusing error will produce a tune shift
P
we have already discussed. We'd now like to focus on the
momentum dependence of the focusing terms. We'll neglect the
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1 _0
BQuy = 4] BBy (9 (9 = f sy (S

The chromaticity ¢ of the lattice is defined as the tune change

per unit relative momentum change. Hence the chromaticity due to
the dependence of quadrupole strength on momentum (called the
natural chromaticity) is

_AQy 1
Ex,y - > _+E_[idsﬁx,y(s)k(s)

For a strong focusing lattice, the natural chromaticity in both
planesis always negative.
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The natura chromaticity of asimple FODO lattice, in the thin
lens approximation, is easy to calculate. For asingle cell, we have
O LD
_150 PG

O MO N
Ld+sn-—= LA-sn-

£ = __10 % 20 % 200

ox 4ng f f B 4nr§ sinu sinu Q

M . 2 H
2Lsin™ 2sin“ &=
— 2 - — 2 :_}tanﬂ

__4nfsin/,l_ sin u m 2
For the whole machine, with N, cells, we have:

Ne..  H
=N =—"Ctan_
Ex cEc,x T 2
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For adesign with u<<1, we have

N
=t =Q,

The natural chromaticity is just the negative of the tune. For
our 500 m accelerator example, with N, = 50 and p=1.178, we

have

£ =Lt~ 1063
T 2

still not far from the negative of the tune. For this example, the
natural y-chromaticity isthe sameas é,.
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For real machines with insertions, the chromaticity will of
course be different. In particular, a machine with alow-[3 insertion

can have a considerably larger natural chromaticity than that from
the regular FODO lattice, because of the large value of (3, in the

insertion, coupled with typically larger focusing strengthsin the
insertion matching quadrupol es.

Chromaticity is generally not desirable in amachine, for at
least two reasons. Unfortunately, neither of these can be fully
appreciated until further in the course.

1. If there is a spread in momentum d in the beam(as there

alwayswill be), then there is spread in tune AQ = &¢. If large
enough, this tune spread could put some of the beam dangerously
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close to resonances. Thisis particularly important for large (high
tune) machines. For example, if =107 and &=-100, then the
chromatic tune spread will be AQ=-0.1, which is large compared to
the typical spacing of high-order resonance lines.

2. The growth rate of a collective instability called the
head-tail instability depends on the value of the chromaticity.
Above transition, for positive chromaticity, this instability is
very weak. Thus, machines are often operated with a small
positive chromaticity above transition.

For afixed lattice, how can we change the chromaticity? We
need afield gradient which isalinear function of &
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Sextupole Compensation of Chromaticity

Recall from Lecture 3, p. 11: a sextupole has afield

"

B
By == (X-y%); B(=B"xy
and position dependent field gradients

0
i'y = B" X = ai'x
ox ay
If we place a sextupole in adispersive region, where x = nd,
then the field gradients are momentum-dependent:
0
9B s
0Xx
This gives us what we want: a momentum dependent field

gradient. By inserting sextupoles into the lattice with the
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appropriate signs and strengths, we can cancel the natural
chromaticity, or achieve any value of chromaticity that we want.

Quadrupole

né g

\

v

o | §(x A(ﬁ

| -
-n5 ° ns

Sextupole

X
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Equation of motion, including first-order chromatic terms, and
sextupoles (neglecting dipole weak focusing term):

X" +xk(1-90) +g[x2 —y2] :2

y" —yk(1-0)-mxy =0
where the sextupole strength is (see Lect. 3, p 11)

B" 5 B"|T/m?
= , mm ~]=0.2998

Boo Po[GeV /]
Let x=Xg +on, y =Yg where Xg and Y represent the

betatron oscillations. Then, substituting, we have

m
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Xg +on" +(x[3 +I75)k(1— ) +g%xﬁ + ,75) _yéé_ o)
/i y5k(1—6) - m(xﬁ + ’75))/[; -0

Expand. The dispersion function changesin the presence of the
sextupol es, obeying the equation.
" m_ _ 0_1

This differs by the term of order & from the usual equation for
the dispersion. The betatron motion equations are

x +Xg(k +3(mn —k)) + [xﬁ yﬂ] 0
¥~ Yp(k+3(mn —k)) - mxgy; =0

The gradient error now has the form
Aky = £(mn —k)d
There are also nonlinear terms. We will return to these in future
lectures.

The chromaticity becomes
6 = £ 1 OBy(MIME) ~K(5)

and can be adjusted to a desired value with appropriate use of
the sextupol e strength m(s).
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In principle, only two sextupoles are required to compensate ATTE vl ( B(s,) + ﬁy(Sz))
the chromaticity in both planes. For two thin lens sextupoles, m, mls =
located et 5, and m, located a S, of length L. N(s)(Bx(S2)By (1) = By(%2) Bu(s1))
4Tt (s) + By(s1)
L Bu(sn(sm |, Bu()n()m, oLy = - el (Bs)+ Ats)

éx = 'fx,natural E a1 477 S

_ By(sun(s)m  By(S)n(s)m,
‘:ty—fy,natural E AT 47T a»s

Note that the sextupoles have opposite effects in the two
planes.
If &y natural = Ey,naturaj =¢natural » 10 g€t zero total chromaticity,

we need to have
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N(2)(Bx(%2)By (1) = By () Bu(sy))

Typicaly, to minimize the required sextupole strength, we
want n(s;) and n(s,) large, and also

ﬁy(S_L) >> By(s1), and Bi(s) >> ﬁy(sz)-Then

_ Matura . | ~-— ATéatural
s » Ml
n(s)By(s) n(s2)Bx(sz)
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Example: FODO lattice of our 500 m model accelerator. Place
m, at aD quad, m, at an F quad. Let L=0.1 m. Then
By(s1) = By(s) =16.83m; B (s1) = B,(S) =4.8m
n(s,) =1.30m; n(sy) =0.735m; & ural = —10.35
41%x10.35

= - =-105 m™
™ 0.735%16.83m?2 x0.1m
= 4n><10.§5 593
1.30x16.83m“ x0.1m

In practice, the required sextupole strength is distributed
around the circumference in at least two families of sextupoles.
The inevitable nonlinear effects from a distributed sextupole
system are less than for two strong sextupoles. More than two
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families may aso be used, with alocal correction in the interaction
region.
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