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Theory of Electromagnetic

Interactions

2.1. General remarks. Theoretical physicists have not yet
succeeded in their attempts to formulate the principles of quantum electro-
dynamies in & completely general manner, free from internal contradictiona.
They have, however, established a formalism that answers unambiguously
most problems arising in the study of electromagnetic interactions between
radiation and mstter. Whenever the theoretical predictions have been
submitted to experimental test, they have been found to be accurale,
within the limita of the experimental errors and the mathematical approx-
imations made in the development of the theory. Confidence in the
theory of electromagnetic interactions has grown to the point where one
may grant its validity beyond the limits of experimental accuracy and
perhaps even apply it to fields where experimental tests are still lacking.
In the past, study of high-energy phenomena, cosmic rays in particular,
was mainly a means for testing the theory of electrom agnetic interactions,
Today, however, one may justifiably use the results of this theory as a
basis for the interpretation of the observed phenomena.

A rigorous derivation of the theoretical formulae lies beyond the scope
of the present volume, In many cases, however, we shall try to justify
these formulae by means of semi-quantitative derivations based largely
on classical models, This procedure provides a physical interpretation
for the laws expressed by the theoreticsl formulae and thus develops an
intuitive ““feeling” for the phenomena associated with the passage of
high-energy particles through matter. We believe that this purpose is
important, because one must often rely on such intuition to grasp the
significance of a set of experimental data or to devise new methods for the
solution of a given problem.

In the study of electromagnetic interactions we encounter two different
kinds of entities: electromagnetic fields and particles. The classical Maxwell
theory, leading to the concept of electromagnetic waves, fully describea the
macroscopic electromagnetic field. In the microscopic realm, however, the
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§21 ELECTAOMAGNETIC INTERACTIONS 11

ficld obeys quantum laws whose significance, in certain oases, we may
rogard as inkuitive by thinking of the eleciromagnetio field ns & fux of
phofons, The partficles, 8.5, elrctrona, mesona, profons, are both the pources
of the electromagnetic field and the recipients of ifs effects. Most of
these particles appear in o dusl capacity, namely, ns redintion gquante and
pn copstituents of matter. Their eleetromagnetic properties depend on
their eleciric chargea and magnetic moments,  Their mechanical properties
depend on their masses and their spins,

In the rigorous scnse, we should always trest the internetions between
two particles in terma of the electromagnetic fields set. up by the particles
nnd the offocts of these fields on the particles themselvas, “This remark
applies to both classical and quantum electrodynamies,  I5 we look at the
eorpuscnlar aspect of the electromagnetie field, we may say that alectro-
magnetic internctions should always be described as progesses of photon
emission and ahsorption. However, many onses arise in classical electro-
dynamirs where one can ealeulate the interaction of two charged bodies
in terms of the relatively simple Coulomb forces acting between their
charges, rather than in terms of the more genernl eleetromagnetic field.
Correspondingly there socur problemas of quantum electrodynamics whersin
one can neglect emission or absorption of photone and deseribe the elestro-
magnetio interactions between particles by meana of suitable fields of
foree.  In fact, even when photons are specifically included in the formula-
tion of the problem, one generally prooeeda by fimt computing the mechan-
ical hehnvior of the particles concerned without reference to emission or
absorption of photons, and later introducing radiation phenomena as o
perturbation.

With the above consmderations in mind, we now proceed to a classifi-
cation of the elementary electromagnetic phenomena that are of importance
in the interactions with matter of high-energy radintion quanta.

Congider first the various phenomena that take place when a charged
particle paases in the neighborhood of an mtom.

If the distance of closest approach is large comparod with the dimen-
aions of the atom, the atom reacts as o whole to the variable field set up
by the passing particle. The result s an ercifalion or an fondention of Lthe
atom. We can treal the phenomenon by the ordinary methods of quan-
tum mechanics without direct reference to radinlion. For these eom-
paratively distant collisions, the magnetic moment of the particle is of
secondury importance, becauss the forces associated with the magnetie
moment decresse ga the third power of the distance, whereas the Coulomb
forces decrense as the square of the distance. Thorefore we can consider
the passing particle ns & point charge.

If the distance of closest appronch is of the order of the stomie dimen-
gions, the internction no longer involves the passing particle and the atom
a8 n whole, but rather the passing particle and one of the atamic electrons,
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12 ELECTROMAGNETIC INTERACTIONS 21

As & conpequence of the internction, the electron is ejected from the atom
with eonsiderable energy. This phenomenon is often described aa &
knock-on process, If the energy acquired by the ssonndary ploctron 18
large compared with the binding energy, the phenomenon can he troated
s an interaction between the passing particle and & free clectron. Hadia-
tion phenomena can still be neglected, and the ordinary methods of quan-
tum mechanics can be used. However, one chn no longer neglect the
magnetic momenta or spins of the interacting particles.  When the parti-
cles are identical (e.g., clestron-electron collisions), exchange phenomena
occur aml mequire special imporiancs when the minimum distance of
approach becomes comparable with the deBroglie wavelength. The phie-
nomena described above will be referred to s “non-radiative pollision
processes’’ or, more simply, “ epllision processes.’

