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301 The resultant amplitude doe fo r equal oscillators

This ehapler is a direct continuation of the previous one, although the name 30-1 The resultant amplitude due L
hat been changed [rom fuferference 10 Diffraction. Mo one has ever been able to n equal oscillaiors
defing the difference between interference and diflraction satisfactonly. Itis just a 1
auestion of usage, and there is no specific, impartant physical difference between S04 Vo Arave i greing
iheme The best we can do, roughly speaking, is (o siy thet when there are only a few -3 Resolving power of & grating
sources, say two, mierfering, then the result is usmkly called interference, but if 104
there in @ larpe number of them, it seems that the word diffraction i mone often TR A bel b
died. So, we shall not worry about whether it is interference or diffraction, but 30-5 Colored films; crystals
continue directly from where we kefi off in the middie of the subject in the last

-hapier 30-6 Diffraction by opaque screens
This we shall now discuss the siiuation where there are 7 equally spaced o5- 30-7 The field of a plane of
cillators, all of equal amplitude bot different [rom one anoflier i phase, eilher oscillnting charges

beciuse they are driven differenily m phase, or bedanse we are looking al them
al an angle such that there is a difference in time detay. For one reason or another,
we have to add something Hke this!

Ro= dfcos ey + cosful + &) 4 cosfisd + 2g) + <o+ eosloy + (v — 1
(30.1)

where # is the phase difference between one oscillator ond the nest gne, a8 seen o
1 particular direction. Spegifically, ¢ = o 4 Zwdsin ik, Mow we must add all
the terms together. We shall do this geometrically. The first one i of length A,
and it has zero phase. The next is also of length A and it has o phise el 1o &.
The next one is again of length 4 and it has 2 phose equal to 24, and 5o 0n. S0 we
are evidently poing around an eguiangular polygon with o sides (Fig. J0-1).

Mow ihe vertices, of course, all e on a cirele, and we can find Lthe net amplituds
muost easily if we find the radivs of that circle. Suppose that @ is the center of the
cirele, Then we know ihat the pngle 005 Is just a phase ongle 4 (This s becaise
the radius 05 bears the same geometrical relation 1o Ay s G0 bears 10 Ay, by
they form an angle @ between them,) Therefore the radius r must be such that «
A = Train @S2, which fizes 1. Bul the large angle 00T is equal to ag, and we
ihus find that Ag = 2rsinms/2. Combaning (hese two resiilis 1o eliminate ¢, we

get Fig. 30-i, -The resvllont amplivde
it e - ol n = & equally spoced scorces with nal
ay=a wn gL (0.2} juccessive phase diffarences ¢
The resultant intensity is thus
reX
i g ELONE (30.3)

st gy 2

Mow et i anialyre this expression and study some of its consequences. In
ihe first place, we can check it for e = 1. I checks: # = . Mext, we check i
for 0 o= 2: writing sind = 2sin ¢/ cos /2, we find thut Ay = 24 cose/2,
which aprees with (29,121

Mo the iden that led us toeonsider the pddition of several soarces was that
we might get 8 much stropger intensity in one direction than in another ; that the
nearky masima which would have been present il there were only iwo sources
will have pone down in strength. In order 1osee this offecr, we plot the curve that
comes from (303}, taking s 10 be enormously large and plolting the region near
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Feg. 30-2, The ntensily ai o funclhon
of phaose orgle for o lorge aumber of
cecdioiors of egual strength.

Fin. 30-3, A lneor arrey of 0 egual
aacillabors, diven wilh phoies o, = o

@ = 0, In the first ploce, iF ¢ i5 exactly 0, we have 0/0, bul if ¢ i infinitesimal, the
ratic of the two sines squared is simply #?, since the sine and the angle are approsi-
mately equal, Thus the intensity of the maximum of the cutve is equal 1o n* times
the intensity of one osollator. That iseasy,to see, beeawse if they are all in phase,
then the little veetors have o relative angle and all o of them add up so the aiph.
tide is a times, and ihe intensity n® Timed, stronger,

As the phase ¢ increases, the ratio of the two sines begins to fall ¢ff, and the
first time it reaches 2ero is when agf2 = w, becausesin w = O, In other words,
& = 2w/n corresponds to the first minimum in the corve (Fig J0-2). In terms
of what is happeniag with the arrows i Fig. 30-1, the first minimum occurs when
Al 1he arrows come back to the starting point} thal means that the total accomu-
inted angle in all the arrows, the total phase difference between the first and last
oscillator, must be 27 (o complete the circle.

