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� A phase space volume does not change when it is transported by 
Hamiltonian motion.

� Phase space trajectories move on surfaces of constant energy
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� A phase space volume does not change when it is transported by 
Hamiltonian motion. 1)](det[with)()( 0 +=⋅= sMzsMsz
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0VV =Hamiltonian Motion

But Hamiltonian requires symplecticity, which is 
much more than just 1)](det[ +=sM
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The equations of motion can be determined by one function:
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The force has a Hamiltonian Jacobi Matrix:
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The Jacobi Matrix of a linear force: )(sF

The general Jacobi Matrix : izij FF
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Hamiltonian Matrices: 0=+ TFJJF
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Prove :
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The flow of a Hamiltonian equation of motion has a symplectic Jacobi Matrix

The flow or transport map:

A linear flow: 0)()( zsMsz
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The Jacobi Matrix of a linear flow: )(sM

The general Jacobi Matrix : izij MM
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The Symplectic Group SP(2N) : JMJM T =
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K = J is a solution.  Since this is a linear ODE ,  K = J is the unique solution. 

H H H H i i i i SymplecticSymplecticSymplecticSymplectic FlowsFlowsFlowsFlows



Georg.Hoffstaetter@Cornell.edu Class Phys 488/688 Cornell University        04/07/2008

CHESS & LEPPCHESS & LEPPCHESS & LEPPCHESS & LEPPCHESS & LEPPCHESS & LEPPCHESS & LEPPCHESS & LEPP

163

),()( 0zsMsz
rrr =

For every symplectic transport map there is a Hamilton function

The flow or transport map:

Force vector: [ ]
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There is a Hamilton function H with: Hh ∂=
rr

If and only if:
T

jziz hhhh
ij

=⇒∂=∂





−=
−=

⇒= − JMJM

MJMMJM
JMJM

T

T

ds
dT

ds
d

T

1

TT

ds
dTT

ds
dT

ds
d

ds
d

ds
d

ds
d

hJMMJMJMJJMJMJMMJMh

MJMMh

MJMh

==−==−=

−=

−=

−−1)(

)(
r

r

rr
o

r

SymplecticSymplecticSymplecticSymplectic Flows Flows Flows Flows iiii HHHH



Georg.Hoffstaetter@Cornell.edu Class Phys 488/688 Cornell University        04/07/2008

CHESS & LEPPCHESS & LEPPCHESS & LEPPCHESS & LEPPCHESS & LEPPCHESS & LEPPCHESS & LEPPCHESS & LEPP

164

Hamiltonian

Symplectic transport map
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SymplecticSymplecticSymplecticSymplectic RepresentationsRepresentationsRepresentationsRepresentations


