1 - —0 1 2 1 o 1 !
Xn+1 Xn 2 Xn Xn+1 _ﬁ ﬁ Xn
X .1 _( cos . Sin yj Ny 0
L _ "l T 52
X' 1 Sinu  CoSu P X
A . -1
Xe | ,B% 1-cosu  sinu 0) . ,3% . [ —cos5 o2
X2 ~sing l-cosu) (Rf) 27 =ni{ gins )
v/ 4 ﬂ_%t ﬂ\
Xt == anz\ ~ ~ ~ “
& LR =R, +AR J, =1(R2+R2) =L (A 22)?
~ 4 o3 2 4 f b2\ f 2% YKol cos#
X' = kzlsz tan 7
AX .4 cosu sinu\( AX, 0
A = : A | 3. A ~
AR ) \=sing cosu )|\ AR, ) | 5= BEARZ —4tan £ AR
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A)?n+1 C( cosu sinu [ AX, 0
AR ) \=sing cosp )| (AR, ) | X2 BPARE — 4tan £ AR

AX ., cos u+4sinutan4  sinu || [ AX, B 03
—sinpu+4cosutan® cosu )\ AR, ) |5 BPARE

cos% (L+2sin*5) _ , oa U 0. 0525
COS% - PR ¥

The additional fixed point is unstable !

TriM]=2

02 “F

S

..':.".v K4 ...’. l‘l:.o:
..E ¢ ..‘O “ /-'.'... ‘ '.. '.: /
//_\ \ ',.-.. 'u'..‘ ..‘...:'." s . ]
/ -0.25 0 0. 05 0.7 1 1.25
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1
fx — §0x +4_ﬂx77xk2| ~0
7T

tan—

SII’I—

Jy =

233 (kz ls cos#

than the fixed point indicates !

2,5 (fo” cos® 4

When many sextupoles are used:

If the chormaticity is corrected by a single sextupole?|

2

Often the dynamic aperture is much smaller

-10

v=0.3

-2.5 0 2.5 5

§0x +£ﬂxnxk2| ~ O
A

The sum of all k,2 is then reduced to about Z (kzlﬂ)2 ~ N (kzlﬂ)

The dynamic aperture is therefore greatly
increased when distributed sextupoles are used.

7.5 10

2 2
~ilzg)

Georg.Hoffstaetter@Cornell.edu

USPAS Advanced Accelerator Physics

12-23 June 2006




25 o 25 s 75 1 0 0 2 0 o =

Due to the narrow region of unstable trajectories, sextupoles are used for slow
particle extraction at a tune of 1/3.

The intersection of stable and unstable manifolds is a certain indication of chaos.
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Homoclinic Points

At instable fixed points, there is a and an instabile invariant curve.

Intersections of these curves (homoclinic points) lead to chaos.

2

*H

0
- m

Georg.Hoffstaetter@Cornell.edu USPAS Advanced Accelerator Physics 12-23 June 2006



2
d (‘9 +2(0(t)) — _a(i)S Sin 29
dt r(t

— 1.5

On the path from Rotation to

IS a strong chaotic region.

/4 ™2 3r/4 n

around the
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Tilt of the earth

& =
E O a0 -
. —
©
.E 25 -
C ) =
<
iy & :
O [ .
%500 — :
Tidal forces from moon = :
and sun cause a (O f E
stabilization of the rotation | ©... )
i o
axis. 3.t ;
-1Ma and without moon 1M
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A5 !
% > @,Pm
8 8|\

D L) Perturbations

PEP

(Xj: m[ﬁ }(sin(wwo)j 35S

a T ( Cos(y + ¢,)
This would be a solution with constant J and ¢ when Af=0.
Variation of constants:

oseanal S (4]

