a2

@H (X, p,) =const

A phase space volume does not change when it is transported by

Hamiltonian motion.

P

X

¢ At | Z | The distance d of lines with equal energy
is proportional to 1/|oH |01 Z[*

) d OAt | Z|= const
H (X, p,) =const
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A phase space volume does not change when it is transported by

Hamiltonian motion.  Z(S) =M (s)[Z, with detM(s)]=+1

a
oz,

voume = V = [[d"2 = [ =2d"2, = [[|M[d"2, = [[d"%, =\,
Vv V, V, V,

Hamiltonian Motion V =V,

But Hamiltonian requires symplecticity, which is
much more than just det[M (s)] = +1
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The equatlons of motion can be determined by one function:

%X :apXH(_Z’S)’ %px:_axH(zis);

- - . . 0
=JOoH(Z,5)=F(Z,s) with J=diagdJ,), QZZ(

The force has a Hamiltonian Jacobi Matrix:
A linear force: F(z,5)=F(s)[¥
The Jacobi Matrix of a linear force: F(S)
The general Jacobi Matrix : Fij — az Fi or F = (5 |ET
Hamiltonian Matrices: FJ+JF' =0
Prove: K, =0,F =0,J,0,H=J,00H = F=JDH
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— Symplectic Flows

The flow of a Hamiltonian equation of motion has a symplectic Jacobi Matrix

The flow or transport map: 2(s) =M (s, Z,)
A linear flow: Z(s) =M (s)[Z,
The Jacobi Matrix of a linear flow: M (S)

.
The general Jacobi Matrix : M ij = azo,- M, or M = (aol\/l T)

The Symplectic Group SP(2N) : MQM =J

47=9M(s,2)=J0OH = 0, F(z,9=0, M0, F(Z5s)

sM,,
M( Z,) =F(Z,5)M(s, %)

'I'Il

4K=4MIM +MJILIM ' =FMIM ' +MIM'F' =FK+KF'

K = Jis a solution. Since this is a linear ODE , K = J is the unique solution.
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For every symplectic transport map there is a Hamilton function

The flow or transport map: 7(s) =M (s, Z,)
Force vector: H(Z s)=—-J|% M (s, ZO)J 22N (2,9)
Since then: 47= Jh(z,9)

There is a Hamilton function H with: h =gH
T
If and only if: 0,h=0,h, = h=h

M
MM

d
—=ds

=JEMIM I=-IMIEM I=M" EM J=h'
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Symplectic Representations

Hamiltonian ODE
Z2=JOH(zZ59) Z=F, FJ+JF' =0

\ 4

Symplectic transport map

MJIJM'=J

\ 4

A
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