Simplified Equation of Motion
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Only magnetic fields: E=0
Mid-plane symmetry: B (x,y,s)=—-B_(x,—y,s), B, (x,y,8)= B, (x,—Vy,5)
Li ization in : — Po :&L Po
inearization in B.(x,y,s) y ky, By (x,y,5) + kx
Highly relativistic : Py B XTh 0
Po E Vo
— Px _ Px — Px _ L
* p; \/(Po+dp)2—pf—l9§ b po . = _y ’
(P+pKe, ), h_d 4 PK — _ lbxk ps
& Po ~ Tov, di p.t Po  Povs qu o
= —(1+x5)(k+kx)+(1+ )k =—x(k" +k)+5/( = b'=—ky
'\ dl=t) By _ 1 _ hyEo _ '—
r=dCol o (Lo g . O'=
Hamiltonian:

H=1a"+1b"+1k(x’ - y)+1K’x* —kxd
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Matrix Solutions

Linear equation of motion: Z'= F(s5)Z

Matrix solution of the starting condition Z(0) = Z,

? =M pena (Ly)M 435 (L )Mquad (L,)M 4 (Ly)Z,
: ? =M 4 (L )Mquad (L,)M 4 (L)) 2,
|
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2=M ;i (L))Z, 2
=M quad (Lz )Mdrift(Ll)ZO
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Note that in nonlinear expansion x'# a

so that the drift does not have a linear
transport map even though x(s) = x, + x(')s
is completely linear.
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Homogeneous solution:

"

Xy"'==x,; K° = x, =Acos(ks)+Bsin(k's) (natural ring focusing)

Variation of constants:

x=A(s)cos(kx s)+ B(s)sin(x s)

x'=—AKxsin(xs)+ Bxcos(ks)+ i4'cos(l( s)+ B'sin(x sz
=0

x'= _szT A'ksin(k s)+ B'k cos(k s) = —K’x+ 0K

5K

cos(ks) sin(ks) (A B 0)
—sin(x's) cos(xks)\B') &
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A") (cos(xs) —sin(ks) | 0O
B') \sin(xs) cos(ks) \ S
A COS(K A
=0k (x5) +| | with x=Acos(ks)+ Bsin(xs)
B sin(xs) B,
T =—XxK
[ cos(ks) Lsin(x s) 0 & '[l—cos(ks)]
—Kksin(ks) cos(kKs) 0 sin(Ks)
1
M = 0 0
173 Y 0 1 Y
—sin(k's) & '[cos(ks)—1] 1 & '[sin(ks)—sk]
\ 0 0 B 0 1 y,
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It is sufficient to compute the 4D map M, , the Dispersion ﬁ
and the time of flight term M
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\
As for a drift;

— —

D=0 =
M. =0

T

( cos(\/z s) ﬁsin(\/z s)
Moo=l ksin(\/z S) cos(\/z S)

0

=0

For k<0 one has to take into account that

cos(\/z s)= cosh(\/z
cosh(\/z s)= cos(ﬁ

s), sin(\/z s)= isinh(ﬁ S)
s), sinh(«/z s)= isin(ﬁ S)

cosh(«/% S)

Jk sinh(Wk s)  cosh(vk s)

e

ﬁ sinh(«/z s)
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M6: Q My Q
‘T 0 M,
/

Iy ( cosh(\/z s) ﬁsinh(«/z s)
" \Wksinh(Wks)  cosh(Wk s)

- 11— COS(\/_ Ks)]
sm(«/_ Ks)

cos(\/? s) #sin(«/f s)
T =VKsinWK s)  cos(VK s)

T

J

j_ [sin(«/Es) — x/Es]

from symplecticity

Options:
For k>0:

focusing in x, defocusing in y.
For k<0, K<O0:
defocusing in x, focusing in y.
For k<0, K>0:
weak focusing in both planes.
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