V& (0 Do af0) 0 o [ O
ESﬂ/ﬁ% (_1 Ojs_é [Afj with g _£ﬁ \/E]
%—COS(VH%)\FM . V23 gy'=—sin(y + ) AT
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()
(Xj:m JB O (sin(w+¢o)j 3=0 |
a _ﬁ ﬁ Cos(y + ¢,) Dy =
JB 0 y=0 |? ,
X 27 S Sin ¢ = P
(aj: ZJ[ o L](Cos¢j §=1 >
VB B N Pt
to
(Xj:\/ﬁ \/E 0 [Sln(l//—y%+gp)] J'=0 /
a —f5 T \cos(y —ut+9) 0'=ut
9; A ﬂ% — ‘/7(5 + L) — ‘/7(3) Corresponds to Floquet’'s Theorem
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Quasi-periodic Perturbation

J'=cos(y +@)J2IBAF | @'=—sin(y + @) S Af
J'=cos(y +@)\[2IBAf | @'= L —sin(y + @), SAf

New independent variable 3 = zﬂi

L J =cos(y +@)2IBAf £ | Lo=v-sin(y +p))SAf L

AF (X) = Af (/238 sin(i7 + @)

The perturbations are 2x periodic in 4 and in @
¢ is approximately @ = U - v

For irrational v, the perturbations are quasi-periodic.
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Tune Shift with Amplitude

§—9J=cos(l,7+go) 2080 & | Lo=v-sin +¢)SAf L
Lo=0,H , £I=-0,H , H(p,J,9)=0-3-L[Af(%;5)d
0

The motion remains Hamiltonian in the perturbed coordinates !

If there is a part in 0;H that does i, D 0 0525

0.4 Ceem o
not depend on@,S = Tune shift RN ,‘
The effect of other terms tends to average out. oz2] =% ‘

P(9)~py = 9-0,(H)_,(3)
U(J):U+8J<AH>¢’9(J)
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3 = ees o)
Crlzss &

Hp.3) 03[9 . 3uD)=0,(0H),,

Quadrupole: Af = —Ak X
AH =2 Ak L x? =L Ak Jgsin® (7 + o)

<AH :—jAk,BdSL—:_T kﬂds—:Au:i§Akﬁds
0

Sextupole:| Af :_kzlx

AH = £k, $X° = £k, 1235 sin’ (7 + )
<AH> =0 = |[Av=0
Octupole: |Af =—k, 1 x

ik?,m =Lk, 2 (IB)*sin*(y + )

B ds<2—4(ei¢ —e—‘¢)4>¢ :>‘éz)= J ﬁ§k3ﬂ2ds\
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%J:COS@+¢)N/2J,BAI‘§ . Lo=v-sin(y+p) 2JAfz#

Lp=0,H , LI=-0,H , H(gp,J,S):u-J—ijAf()A(,S)d)A(
0

The effect of the perturbation is especially strong when

COS(i7 + @) AT or SIN(7 + )y BAS

has contributions that hardly change, i.e. the change of

N B AL (X(H),8) is in resonance with the rotation angle o(9) .

Periodicity allows Fourier expansion:

H(p,J,9) = ZHnm(J)e'[”‘9+m‘” ZHnm(J)Cos(n9+m(p+\Ifnm(J))

n,m=—o0 n,m=—o0

Hoo (3) =(H (g, J,s)>¢s — Tune shift
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The Single Resonance Model

$J= > mH, )sin(ng+me+¥, ()

N,M=—00

L p=0+0, ZHnm(J)cos(n9+ me+¥__(J))

n,m=—oo

Strong deviation from: J = 'Jo , Q=D G+ ®,
Occur when there is coherence between the
perturbation and the phase space rotation: n-+ m%gp ~(

Resonance condition: tune is rational [N+mM v =0

On resonance the integral would increases indefinitely !
Neglecting all but the most important term

H(p,J,9)=vI+H,(J)+H,,(J)cos(nF+me+'Y, (J))
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e’\_\. / V‘e,‘;
o O
of |8 B| =

ey i) Fixed points

L J=mH,_ (J)sin(nd+me+"¥,, 1))
Lo=v+Avd)+0,[H,,(J)cos(nd+me+¥, . (I))]
O =>[nJ+me+¥, ()], o=+