When the distance of closest approach becomes smaller than the alomie
radius, the deflection of the trajectory of the passing particle in the elee-
trie field of the nucleus becomes the most important effeet, Classically
each deflection results in the emission of o weak electromagnetio radiation
with a continuous frequency spectrum.  Quantu m-theoretically, a number
of “soft” quanta, whose total energy is nsually a very small fraction of the
particle energy, sccompany the deflection. In a few cases, however, one
photon of energy comparable with that of the particle is emitted. Be-
cause of the comparatively pmall probability of this effect, we can trest
the problem of the seatlering of particles separately from that of radiation
(or bremestrahlung).

Wa treal the problem of soattering as a purely mechanical one, acoord-
ing to the methode of quantum mechanics.  In this problem, we replace
the notual stom by s fietitious, spherically aymmetrical field of foree, which
coinrides with the Coulomb field of the nuocleus at small distances {rom
the center of the atom, and falls off more rapidly than a Coulomb field st
larger distances because of the partial shielding of the electric field of the
nualena by the planetary electrons.

The problem of ecomputing the probability of photon emission by the

of & charged particle through an atom (radiation probability)
requires the application of quantum electrodynamics, Asin the acaliering
problem, we still represent the atom schematically by a central field of
fores. However, the Hamiltonian of the system, which in the case of the
acattering problem consisted of the Hamiltonisn of the particle exclusgively,
now contains aldo the Hamiltonian of the elestromagnetic feld and a small
interaction term that depends on the coordinates of bath the particle and
the field. ‘This interaction term produces transitions corresponding to
energy tranafera between the particle and the clectromagnetic field. As
mentioned above, the prohabilities of these transitions may be computed
by the perturbation method,
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§z ELECTROMAGNETIC INTERMACTIONS 13

If we now turn our attention to the interactions of photons with matier,
we may again distinguish three cases, namely: interaction of & photon
with an atom ma & whaole, interaction of a photon with & fres slectron, and
interpction of a photon with the Coulomb fich] of the nueleus

The interaction of & photon with an atom a8 a whole Jeads to the phodo-
tleefrie effeel.  The importance of this effect in the field of high enorgies
ik negligible, ao thal we peed nol consider @ in detail.  The interaction
of a photon with a free electron leads to the Complon effect.  In this phe-
nomenon the photon transfers part of ita energy and momentum to the
electron initially at reat,  The interaction of a photon with the Coulomb
field of the nueleus leads to the phenomenon of pair produciion, wherehy
the photon dizappears and & positive and & negative elestron simultaneously
rome into existence. For thia phenomenon Lo oceur, Lhe enerey of the
photon must execesd the rest energy of the two electrona. The excesa
energy appears almost completely as kinetie energy of the two clectrons,
while the recoil of the nuclevs takes care of the momentum balance.

Both Compton effect and pair production are typical quantum phe-
nomens without classieal counterpart.  Their description requires the pee
of quantum electrodynamics along with quantum mechanies, [n addi-
tion ta the pair production of slectrons one moy envimge Lhe posdbility of
pair production of heavier particles, for instance, g-mesons.  The existence
of this plienomenon has not yet been establiched experimentally, although
it appears hkely on theoretical grounds, :

2.2, Application of the conservation laws to the collision of a
particle with a free electron. As indicated sbove, a close collision
betwesn a charged particle and an atomie electron is not essentially differ-
ent from n collision between & charged particle and a free electron.  The
application of the principles of conservation of energy and momentum
lends to some uselul relations.

Conmider the vector diagram of Fig. 1. Let m be the mass of the inci-
dent particle, p ita momentum before the collision, and p" itsa momentum
after the collision. Let m, be the masa of the electron, nssumed to be
initinlly at rest, p’ the momentum of the electron after the eollision
The corresponding kinetic encrgy ia E' = V%" 4 m%* — ma?, where
¢ representa the velocity of light (Appendix 2h). Lot 8 be the angle be-

Fig. 3.2.1. Collislon between a charged porticle anid & free electmn.




Hisp R R e A s

14 ELECTROMAGNETIC INTERACTIONS fza

tween the initial trajectory of the primary particle and the direction of
motion of the elestron after the eollivion,  The principle of the conserpalion

of energy gives:

Vipict + mie® + met = Vp'ie! 4 mict + E' + mct (1)
The conservation of momentum gives:
Pt = pt 4 p* — 2pp’ con b (2)

Elmination of §'° betweon Equ. (1) and (2) yieldas:
- L P oos" . 5
K= 2 ol & (e + mic) 7] — e cow @ @
The kinetic energy, E', of the recoil electron increases with decreasing 8.
The maximum transferable energy correspondes to a “head-on' collision
and hns the vale:

i = e : (4

e I R ¥ Wit 1 2m e & mic ) )

For mesons and protons m 2 m,, and one can neglect the term m,%c*

in the denominator. For very large momentn (p 3 mic/m,) Eq. (1) then
becomen;

B == po = B (5

This resuli, unlike that of nonrelativistic mechanies, indicatea that
a particle of very high energy can transfer almoat all of ita kinetic energy
tn an electron even if the mass of the particle is much larger than the
eloctron muse, Thus a very-high-energy meson or proton can be pric-
tically “stopped"” by a head-on collision with an electron

O the other hand, if m 2 m, and i the condition:

mic
P (6}
is patisfied, B, (4) becomes:
ol 2N _ M
o 21\:'1.!"( ) Bm ot W WJ

where § ia the velovity of the incident particls in terms of the light velocity
(Appendix 2b). One sees that for heavy particles of sufficiently small
moments the maximiim transferable energy depends only on the veloaity.

