Invariant of Motion

X(8) = 2J5(8) sin@(s) + @)

Where J and @ are given by the starting conditions x, and x’,.
K+ 200K+ B2 = 2

Leads to the invariant of motion:
f (X X,8)=p(S)X* +2a(s)xX+B(s)x* = Lf=0

It is called the Courant-Snyder invariant.
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) From Twiss to Transport Matrix

(XOJ_E \/Fo 0 (sin(%)}
X, - J% \/%o cos@)
(Xj:\/ﬁ JB 0 (sin(w(s)+¢6)j
y -+ \cos(9)+@)
5 JB O (cos/l(s) sinw(s)j(
—£ )\ -sing(s) cosy(s)
M(s) = v (COS{/I(S) Si”‘ﬂ(s)j z
M - = -sing(s) cosy(s)
~[cosy +a, siny]
\/;[(a —a)cosgy - (L+a.a)sing]

sing,
cosqq)j
0
- V5
VBB sing

L2[cosy —asinzp]}
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MO = M(S+ L’

=M,(s)Z(s) ,

(s+L)

Z

(s+nL)=Mq(9)Z(s)

Z

03/03/2008

Class Phys 488/688 Cornell University

Geora.Hoffstaetter@Cornell.edu



The Periodic Beta Function

If the particle distribution in a ring or any other periodic
structure is stable, it is periodic from turn to turn.

o(x X', s+L)=p(xX,Ss)

To be matched to such a beam, the Twiss

parameters a, (3, y must be the same after
every turn.

7 . .
M(s0) = slcosy +a,siny] \ BB siny

cosu+asinu gsinu

H=Y(s+L)-¢(s)

J7sla, —a)cosy — A+ aga)sing]  [%[cosy ~asing]

a
Mp(S){ . . ]=1Et05ﬂ+( P ]Sinﬂ
—ysinu cosy—asinu -y -
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L
—_ 1 A
ﬂ_jﬁ(é) ds
0

Note: (S) >0

They can be computed easily from martirx M:

M (s,5+L)=M(9)

( a ﬁ j .
=1lcosu + sinu

Stable beam motion and thus a periodic
beta function can only exist when Tr[M]<2.

The periodic Twiss parameters are the 0 L

solution of a nonlinear differential equation | : s

with periodic boundary conditions: A p A - '
F=o0  wih B=BO)| MMl L\
a=kg-x£ with aL)=a@©| T T

Periodic section

cosy =4 THM o(S)]
B=M 5, ﬁ
1

a = (Mo,ﬂ _Mo,zz)m

B
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p=2m = (s + 1) -(s) — _

It is a property of the cell structure and S

W)

does not depend on where the cell starts. %@g/%?/’@\%?%?%@
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DO S, o
A
X

[

M,(s) :1E205,u+( a(s)  B(s) )

-y(s) -a(s

2c0s4(s) = Tr[M4(8)] = Tr[M (S0)M, (O)M (s + L, L)]
=Tr[M,(0)] = 2cosu(0)

| x(nL) = x,Bsinnu

Sini Periodic section
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