Now we go to the pext maxinum, and we want (o see that it is really much
smaller than the first ome, a5 we had hoped. We shall not go precisely o the masi-
mum position, because both the nomerator and the demominmior of (J0.3) are
variant, but sin /2 varies quite slowly compared-with sin ae/2 when » is large,
s when sin ng/2 = 1 we are very close to the maximum. The next maximum of
sin” ng/2 comes al nd/2 = Ix /2 or ¢ = 3=/a. This correspands 1o the artows
having traversed the circle one and a halfl times. On putting ¢ = 3/n inta the
farmtla to find the size of 1he masimum, we find that sin? 372 = 1 in the no-
merator (because that is why we picked this angls), and in the denominator we.
have sin® 3720, MNow if n s sulficiently large, then this angle f2 vesy small and
the sine is equal 1o the angle; so for all practical purposes, we cun pul sin 3n /20 =
I/ 2. Thus we find that the fntensity at this maximum b F = fodn® /9= )\ Bul
n*f, was ihe maximum intensity, and 50 we have 40 times the maxinmm in-
tensity, which is about 0.047, less thin § percent, of the maximum miensily! Of
course {here are decreasing intensities farther ool 50 we have n very sharp ceniral
muimum with very weak subsidinry masima i ihe sides.

It is possible 10 prove that the area of the whole curve, including all the hivle
bumps, is equal to 2xnly, o twice the area of the dotted rectingle in Fig. 30-2.

Mow Set os consider Futiber how we may spply Eg, (30.3) in different cir-
cumstanees, and try to understand what is happening, et s consider our sources
i be oll on & line, a5 drown in Fig: 30-3. There are o of them, all spaced by 1
distance d, and we shall suppese that the intrinsic relative phitte, cre 1o the nest,
is.er. Then if we are observing in o given direction # from the nosmal, there is an
polditional phase Zad sin £/% because of the time deliy belwien sach suceessive
two, which we tolked about before. This

B 4 2wd sin @'
= a 4 kdsin b

L]

(30.4)

First, we shall take the case o = 0. That is, oll oscillators are in plase, and
we want-to keow what the intensity B oos & function of the anjle ¥ In order 1o
find out, we merely hive 16 put ¢ = kdsin @ ino formuls {303y and see whit
hippens. In the first place, there & o manimum when ¢ = 0. That means that
when all the aszillutors are in phase there @ o strong intensity in the dircction
# = 0. On the other hand, an interestifg question is, where is the first mimimum?
Thil occurs when @ = 2x/n.  In other wonds, when Jme'sin 8% = 2wl we
et the first mingmum of the curve. 1T we get rid of the Iw's 3o we can ook at it 3
Iutehe belter, il weys thil

g = &, {305

Maw let s understand physically why we get a minimom at that position. ad =
the total kengih L of the srray. Reforrng to Fig M0-3, we sce that rd sin 8 =
Lsin# = A Whe (30.5) says is thag when 3w equal to ane wirrehoigil, we gel 8
minimun, Now why do we get 2 mintinum when 3 = A7 Becaiise the gontiibu-
fions af the various oscillators are then uniformly distributed i phase from 07 Lo
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3607, The armows (Fig. ¥0-1) are poimg around a whole clrcle—we are adding equal
vectors in all directions, and such @ swin i 2er0. 30 when we have an angle such
that & = X, we get a minimum. That s the first mindmum.