4 J=mH,_ (J)sin(md) , L d=5+Av(J)+H,(J)cos(md)
H(p,J,%)=6J+Hy,(J)+H,,(J)cos(md)

Fixed points: f—gJ:mHnm(Jf)sin(md)f):O = @, =
fo+Av(J;)+H_(J,)=0 has a solution.
LA =tm’H,_(J)AD , LAD=[A0'(J;)+H,, (J;)]A
Stable fixed pointfor: ~ H__(J,)[H,. (J;)+Av'(J;)]<0
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Sextupole: |Af = _|(2%)(2

AH =Lk, 1x° =Lk, 1./2J3 sin* (7 + )

nN=—o0

AH ~ A3 cos(3D)

—n

AH ==K, -5 2J,b’3%cos(—nl9+3go+z/7—%)+... \k

= Lk, 2238 [sin(3[7 + ¢]) +3sin(7 + ¢)]

Simplification: one sextupole K, (%) =K,0(%) =k, 5= Zcos(n 9)

~ N
or U~3

All these fixed points are instable since H_(J.)H, _(J;)>0

(Df:O,%ﬂ',%ﬂ',... (I)f:%yz',jz',%jz' ‘ N
S+A2/1=0 for 6>0 /f
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e "@4,
A &)
o 6 g]\:

e D/ J) Fourth Integer Resonances

34
Lk, J°pB° [COS(4[W +@])—4cos(y + @) + 3]
Simplification: one octupole K, (8) =k;0 () =k, 5= ZCOS(I’] 9)

N=—o0

OClPOle | Af — Kk, 4x% , AH =Lk, 4x* = Lk, 1 I%4%sin’ (7 + )

AH = A, J?[3+cos(4®)] for V=7

O, =0,27,27, ... Either 8 fixed points: & <0
0+ A,2J(3+£1)=0 ornone for: o >0

Hon (3 ) [Hom(3) £A0'(34)] <0

Stability for (2A,J)*[1£3]<0,

i.e. for the 4 outer fixed points.
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Resonance Width (Strength)

Fixed points: - J =mH, (J;)sin(m®,)=0 = &, =%z

f S+Av(J;)£H_(J;)=0 has a solution.

5 has to avoid the region §+Auv(J)£H,_(J)= 0 forall particles.

+H,,(J)

Av(J) Spread in the beam
o

»
»

Assuming that the tune shift and perturbation are monotonous in J:

This tune region has the width A, =2 | H;]m (J maX)| for strong resonances.

A, Is called Resonance Width, Resonance Strength, or Stop-Band Width
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4] =cos(y, +¢,)y2) A L Lo =0 —sin(y, +0 )2 -Af o

~ . ~ ﬂy
&5J, =cos(w, +,) 2, B Af 5=, GG, =v,-sin(y, +o,) 7-Af, 2

—

JH , &£J==23H |, H(@,i@:ﬁ-i-ﬂﬁ(i,s)di
0

!
||
Dl

®»

The integral form can be chosen since it is path independent. This is due to the
Hamiltonian nature of the force: Af, (X, Y,8)=-0, AH(X,Y,S)

Single Resonance model for two dimensions means retaining only the

amplitude dependent tune shift and one term in the two dimensional Fourier
expansion:

H(#,J,9)=0-J +Hy(J)+H,,;(J)cos(nd+me, +m e, +¥,.(J))

For n+mu, +mou. =0 .
o oy me,+Me, =Mm-@
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@ :
Qfp a2

n+m.o, + myUy ~0 means that oscillations in y can drive oscillations in x in
X"'=-K x+Af, (X,Y,S)
The resonance term in the Hamiltonian then changes only slowly:

H($,J,9)=0-J +Hy () +H,,;(J)cos(nd+me, +m e, +¥,.(J))

LHp=0,H , L£JI=-9 H

_ Mmoo 1 d _
J =mJ,-mJ, =mxJ = £L£J =0
Difference resonances lead to stable motion since:

n+|m, o, —|m v, ~0=[m|J +|m, |J, =const.

Sum resonances lead to unstable motion since;:

n+|m |o,+|m o, *0={m |J,—[m, |J, =const.
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n+mo, + myuy ~ (0 means that oscillations in y can drive oscillations in x in

X'"'=-Kx+Af (X,Y,S)

All these resonances have to be
avoided by their respective
resonance width.

The position of an accelerator
in the tune plane s called its
Working Point.

X
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