2.3. Theoretical expressiona for the collision probabilities of
charged particles with free electrons (knock-on probabilities). Lot
F(E E) dE' dz represent the probability for 8 charged particle of kinetic
emergy E, traversing & thickness of dr g om—2, to transfer &n energy be-
tween K’ and £ 4 dE' to an atomic electron.  The function e will be
called the differential collimion probability. In thia section we shall list
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the theoretical expressions of 4, for electrons aod for heavier particles
with charge equal, in absolute value, to the electron chargs, ¢. = We shall
nssume that E' is sufficiently large so that the atomio electrons may ba
regarded a5 free®

It is sonvenient {0 measure the thickness, =, in g em™~* and to introdiuce
ihe constant

C - rﬂfrf-g.lmf; g om?, (1)
where & and A muiuchamnnndmnumbnruufﬂmmﬂarﬂ,ﬁil
Avogadro’s number and r, = € /m.c? ia the classical radius of the electron.
C represents the total “aren” coversd Ly the electrons contained in one
gram, each considered a8 u sphere of radius r,.

The parameters that enter in the eomputation of the collision prob-
ability are (§ 4.1): the mass, m, of the particle, its epin (measured in units
of #4), and its magnetic moment (measured in units of eh/2me). Weshall
assume, however, thal the magnetic moment has in all cases the “normal"
velue; namely, 0 for particles of epin 0, and 1 for charged particles of spin
for LT In what follows, 8 represents the velocity of the Incident particle
in terma of the velocity of light.

{8} Negative Electrony (Negalens). The collision probability for neg-
atons with negatons has been caleulated by Meller (MC32) on the basis
of the Dirne theory. When the energy ¥ of the primary particle ia lurge
compared with me® (and therelore g = 1), . is given by the lollowing

BN priesson o
bl EE) dE = 20mct A5 [ ey E"’_ i %:l’f {2)
" dE = g0 DO dE [ B, B 24
i P (B,5) dE" = 2C 17 -"I"fh”}’[1 4 (5)']1 (2a)

Hince one cannot distinguish between the primary and the secondary
particle after the collision, Eq, (2) must be interpreted as giving the prob-
ability of & collision that leaves one neguton in the energy state £ and
the other in the energy state £ — E'. Thus one takes into secount all
possibile cases by Jutting £ vary frum O to E/2 (not K). Fquation (2)
is gymmetricnl in & and £ — B

(b} Positive Klectrons (Positons), Bhabha (BHI36) has caleulated the
collision probability for positons with negatons.  For £ 5 m:

L] 4 " . 'lmﬂ:ldEu - E E i =_ a
ol ) AR = 20 EEE [1 7+ (s)] (3)

® Notice that the probability @ of a certain internction, messured in em® g, s re
latesd b the mtomic I:i'ﬂH—-:b]‘ld-uhr -, far the mnme pnileraction messured 1n em? h" he
equnbion: & = Ne/fd,

{ In this sense protos snd megtrons have anomabous magnatic momenta (ses §4.4).
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This expression represents the probability of a collimion that gives rise to
a secondary negaton of energy in df’ at £'.  The probability for a eollision
ot of which the eolliding positon comes with &n energy in d£" at K ia:

AP " m.'l:! dk' E:l Eﬂ r {4]

BB B = 2 REE ,,u}.[: =+ (F)].
as one can easily see hy substituting B — E for £ in Eq. (3). Thus the
toial probability for o positon-negnton collision after which either the
negaton or the positon has an energy in JE" at B ia:
Bl BB AR = [8(F,E) + 0"(E,E)JdE",
or
e i B ol ET

BB E) dE = 20 F— ByEs

- E+ @[ -2F o @} o

This expression is analogous to that of Eq, (2a), which gives the eollision
probability between two negntons. Here again, ad in Eq. (24) one takes
into account all posmble cases by letiing B vary from 0 to £/2 (FFLAS).
The difference between Erq. (2a) and Fr. (5), expressed by the additional

125 +2(5)]

in Eq. (5) arises from the fact that exchange phenomenn have different
e¢ffecta in & negaton-negnton and m & positon-negaton collision.
{c) Particles of Mass m and Spin (. Bhabha (BHI38) has calculated
the eollision probability for particles of mess moand spin 0
ndE - 2emet dE (o BTN (6)
ol T (' # )
(d) Particles of Mass m and Spin 1. The collision probbility  for
particles of mass m and apin § has been caleulated by Bhabha (BHJ38)
and by Massey and Corben (MHJ30). [t is:

. v o 20muet rﬂs" g T (7

{¢) Particles of Mass m and Spin 1. The collision probability for

particles of mass m and spin 1 has heen ealeulatad by Massey and Corben
(MHI39) and by Oppenheimer, Snyder, and Serber (OJRAD). It ia:

8.u(E,E) A = %%[(1 - .s=£,+"_) (1 = %%)
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b % w2 @)

Mobe that when & 18 very small compared with the maximum tranaferahle
pergy and with £, Eqs. (2), (5), (8), (7}, and (B) reduce to the following
pression, known as the Kutherford formula:

'-1
B ) di - D 4R (10)

gy

Thus, st the limit for emall velues of E’, the collision probabilities of
different kinda of particles become identioal and depend only on the energy,
', of the secondary electron and on the velocity, 8, of the primary particle.
As long as £ is small compared with both E and E., Eqgs. (7) and (8)
reduce to (8} which means that, in this case, the collision probability of
a hepvy particle is independent of the spin. The difference between tha
collision probabilities of particles of different spin becomes appreciable |
|when £’ is comparable with E, or with E, a condition that can oceur only
when E iteslf is larger than E. (see Eq. 2.24). For these large valoes of
£, the collision probability s an increasing function of the spin. How-
ver, the difference botween spin § and spin 1 ™ much larger than the
ifference between apin O and spin §.  Let us consider, in parlicular, the
pse B« KL, The collision probebilities for spin 0 and spin 4 follow
rom the Rutherford formula (10}, while the collision probability for spin |

: R e 2O dE 1 BTN 1
, bl B ) A" = =3 EE.,J,(I + :H:.) ()

This expression contains an additionel term that decreases with incressing
energy as 1/ K", whereas the Rutherford term decresses as (1/E').  When
' > 3E, the additional term, which represents the interaction due to the
gpin, becomes lerger than the Rutherford term, which represents the
Coulomb inleraction.

Mote that the influence of the apin on the collison probability mini-
fosta itself only for very close collisions. The theoretical predictions
depend essentinlly on the hypothesis that the electromagnetic field of the
purtiele can be described in the ordinary way even at distances smaller
than 10-* em from the *‘center’” of the particle. Ho far, this hypothesis
licks nny experimental support, so that the validity of the formulse ex-
ipmasiug the probabilities of large energy trunsfers cannot yet be considered

soundly established, ‘

2.4, Classical derivation of Ruthedford's formula, We have
pointed out in the preceding section that at the limit for small values of

', the collision probabilities of all particles with unit charge approach
the expression given by Rutherford’s formuls (2.3.10), In order to illus-
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16 ELECTROMAGNETIC INTERACTIONS 2.4

trate the physical significance of this formula, we shall present, o this
peclion, & derivation based on clissical mechanies.

We shall begin by considering a problem of a more general nature than
the one disoussed ao far; namely the problem of & particle of moss m,
charge ze and velority o anteracting electrivally with a particle of mass m'
and charge ' at rest. We shall réstrict our considerations to the vase of
emill momentum tranafera between the two particles, so that, in par iculsr,
we may neglect the motion of the target particle during the nternetion.

Let & ropresent the tmpoct parameler, 1o, the distanco of the line of
motion of the incident particle from the target particle lwiore the en-
eounter, Unier the assumptions made, b also represents the minimum
tistance of approach of the two particles.  The foree belween the two
particrles reaches ita meximum value at the moment of closest approach.
If we ignore the relativistie deformation of the field (Appendiz 2d) for the
present, the maximum value of this foree is:

22'gl
f=5 (1

Lot un firel earry out the computation of the momentiom transfer in 8
semi-quantitative way, which, however, brings oot the significant phiveical
features of the phenomenon,  The * collision time'" during which the value
af the foree i8 of the same order of magnitude ms the muximum values given
by Eq. (1) (say greater than f/2) ist

_ b (2
F o= ﬂr- \
Henpm, the targel particles asquires o momentom of the onder of;
2z'et . :
= fr = =—— (3]
po=Ur e

For reasons of symmetry, this momentum is perpendicalar o the trajectory
ol the incident parlicle,

In the case of relativiatic velocities, the maximum value, §, of the
foree exerted hy the particle on the electron is inorenssd by 8 [aetor

1/v'1 — & over the value given by Feg. (1)

= 1 (4

=% Vi—s

On the other hand, the “collision time" +, iz decrepsed by u factor Vil—_ﬁ‘ ;
;-—%iv'l—ﬁ (5

Thua the product fr, which Ei'..r{'-.l. the mumentam mﬂLILiTHf by the electron,
remping unchenged and Fq, (3) still holds,
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M rigirous (ebusbenl) proof of g, (3} enn b given as follows.  Considor a cylinder
with axie along the trajoctory of the moving perticke und rdioe equal o thee bmjpeet
purimeter & (Fige. 13, Apseume, ne before, that the tejectory of the moving perticle
in nob pppreviabily afected by the colfiston sl thit this target picrticle doss not move
ippreciably during the collimon.  Leb U poeilive X-uuis be in the irectinn of motion
of the purticle aml lot £, e Weis sinpaipisent of the clielsi fedd of the moving jlll'ﬁl:"'ﬂ
pormul to the surfice of the eybinder.  Bince the purticle is moving fa the direskion

Fig. 241, Diustrating the denvation of the moeentum traneder [rom i moving paribohs
Lo & prarticls ok et

of increasing X with vebocity #c, By depruds on the eoordinate X and on the time [
thirough  function of e Term:

By = [{X — Ad]}. {i)
From the symmmeiry propertios of the feld of s moving clange, one concludes that the

restilinnt momentum, p°, soguired by the targe particls during the sollision s per-
pendienlnr to the wriaes af thie exlinader sl Jus e magnitude:

- :'rf 0K = o)l {7
(ine may Leansform the integeal witho respect b ¢ Tor s ficed X bt an integral with
poapevt Lo X for s Axed 1 as followe; : F
+= i w =
f BN — g) = EJ LN = ) X, 8
Apphisation of Cioss's Uiesram to i ptigrnl sm the right hand gide yielda:
I -
Ly [ el X — Hef) dX = dxze [y
By enmbining Ega. (7], (8) aml (9) ome olitains
. degiel.
I H"