There is another imporiant feature about formula (10,33, whinh is that il the
angle ¢ i increased by any rullipke of 2=, it makes no dilference to the Tormuta,
Sa we will gét other strong masina al ¢ = 2x, 4w, 6, and %0 Forth. Near each of
\lese preat maxima the potiern of Fig ¥-11is repeatedd.  We may ask ourselves,
what is the geometrical ciropmatance thal leads o these other great maxima?
The condition is that @ = 2mm, where m is any imteger. Thit is, Trd sin 8% =
Ixme, Dividing by I, we s 1=l

o 5in 8 = k. (30.6)

This looks like the other formula, (0.5, Na, thal formuis was wd sin § = L
The difference is that here we have (o lock at the Individual spurees, and when we
way o sin # = ks, that pseand that we have anangle 8 such that § = mk In ather
words, each source is now eoatribuling a certain fmount, #nd successive ones are
out of phase by a whole multiple of 3607, and therefore are contributing in phare,
hecause out of phase by 360F is the same as being in phass. So they all contribuls
in phase and produce just as good o maximum as the one for m = 0 that we dis-
cussed before. The subsidiary bumps, the whole shape of ihe pattern, is jist ke
the one ncar ¢ = 0, with exacily the same minima on each side, ete. Thus such an
array will send beams @ various directions—each beam having a strang central
maximum and a cortain number of weak Vside lobes.” The voriows strong beams
are referred 1o as the rero-order beam, the first-order hestin, ele., decording 1o the
walue of e m 15 called the ovder of the beam,

We call attention 1o the fact that if  is fess than A, Eq. (30,6} ean have no
solution except m = 0, o that il the spacing is too smnll there is only one possible
heam, the rero-oeder one centered al # = 0. (OF course, (here is also 3 beam in
the opposite direction) In order to get subsidiary great manimn, we ast hnve
:he spacing o of the array greater than one wavelength.

3-2 The diffraction groting

In techmical work with antennas and wires it i possible 1o arrange that all
the phases of the little osciflators, of antennas, ac equal, The question is whether
ik how we can doa simitar thing with light. Wecannol at the present 1ime hifsrally
make litthe opticalfrequency radio stations and hook them up with infinitesimal
wires and drive them all- with a given phase. But there jsa very cnsy way 1o i whal
amoants 1o the same thing.

Suppose that we hod a lot of parallel wires, equalfy spaced at o spacing o,
anil 4 radiofreguency source very far away, practically atjnfinity, which is generat-
ing an electric ficld which arrives al each one of the wires at the sume phase (it i
o far away that the time delay is the same for all of the wires). (Oune con work ait
cases wilh cirved nrmoys, but let s take o plane one.) Then the eviermalelectris
field will drive the elevirons up and dewn in cach wire. That s, the Beld which is
coming from the original seurce will shake the electrons up and down, and in
maving, these represent aen gemerafors. This phenamenon is called scallefing:
4 light wave from some source can indice a motion of the glectrens in a piece of
miaterial. and these motioms generale their own waves. Therefore il that is
necessary i (oset o a lot of wires, equilly spaced, drive them with a radiofrequency
somiree Tar awny, ond we have the situntion thal we winl, without o whole Jot of
special wiring. 11 the incidence i normal, the phases will be egual. and we will
get exactly the circumstance we have been discussing. Therefore, il the wire
apacing is greater thar the wavelength, we will gel a stiong inlensity of seattening
in the normal direction, and in cerain other directions given By [ 3008

Thiv can aiva be due switk light! Instead of wires, we usc 2 Mat piece of glass
and make fatches in it sach 1hat each of the notches scatters @ finde differenily
than the rest of 1he glass. 1[we then shine light on the glass. ench one of the nowches
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Fig: 30-4. The puolh difference for
roys wattered from adjocent ndings of o
graling ivdan f. — d xin B,

will represent a source, and if we space the lines very fincly, but not closer than a
wavelength (which is iechnieally almost impossible anyway), then we wonld expect
a miraculous phenomenans the light not only will pass straight through, bul there
will also be a strong beam at a finite angle, depending on ihe spacing of the notches!
Such ohjects have actually been made pnd are’in common we—they are called
diffruction gealings.

