C(Z,)=AoB(Z,)

Mbng::

z:(%]:.ﬁ
’ ﬁo aqoﬂ(qaq()as)/

Jacobi matrix of concatenated functions:

— \ N N
! - 7(0.s)
— \ N
oo =50

M(g)=FG™

F(§.Gy,s) with p=-0,F(G,Gy.5) .

S

Generating Functions produce symplectic tranport maps

—

By= 0, F(G.Gy.s)

= [ (&7 (G 9).9)
M=fog"

(function concatenation)

C;=0,6=22,, BGIP.AD] 4, = C=aBB
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q
§(0,s) G )
,5)=| = N — = > =

¢ 0,,F(4.y-5) 9,00 F,

0

)
M M —
MM

:(_lel
FanE1 Fl1F2_11F22 _ F12

:[ 1 0 ] :(O 1 ] — Glz{_lelez lelj
_Fll _Flz le Fzz 1 0
. . —~F'F F;
M(g) — FG 1 :( _121 22 21 1)
Fanl Fzz _Flz _Fanl

The map from a generating function is symplectic.

o F2_11F22

-1
Fy

)[_ FzzFlgl F22F1;1F11 o F21
_ ]71;11711

T

Fo
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Symplectic tranport maps have a Generating Functions
Z2=M(Z,)

q M (Z) | _7,= Py Py . = .
= 1\%0 =/ . = _ =h )= J aF’l G- -
(EIOJ [ 9y j ) (ﬁj (Mz(fo)j (%) _[ (4.9 )]uzO)

OF =—Jhol ' =F
For F, to exist it is necessary and sufficientthat ) F =9 F — F=F"
l J J 1

—

~Jh=Fol = —Jh=F()l

Is J h I symmetric ? Yes since:

L (0 1y O L oYorm, oM,
ML=y o)arm, ot u
o 90" 2 po” 2 1 0

— M, My, 0 1 _ ]‘422]‘41_21 M21_M22M1_21M11
0 -1 M, -M,;M, M MM,
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& SP(2N) — F [for notes]

4, .'\
Ofp p.2

Jh l—l ]‘422]‘41_21 M21 M22M1_21M11 A B
- M MM, C D
M, (%’po)J, M:(MH M12j

M(Z,) =
(M (4o Do) M, My

M 0 1MT: 0 1 _M12 M11
—\-1 0 -1 0 _Mzz M21

M,
M,

My (0 1
ML) (-1 0

_ T _ _ _
M12M1T1:M11M1T2 — (M121M11) :[M121M11M1T2]M12T :M121M11

M21M2Tz :M22M2T1
M11M2Tz_M12M2T1 =1
M22M1T1_M21M1€ =1

L

D=D"

A=A

|

1 \T _ _ _
(M22M121) :[]\422]‘41T1]‘412T_]\421]]‘42T2:]‘422[]\4121]‘411]‘4;2_]‘42T1]:]\422]W121

M21_M22M1_21M11 =M21_M22M11M1_2T =M1_2T —_—

B=C"
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Hamiltonian ODE

|
\ 4
|

7'=JOH(Z,s) ?=F, FJ+JF =0
Generating Functions Symplectic transport map
(P> Do) =4 0 F,(q,Gy>9) MJIM' =J

[from notes]
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Advantages of Symplecticity

Determinant of the transfer matrix of linear motion is 1:

Z(s)=M(s)-Z, with det(M(s))=+1

One function suffices to compute the total nonlinear transfer map:

—

F(G.4,.5) with p=-0,F(G.405) . Po= 0, F(d.4y.5)

(G J ) ]
~ q q = =

Z = _,]: é - - :f(Qas)
\ P o QE(Q9QQ9S)/

Z
(7 7 \ T
. q qo - M =
ZO: —»Oj:[é F - — :g(Q,S)
\po 9 1(Q9QO9S))

Therefore Taylor Expansion coefficients of the transport map are related.

J

Computer codes can numerically approximate ]\Z(S, 20) with exact

symplectic symmetry.

Liouville’s Theorem for phase space densities holds.
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For matrlces with real coefficients:
If there is an eigenvector and eigenvalue: MV, = AV,

kck
then the complex conjugates are also eigenvector and eigenvalue: MV /1,-1/,-

For symplectic matrices:
If there are eigenvectors and eigenvalues: MV, = Av. with J = MTlM

then ¥/ Jv. =V M' JMv, =AA5 Jv. = V, JV.(44, -1)=0

g LV, =V L J Y, JUi =N

Therefore JV is orthogonal to all eigenvectors with eigenvalues that are
not 1//1J Slnce it cannot be orthogonal to all eigenvectors, there is at least

one eigenvector with elgenvaluel//’tj
Four dimensions:
A .ﬂ .

N
\ ol

/T; — ’1;1 o/lf

Two dimensions: ﬂj is eigenvalue
Then 1//lj and ;{; are eigenvalues

AL=lA=4 = 14I=1 <

A=14=2
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