Thin expression for p° s identical with that givia by B, (3}

1f ohe makes the sssumption that the Kinetic snergy, B, nequired by
the target particle is small sompared with ils rest encergy, ohe can compute
F* from the nonrelativistio relation betwesn energy and momentum,
obkuaning:

poo R _ 2 (10)
b m'ch P
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A particle on traversing matter collides with electrons (for which
g =1, m" = m,) and with nuclei (for which 2" = Z, m’' = AM; M rep-
resents hers the proton mass). Since there are Z electrons in ench atom
and mnee A =~ 27, Fq. (10) shows that the mean energy transler to eleo-
trona is to the mean energy transfer to nuclei in the ratio of (2,/m,)/(Z/2M)
= IM/m, == 4000, Thus, as far as the energy loss is concermed, collisions
with nuclei have a negligible effect compared with collisions with electrons
and in thie pection we need to consider only the latier.

If the target particle is an electron, Eq. (10) may be rewritten as follows:

.t

E = Em..c'E!L,- (11)

where r, = £/m.c! in the classical radius of the electron.

The probability of an energy transfer in 4K st E' in & given thickness
of material is equal to the probability of s eollision with an impact pari-
meter in db at b, where £ and b are related by Eq. (11). The probahility
of a collision with impact parameter in db at b in a thickness of dr g em-2
is given by the exprossdon:

z
A
where N is Avogadro's number, Z is the charge number of the material

through which the particle travels, and A is the corresponding mass
number. Differentiation of Eq. (11} yields in absolite value the relation:

Fib) dbdz = 2ub db N = dr, (12)

F da i
h o= Pt — " I.'I.:I}
H"‘lr ‘F‘ r'! [il?rl]!

By combining Fqs. (12) and (13) one finds the following expression for
the probability of an energy loss in 4B’ at E* on traversal of & thickness d=:

R
s fif:}l dz, (14)

where C is given by Fq. (23.1). Equation (14), with £ = 1, is identical
with Eq. (2.3.10). :

The derivation of Rutherford's formula presented above brings out the
physical basis for the dependence of @.(E') on the various [actors in
Eq. (14). The factor C expresses the proportionality of the collision prob-
ability to the electron density. The factor 1/8° expresses the dependence
of the energy transfer on the collision time, and the factor @ expresses
the dependence of the energy trunsfer on the atrength of the electric inber-
nction between the particle and the electron,  The factor 1/{E"P exproases
the fact that collidons with large impact parameters sre more likely than
oollisions with small impact psrameters. The collision probshility does
not contain any factor depending on the relativistio deformation of the

N
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electric field of the moving particls beciuse this deformation produces
o mutually compensating effects, numely, an increass in the field strength
and a decrease in the eollision time,

The resiriclive assgmplions underlying the computation of the collision probability
aned the wee of classion] mechnaion netesd of quantom mechanies placs limits to the
valility of the resulis obtained.  One of the sesumptions msids b Uthat the sleotrons ara
free,  Actanlly they noe bound to ntome and can be considersd as fres only i the colligion
time is shurt compured with their period of revolution. 11 instend, the collision time
bl connpired with Lhe period of revoliition, the electrons react slielalieally to the
alowly varving field of the pausing particls and do not abecrh ensrgy from this feld
Let ty represent the impact paramater eorrerponding W & colllsben tme equal to the
perled of revolution, T = 1/¥, of the stomis dlectrons,. Fram Hqg. (68) one ohisios for
by the exprvnsion: '

e 15

" TR s

The argumenls developed above alow thal the expromsion for the spergy tranafer K
Eig- (113, boses s validity whin the impact parameter s of the order of or grester than b,

Lakewise I s clear that g, (11) must break down for very small impool parameters.
Arcording to this equation, & temadn to infinity as b lends to sero. Actually, of course,
E' cannob become lerger tan the maximum transfoersble enerpy B'e defined by Eqg,
(224). Moreover, V. (11} loses ils valifity whan B bespmes of the onder of sz,
This 18 o lewnuse the derivation of Fa (113 is based apon non-rolativistio mochanics;
the relubivistic eorroetion, tat beconies imporiant s £ approaches me®, causes K
Ly e wiitly clewridng b lesy papielly Uhan Eeg (01) would indieste.  The sondition
E' = mat ia more reatvictive than the qaslition B < B, st losst il the insident parti-
el lns relativistie velocaty, 110 plices the following spproximsis lower Timit for the
imprd. prarammeter:

by :—,n. (18)

The comlition £ < wa s nlso more nestrotive thn e conditioes imgplied in neglecting
the deflection of the incilent particle snd the motion of the electron Juring the colli-
ainn. The ruider eso sty praee st BT Lhe incident partiels s rolativistic veloeits,
these eonditime st o lower limit for the impuet parsmeter of the order of

by = Be ] =
N1 — 8= 1, them by & by, Therelore onn may considder the inequalities;
20 b 2o by (17}

ns Lhe clissics] conditiines for the valldity of Eg (11). IL s inleresting Lo note that
the bower Timit of the dmpset pirsmeter, by, bs of the order of the classio] shatrm mdius,