In one of its forms, a diffraction grating consists of pothing but 2 plane glass
gheet, transparent wnd coforless, with scraiches on it There ace aften several
hundred scratches o the millimeter, very carefully arranged so a3 to be equally
spaced, The effect of such a grating can be seen by arfanging a projector 5o as to
throw 3 narrow, vertical line of light (ihe image of st} onio o ssreen. When we
put the grating inte the beim, with its scratches vertical, we sce that the ling is stll
there but, in addition, on cach side we have another strong paich of light which is
codored, This, of course, 15 the slit image spread out over & wide angular range,
because the anghe # i (30L6) depends upon &, and fights of dilferent colors, as we
know, correspond 1o different frequencles, and therefore different wavelengths
The lonpest visible wavelength is red, and #ince o sin # = A, that requires a larger
g, And we do, in fact, find that red {s at a grealer angle out from the central image)
There should also be a beom on the oiher side, pnd indeed we see 0nE 00 the sereen.
Then, there might be another solution of (30.6) when m = 2. We'do sec that there
is something vaguely there—very weak—and there sre even other beams beyond.

We have just argoed that all these beams ought to be of the same strength,
bt we see that they actoally are not and, in fact, not cven the first ones enthe right
and lefl are equall The reason is that the grating Jeas been carefully, built to do just
this, How? I the grating consists of very fine notches, infinitesimally wide, spiced
evenly, then all the intensities would indeed be egual. Tt as a maller of luct,
although we have taken the simplest case, we could also have considered s army
of pairs of antennas, in which sach member of the pair has a certain strength and
somie relative phase. In this case, it is possthic to get imensities which are different
in the different orders. A grating 1% often made with little “sawtooth™ culs instead
of little symmetrical notches. By carcfully arranging the “sawteeth,” more light
mity be sent into one particular arder of spectrem than into the otherss. In a
practical grating, we would like 10 have as much light rs possible in one of the
orders. This may seem a complicated paint 10 bring in, bt it is 8 very clever thing
ta da, beeause it makes the grating more nseful.

So far, we have taken the case where ail the phases of the sources are equal,
Bul we also have & Tormula for & when the phases differ from one to the nex
by an angle a That requires wiring up our antennus with o slisht phase shifl
between each one, Can we do that with light? Yes, we can do it wery enslly, for
suppose that there were a source of light st infinity, af on argle such that the lisht
is coming n 8t an angle &, ond let uy say that we wish o discuss the scanered
bearm, which is leaving tl an unple 8,y The Al is the same 85 we have had before,
tut the @, is merely a means for arranging that the phose of cach source &
dilferent: the light coming from the distant driving source first hits one serateh,
then the neat, then the next, and so on, with & phase ghift fram ohe to the other,
which, os we see, isa = —d sin §,/% Thereloie we huve the [oremuly for a grating
in which light both comes in and poes out at an angle:

& = 2w sin /K — Trdsin fur (20.7)

Let us ey 1o find oul where we get strong intensity in these circumstances. The
condition for sirong intensities is, ol conrse, that & should be a muliple of 2.
There are severs) interesting points to be noted.

One case of eather great interest is that which corresponds 10 m = 0, where
o I less than A ; in Fact, this is the only solution. In thiscase we sce thug sin Faye =
sin &1,,, which means that the light comcs aul in ihe samne direcrion as the light
which wat esciting the prating, 'We might think that the light “*goes right through,™
Mo, it s difTerent light thay we are walking aboul. The light that goes right through
is from the origimi] source; whit we afe falkine aboul i the mew lizhi whkicli
M4



generatvd by somtderfog, L turns out that the scattered light &s going in ihe same
direction ay the original light, in fact it can interlere wath #—a feature which we
sl stucky Fater,

These is another solution for this same case. For 2 given 8. #,,, miay be the
sipplfement of 8, S0 not only do we gét a beam in (he some direction &s the in-
coming beam but also ane in ancther direction, which, il we consider it carefully,
issuch that the mople of fncrdence it ogual fa e angle of seaitering. This we call the
riffected brarm,

So we begin 1o understand the basic machinery af reflection: the light that
comes in generalet molisns of the atons in the reflecior, and the reflector then
regenerales a new ware, and one of the solutions for thedircction of scaticring, the
anly solution il the spacing of Ihe scatterers is small compared with cne wavelength,
is thai the angle at which the light comes out = egual to the angle 51 which i1 conses
in!

