Symplectic Flows —~ H

For every symplectic transport map there is a Hamilton function

The flow or transport map: Z(s)=M (s, Zy)
Force vector: h(z,s)= —l[%M(S, 20)12():1\2‘1(2 N
Since then: 47 = Jh(Z,s)

There is a Hamilton function H with: ]; — éH

If and only if: azjhi:azihj = h=h
d __
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Phase space density in 2D

Phase space trajectories move on surfaces of constant energy
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A phase space volume does not change when it is transported by
Hamiltonian motion.

Al E] Pey At 7] ~ The distance d of lines with equal energy
< oH s proportional to 1/10H I AR

=

X

>

d * At | Z’ |= const

H(x, p. ) =const

(C

Georg.Hoffstaetter@Cornell.edu Class Phys 488/688 Cornell University Spring 2007




Lioville’s Theorem

A phase space volume does not change when it is transported by
Hamiltonian motion.  Z(s)=M(s)-z, with det[M(s)]=+1
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Hamiltonian Motion V=V,

0= Jmlaz,=[fa:

But Hamiltonian requires symplecticity, which is

much more than just det[M (s)]=+1
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The motion of particles can be represented by Generating Functions

Each flow or transport map: Z(s)= M(S, Zy)
With a Jacobi Matrix : M;=0, M, o M= (aoM !
That is Symplectic: MJM' = J

Can be represented by a Generating Function:

F.(G.G,,s) with p=-3.F , p,= 0 F

—

J,F, , p,= 9d,F,

F,(p.q,,5) with g

0

—

Fi(q, py,s) with ﬁ:_éqF3 , 4,=—0, F

Po

—

F,(p,Py,s) with g= dF, , éo:_ép0F4

q
6-dimensional motion needs only one function ! But to

obtain the transport map this has to be inverted.

Georg.Hoffstaetter@Cornell.edu Class Phys 488/688 Cornell University

Spring 2007