Lruantum-mechionies | arguments infroduce new hmitations to Uwe validity of Eg, (11),
The uneertainty princkple seis Bmits to the nocursoy that onn be schieved kn *'siming”
& projeitile st i glven target.  Clisacs] mechanics provides an sdequais description
of & eplliston prisoess ooly if e impact parameter s large compared with the "niming
error." Lt by repressent tee minimuom velus of the siming ereor.  To order o evalums
by, conssder the mation of the incident particls and of the eleetron in the conter-of-mass
myetien,  In this franie of reforance the two partickes have oqual and opposite momenta.
IF o 18 the ahwdute voalus of the momenta snd b the lmpscl parameter, the angular
mementym in the center of mase system is peb.  The angular momentium ja conjugais
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to the angular coordinate. I no restrielion 8 impossd apon the initial position of the
incident particks, the nngubur coordinate has an ancertalnly of the order of anity and
the angular momeniom hes an uneertainiy of the order of & The eoreeaponding wn-
certainty, by, in the impart parimeder is green by the equation:

e = A (18}

I ihe incident partbcle 8 an electron, Fog.o (18} topether with BEq. (A.27) in the
Appendiz yielids:
e -
by e, o B i (%)
\-"m_..—p Tl
IT ihie tnmms, o, of the lcklent particle i very lungs comprred with the mass of the
elecbron, Uhe center of muss of the two portickes coincides practically with the incident
particle.  [n this exse py = {mo'mlp and Foo (18] gives the Following expression for by

= (;) ("'“) *"’"‘1 ; {20

The lengith fi/m.e in ficfet = 137 times the cluesical s of the eleptron.  There-
fore the bmitation to the impact pummeder imposed by the uneertainty principle s more
pirict Lhan the imitation impossd by elewical eonsiderationn, FEq. (16), unless the
miomaentom p ool the incident pprlir:hl in very lurge eomprred with me,

2.5. Energy loas by collision (ionization fosa), A charged particle
moving fhrough matier loses energy as o conseguenoe of collisions with
atomic elestrons,  In the computation of the collision loss, it ia convenient
to consider distant collisions and close ecollisions separstely. We shall
classifly aa g distant eollision any colliston that reaults in the ejestion of
an electron of energy smaller than & predetermined value, 5. We shall
classily an n elose eollizion any eollision that results in the wjestion of an
electron of energy larger than 5. [T the limiting encrgy 1 18 sufficiently
rmall {and the correaponding impact parameter sufficienily large) we can
treat all distant collisions by conridering the primary particle ns & point
charge. I the limiting energy 1 is sufficiently large {(and the correspond-
ing impact parameter sufficiently small) wo can treat 8l elose eolligsions
by eonsidering the alomic eleetrons as free particles, For practieally all
canes of importance in the field of high-energy phenomena, a limiting energy
botween 10* and 1® ev simultaneously satisfies both conditions specified
abovie. In what follows we shall sesume that the limiting energy lies
within this range.

Lt e () be the energy loss per g om™? resulting from distant col-
lissons.  In the computation of k.. (/) it is essential Lo take into aceoont
the binding of the electrons to the stoms; i.e., one should consider the sys-
tem formed by an atom and by the incident particle and then compute
the probahilities for the various possible transitions leading to excitation

- or ionization of the atom, Bethe (RHAS0; BHA32) developed & theory
along these lines. With the help of Born's approximation, and for the
eame of particles with unit charge, he obtained the following reslt:
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knullc'l{j"l::l - whﬂrrl [I“ { h‘ﬁﬁﬂ ﬂ‘,]l {1}

a 1 — gz

where f{Z) 1a the average ionizstion potestal of an stom of stomic num-

ber Z.

The quantity F{&) can be evaluoted thooretically, or it ean be deduced

from experimentsl data,

where Iy

H.P.'-'P - Lr-'l'.',

Bl (BF33) suggested the formula;

(2)

13.5 iz the energy corresponding to the Rydberg frequency.

More accurate caloulalions were cartied out by Wick (WGC41; WGC43)

and by Malperm and Hall {HiM4),

Tihle 1 summarizes Lhe various de-

terminationa of f.  The disorepancies betwesn these determinatioos reflect

Table 1. Valurs of the pveroge jonization potential of various solsiances
Brnsrance z Ansthinr Method I jev)
-|-]:,||||-|:|.l1n|1 1 Hedhe ( AHASD) Theorstienl 1449
Halium 2 Willuwmes (W ELIT) Theorelionl a5
Hulpern aod 1ail

{FLEME) Thesretical 40
[Farbon i Wirk {WGOE) Theoreticil L1
Halgern miml Hall
{10 p48) Theoretenl il
Aluminim 13 Wilsoin (WIHEA1) Fix gt il 16D
from i Wick (04 Thenretical 43
Halgatrn ard Vsl
{HO48) Thesisretical 430
Fodd Th Livingslon and
Beatlis (LATSAT S b persmaen il 530
Lanad He Wik {WiEEEHT Euporimental (L
lalpirn amd Eall
{HILHEE] Thiesarilical 120K
Air Livingaton sl
[Esphe ELAIERET) Eaxpsrbinental BLG6
ll:n.l|u-|'|| anald Blall
(108 Thisoretival ]
Waler Wiek (WiGC41) Thearetisal
(e i) a3
Experinwmnial
oy gen
Halpern nnd Hall
[HIEHR) Thearetiom =0
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the present uncertainty as to the actual values of the average ionization
potential. This uncertsinty, however, does not represent & serious source
of error in the computations of k-, (E) because I' enters only in the
logarithm. '

Equation (1) is valid for particles of any kind, with positive or negntive
charge equal to ¢ and with velocily large compared with the velocity of alomic
electrons.