Mewl, we dismiss the special case when o -« 0. That is, we have just o solid
piece of material, so to speak, but of Bnite length. In addition, we want the phase
shill from one scatilerer 1o 1he next io go (o zere. Tnoother words, we put more and
mire antennas between the other ones, so that exch of the phase differences is
gifting smaller, but the aumber of antennaz & nereasing in such o way that the
tntal phase dillerence, between one end of the line and the other, iz constant,
Lt us sre whal happens 1o (30.3) if we keep the difference in phase ne from one
end to the other comstant (say ag = #), lesting the number go to infinity and the
phane shift ¢ of cach onc o 1o zovo. Bul now ¢ is so small that sin ¢ = &, and if
we also recognize o'l @5 Ja. the maximum intensity at the center of the beam,
wr fimd

1= 4l da® laje. (30:8)

This limiting case is what is shown in Fig, 30-2,
In sech circomstances we find the same general kind of o pigtsire ms for finile
spacing with o > i; all the side lobes are practically the same 4 belore, but there

are np higher-order mavima. I the scatiesers are all in phase, we pet & maximum |

i the dircefion 8, = 0, and a minimum when the distance A is eqoal to &, just
a5 for finite 4 and m. S0 we can even analyre 3 compimeons distribaition of
scatterers or oscitlators, by using inteprals mstead of summing,

As an example, wupposs there were a loag Fne of oszillators, with the charge
oecillating along the direction of the line (Fig. 30-5). From sich an array the
greatest intensity is perpendicular to the line. There is a little bit of intensity up
and down from the equatorial plane, bl it i very dipht. With this resull, we can
handle a more complaated siuation. Suppaote we have i set of sisch lines, gich
producing a beam only in a plane perpendicular to the line, To find the insensity
in warivus directions from 8 sevies of long vwires, mstead of infinitesimal wires, is
the same problem as it was for infinitesinmal wires, so long as we are in the cenlral
plane perpendicular to the wires; we just add the coniribution from each of the
long wires. That is why, alihough we actually analvred only tiny aniennas, we
might as well have used a prating with long, narrow slots. Each of the long slots
produces an effect only in its own direction, not up and down, but they are all
set next (o each other horizontally, so they produce micrference that way,

Thus we can build up more complicated situntions by having various distribu-
tions of watlerers i lves, planes. or in space. The fisst thing we did was o con-
sider scalierers in-a line, and we have just exiended the analysis (o strips: we can
work it out by just doing the necessary summations, adding the contsibutions from
the individuul scatierers: The pringiple abways the e,

30-3 Resolving pawer of n grating

We iire now in a position to understund a number of interesting phenomeni.
For example. consider the wse ol a proting for sepurating wavelengihs. We noticed
that the whole spectrum was spread oul on the screen, so 8 grating cin be used i
aninstrument for separoting lighe into s diferemt wavelengihs.  One of the
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Fig, 30-5, The intendly pottern of o
conlimmsy |ine of cscillofons hos @ single
shang moaimem ond many weak ijds
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Fig. 30-4. Bhnirolion of the Royleigh
criterimn,  The mozimum of onse polfern
falls o the firid mirgman of the ofher,

fnteresting questions is: supgosing thal there were two sources of slightly diferent
frequency. or slightly different wavelength, how close together in wavelengih could
they be such that the prating would be unable (o leli tht there were really two
difTerent wavelengibs there? The red and the blue were clearly soparaied.  But
when one wave is red and the other is shightly redder, very close, how close can they
he This is caifled the rexolving power of the graling, and gne way of analyrng
the problemt s as follows. Suppose that for light of @ certain color we happen Lo
have (he matimum of the diffracted beam oecurring it a cerain angle. Il wevary
the wavelength the phase 2xd sin 8/A is different, so of course the musimum
oocurs 41 a different ongle. That is why the red and blue are spread out How
différent in angle vmist it be in order for us 1o be uble 1o s2e i1 If the vwo maxima
are exactly on top of cach other, of course we cannot see them, I the maximum
of one is far enough away {rom the other, then we con see that there is o double
bump i the disgribution of Tight. [n order 1o be able to just make owut the double
bump, the following simple critetion, cilled Ruvleigh's erlierion, is usually used
(Fip. 30-6]. leis that the firs minsmii from one bump shoold sit ol the mainium
of the other., Mow it is very easy 10 caleulate, when one minimum sits on the ather
maximum, how much the difference in wavelength 4. The besl way 1o do it
peomelrically.

In order 1o have & maximum for wavelength X', the distance A (Fig 30-3)
must be n’, and il we are looking at the snh-order beam, it is mrd'. In other words,
2ad sin 8% = 2wm, o nd sin #, which is &, is X' times m, or k', For the other
beam, of wavelength 3, we want {o have o mininwm 4t this angle, That is, we want
A 1o be cxactly one wavelength &, more than ek Thatis, A = awk -4 & = mnd'.
Thus iT & = & -+ A3, we find

AXfA = Lfmn. (309)

The ratio AJAk is called the resalving power of & grating; we see that i i equal to
the total nember of lines in the grating, times the order. 11 is not hard 1o prove
that this formula is equivalent 1o the formmala that the error in Trequency s ggjual
o the reciprocal time difference between extreme paths that are allowed (o interfere*

A = 1T

In fact, that §s the best way 1o remember it, bevause the general formula warks
not oaly for gratings, but for any other instrument whatsoever, while the specil
formula (30.9) depends on the fact that we are using 3 grating.

304 The parabalic antennn

Mow let us consider another problem in resolving power. This has te do with
ihe antennn of a radio teheenpe, wsed fab determining the position of rodio souroes
i the sky, e, how lnrge they ars in angle. OF course i we isc any old anténna
and find signals, we would nel know from what direction they came. We are
wery interested to know whether the soorce is in one place or anosher. One way
we can find out is to lay out 4 whole series of equally spoced dipole wires on the
Austrafian tandscape. Then we take all the wires from these antennas ard feed
them into the same receiver, in such o wiy that all ihe delays in the feed lines are
equal. Thus the receiver receives signals fram all of the dipoles in phase, That is.
it-adds all the waves from every one of the dipales i the some phase. Now what
happens? If the source is direcily above the array, at infinity or nearly so. then
its radiowaves will excite all the antennas in the same phase, so they all feed the
receiver togeilver,

Mow suppose that the radio seurce 1 it o slight angle 0 from the vereical.
Then the various aniennas arc receiving signals a liode oot of phase, The recener
adds all these out-0f-phase signals ogether, ind so we gel pothing. i the angle

s [nourease T = Afe = modc, whereo is the ipeed of light, The freguency ¢ = ¢,
o Ar = cAkE
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@1 ipobap, How big may the angle be? Answer: we get zero il the angle A/L = #
(Fig. 30-3) corresponds 10 a J60F phuse shifi, that is, if & is the wavelength b
This is becaise the veclod contributions form together a complete polygon with
sero resullant. The smallest angle that con be resolved by an antenna array of
lengih L is 8 = AL, Notice that the seceiving patiern of an antenni such as this
is exactly the same as the intensity distribotion we would get if we lurned the
recetver nrond dnd mode it inlo 3 transmiier,  This 38 an edample of what is
called o recipresity principle, 10 ens oul m [act, to be geaerally troe for any
arrangement of anlennos, angles, and 50 on, that il we first weork ouf what the
velutive intensilics would be fr varous directions il the receiver wete & transmiiter
imlead. then the relative directionsl sensitivity of & receiver wilh the same external
wiring, the same array of antennas, i the same a4 the relotive infensity of smission
wionld be if it were a transmiller.