Consider next the energy loss per g em™* resulting from close collisions,
i.e., from collisions in which the energy transfer is greater than 4. This
quantity shall be called k.y.,(F). In the computation of E.q(E),
one may consider the electrons as free. One thus obtains the following

EYPrEssion ;
L
Bputizg (B = f E'® (K E) dE, (3)
L

where E'. is the maximum transferable encrgy [see Eq. (2.2.4)].

(a) Heavy Particles, For singly charged particles heavier than elec-
trons and with energy small compared with m®?/m, one can use Eq. (2.3.6)
which gives (if » << E'):

Ill.m]r'-..‘ﬂ F‘:_l - gﬂlﬂ'l.!': [[I‘I ’L'- = ,ﬂ":] I:.-‘j
=N L]

The total energy losa by collision per g em—* (or donizaiion loss)
d

Jrl:lllrﬂ'-l i _!L-T' I-'E]

in the sum of kpuieq and Fugin. and has the BXTERFI0N |
5 20m 2metr R :
(E) = B . (6)
i) = ['“ (1 — Pz H]
This expreasion is .iIIEiE‘]:H?I‘lI.‘iFTlt of the arbitrary value chosen for the

limiting energy v, as it should be, Suhstituting E'. from Eq. (22.7)
transforma Fq. (8) into the following:

R 0L SO ..o R | 23!
Rt S [‘“n -~ FPFZ) w] q

Within the limit of validity of Eq. (2.2.7), ki is only a function of g,
ie., of the velocity of the incident particle. Since p/me = g/V'1 — 2,
one may also axy that k. does not depend soparately on the momentum
and on the mass of the incident particle, but only on the ratio of these
two quantitics. Likewise, one may say that k. does not depend sepa-
rately on the energy and the mass of the incident particle, but only on
their mtio. The same is true of the quantity k.uen and, in this case,
without the restrictive condition (2.2.8) that insures the validity of Fq.
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26 ELECTROMAGNETIC INTERACTIONS fz25

(2.2.7). The functional dependence of k5., and k. on p/me for air is
Mlustrated in Fig. 1.

In erder 10 q.ppmlrhl-e the physical significance of Eqs. (8) or (7) we shail derive an
approximate expression for U collimion loss of heavy particles by means of seTi-clnssical
consderntione

From Kq. (2.4.11) one finda, for & singly charged particls, that ihe ety losm per
K om* due o colllsonn with impict parameter in @b at b han the BXprEamion ;

- $T o, b
el L o (B}
It has been shown in § 2.4 that, if the enorgy of the incident partioln in not very large
compared with ita rest energy, Eq. (24.01) bs enbid when by = & = by, where b gnd b,
wre given by Eqa (2.4.15) and (24.20) respectively. For impact parameters lurger
than & or smaller than &, Eq. (24.11) oversstimaies Uis energy transfer.  Thus ono
may evaliate the total enengy lom by integrating (e exprossion () between by and by

o ICm? [ b o Hmat by
ke () = J:: 5 In i (M

L]
or, from Fuge, (24.16) and (2.4 50):

2Cm, et whg It
Eunf(E) = = - Tn = (1)

IT one wubatilutes F{Z) for &e in Eq. (100, one obininn sn expression for ke Uat does
not differ significantly from By, (7).

Deapite this agresment, one should not take the classical pirture too fiterally. Far
exnmiple, the classical trentment does not give the correct tumbser of efiergy Lrnnslors,
mor thelr eorrect distribution in space.  One can eanily recognize this fact by considering
that slready for impact parametern consdderabily smuller than b, the “classieal” mergy
tranafer, E', na given by Fip. (2.4.11), in smaller than the excitntion emergy af the stomes,
Omly when one computes the totnl energy Joss iy inbegrating the classdeal expression
over all impnet parameters (and nogleots the impossibility of anirgy Lrasiafers smaller
than the earitation snefgy) doe one obiain & correst et

Figure 1 shows that, for subrelativistio energies, the onergy loss, .
decreases rapidly with increasing energy because of the term & in the de-
nominator. This term arises from the similar term in Eq. {2.4.14) and
corresponds to the fact that, for & given impact parameter, the interaotion
between the passing particle and the atom becomes less effective as the
time spent by the particle near the wtom becomes shorter. When g
npproaches its Bmiting valve of 1, the factor 1/# becomes practioally
constant; k. goes through a flat minimum &t & momentum equal Lo a
small multiple of me and then begins to increase with INCTEASINE momentum
because of the factor 1/(1 — &) in the logarithm. The resson for thia
increase is twolold? (1) as the velocity incresses, the relativistic deforma-
tion of the Coulomb field of the incident particle causes the effects of this
particle to be felt at larger distances from its geometrie path snd therefore
incresses the upper limit of the impact parameter [see Eq. (24.16)];
(2} ma the momentum incresses, the quantum-theoretical incertainty,

i B il g
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which set# the lower limit of the impact parameter, decreases [pee Eq.
(2.4.20].

The dependonce on momentum of ey 8 very similar to that of
ks In the relativistie region, however, ki, increasss with p some-
what more slowly than k.. The physical resson for this is that in the
case of kojgeq, the lower limit of the impuet parameter is determined by
the limiting encrgy and does not vary with p. Thus the increase with
momentum is coused exclusively by the effect of the relativiestie deformi-
#ion of the Coulomb Beld on the upper limil of the impact parameter.

ib) Electrons. The total energy loss of negolons and powilons can be
caleulinted ensily from Eqgs, (2.3.2), (2.3.3), (1), and (3}, If one remembers
that g = 1, one olstaing:

P TN " i Y
Kol et [1 (“ i .ﬂ"}'“f'lﬂ]} -ﬂ]l (11)

where @ = 2.8 for negutons; a = 3.6 for positons,

Here ngain we may justify the Uworstical expression for ihe energy loss by semi-
classical constderationn, Indesd Eq. (0) together with Eqga. (2.4.168) snd (24.19) gives

(sinee f = 1):
L Pl it

koot = 20t In G s R
Equatiom (12} §s vory similar to Eg {11). Note jo both eyustione the term:
—Infl — @Y that gives the degendence of Uhe collision los of olegtronn on velociiy
and eampare it with the term: —In {1 — &) that gives the dipemienes on velocity
of Ui eollisian liss ol hesvy purticles. The dedvation of Ega. (00 wed (132) ehows thnt
the difforence arises from tho different relation betwesn the monwnian of the nesdent
partiele in the conter-of-mass aystem snd in the laboratory gystem respectively,

The expression (2.4.11) for the energy transfer shows that the collision
los of o purticle with multiple charge, ze, is £* tmes the eollision loss
of a particle with unit churge and the seme velocity.

The momentum loss is casily obtained from the energy loss,  Indeed,
mnee dp/dl = 1/8e, tho Tollowing simple relstion holds;

_dipe)  1dE _ ke (13)
o fi dz i

The momentum lozs is a Tunciion of the velooty alone whenever this
g true of the energy loas,

Some measurements of the collision loss of particles heavier than
electrons will be disoussed i § 6.4,

2.6, The density «ffect. So far, in investigating the inlernetions
of charged particles with atoms, we have considered the latter as isolated.
This is permissible to & large extent when the particle travels in & gas.
When the particle travels in & condensed material we can still consider
the atoms as isolated in the case of close collisions, but we cannot do so
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Fig. 263, The docrease in collison b, &, dun o dénsity effect na & function of e,
for watsr, carbon, iron, lesd. halivm ondd air.  From Halpern and Hall {TICR),

when the impact parameter s larger than the aiomis distanees,  For such
distant collisions one has to take into aceount the acreening of the electrie
field of the passing particle by the atoms of the medium, The sereening
reduces the interaction and decreases, therefore, the energy loss. Since
distant collisions become more and more important s the welovity in-
ereases, the correction to be applied to the expression for the energy loas
i an’increasing function of the velocity. The influence of the density
on the collision Ioss was fipst suggested by Swann (SWF38) and quanti-
tatively investigated by Fermi (FEd9). According to Fermi, the U=
tity 4 to be subtracted from the energy loss, as caleulated for isolated
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energy loases and especially not the main cause of fluctuations in the

- energy in each individual collision process is small and the number of
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atoma, is given by the following formulse, in the case of singly charged
partiches:

for B=<e«H Af) = a0 In «
-
1= " A
for 8> e%, ap) - X0 [In e _‘f'] )

where ¢ ia the dielecirie constant of the medium relative to vaouum.

Halpern and Hall (HOM0; HOMB) and Wick (WGC41; WGCA3) made
s more refined analysis of the density effect by considering in detail the
behavior of stomie electrona belonging o the different shells. Their
compulations confirmed the finding that the eollision loss depends on the
density of the absorhing material, but showed that the simplification made
by Fermi in the development of the theory lesd, in genernl, to an over-
patimate of the reduction in the collision loas,

Figare 1 represents the results of Wick's ealeulations for carbon and
iron. Figure 2 represents the resulta of the ealeulations of Halpern and
Hall for earbon, water, iron, lead, air, and helium. One sees that the
agréement between the two sets of data, whers they can be compared,
lenwes muoch to be desired.

The energy loas of charged particles in materials of finite density has
been studied further by A. Bohr (BLA4R), by Messel and Ritson (MH50.2),
and by Bchiinberg (ShM51). These investigntors called attention to the
fuct that part of the enengy dissipated by high-energy particles in their
interactions with atomic electrons goes into electromagnetie radiation
(Cerenkor radiation) rather than into excitation or fonization of stoms.
The intensity of the Cerenkov radiation {which, of course, must not be
confused with the radiation that accompanies the deflection of the incident
particle in the electric fislds of nuelei) inoresss with increasing velocity.
Indeed, it appears that the relativistio inoreass of the energy loss by distant
eollizions is mainly due to the inerease of the Cerenkov radiation,

2.7. Statistical fluctuations in the energy loss by collision.
The energy loss of & charged particle in matter is a statistical phenomenon
because the collisions that are responsible for this loss are independent
events, Thus particles af & given kind and of » given energy do not all
loge exactly the same amount of energy in traversing a given thickness of
material, The quantity ke.(E) defined as “collision loss™ in § 2.5 repre-
sents only an average value. The statistical fluctuations in the energy
loas by collision are pomparatively small because the avernge transfer of

collisions necessary to cause any a.ppn!ﬂ:nhle energy change is poTTEspOnd-

. ingly large.
For electrone, in general, colliston processes are not the main canse of