Some radio antennas are ruade in o differeni way. Instead of having a whele
jot of dipoles in a long line, with a lot of feed wires, we may, arrange them not in a
fine bul in 2 corve, and put the receiver at o certnin point where it can detect the
ccatiered waves. This curve s cleverly designed so that if the radiowaves are
coming down from above, and the wires scatter, making 2 new wave, the wires
are 50 arranged that the scatiered waves reach the receiver all at the same lims
(Fig. 26-12). In other words, the curve is a porabala, and when the source s ex-
actly on its axis, we got a very strong intensity a1 the focus. In this cage we under-
stand very chearty what the resolving power of such an instroment is, The arranging
of the aniennas on a parabolic curve B not an essential poinl. 1L is only a con-
venient way to get all the signals to (he same point with no relative delay and
without feed wires. The anglé such an instrument can resolve is still # = ML,
where L is the separation of the first and last antennas. It does not depend on the
spacing of the antenmas and they may be very elose together or in fact be all one
niece of metal. NMow we are describing a telescoge mireor, of course. Wi have found
he resolving power of a telescope!  (Sometimes the resolving power i writlen
4 = 120, where L s the dizmcter of the telescope. The reason that it is not
exacily AFL i this: when we worked out that ¢ = ¥/L, we assumyed that all the
fines, of dipoles were equal in strength, but when we have a circular lelescope,
which is the way we wsually armsinge i telescope, not as much signal comes from
the outside edpes, because 7t is pot [ike a square, where we get the same inienshly
afl along a side. We get somewhat less because we are using only part af the tele-
scope there; thus we can appreciale that the effective diameter is a little shorter
than il irne dinmeter, 3nd that & whal the 1.22 factor tells us. Tn any casz, Hoseams
a littke pedaniic 1o pf soch precision into the resolving power Formula*)

-5 Colored il crvsiaks %

The above, then, are same of the effects of nterference obtained by adding
the varions waves. But there are a number of other examiples, and even though we
do not understand the fundamental mechanism yet, we will some day, and we can
understand even now how the intetference oceurs.  For example, when a light
wive hits a sorface of 2 material with an index #, let us say ai normal ncidence,
some of the light is reflected. The reason for the reflection we ire not in a position
1o understand right now; we shall discuss i1 later. But suppose we know that some
of the light is reflected both on entering and leaving a refracting meduim. Then,
il we ook ot the reflection of a Ezht source ina thin film, we dee the sum ol twa
waves: if the thicknesses are small cnough, these two waves will produce an intef-
ference, either constractive or destructive, depending on the sighs of the phases.
Tt mizht e, for msiance, that for red hght, we get an enhanced reflection, but Tor

* Thisis because Ripleigh’s criterion isa rough ides in the first place, 1100k you where
It begtns to get very hard to 1ell wheihoer fhe image wa made ' one or by Twi sars
Aciunlly, if sufficiently careful measurements of the exacy imensity. distribation ovee the
dhifracted image spot can be mode, the faor that we wunces make ihe 5pol G be proved
even 08 15 1ess thn L SL,
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Fig. 30-7. A ditont lighl soorce
ety @ shadow of on opague object on o
e,

:

blue light, which bas a different wavelengill, perhaps we gel i destructbvely inlse-
fering reflection, o that we sce a bright red refiection. 16we change the thickness,
ie., if we ook at another place where the Bl is thicker, it naay be reversed, the red
interfering and the blue not, 5o it is bright blue, or green, of yeilow, of whaltno?.
%o we see colors when we look af thin films and the colors change il we look at
dilerent angles, because we can appreciate that the timings are different ot different
angles. Thus we suddenly appreciate another hundred thousand situations invidv-
ing the colars thal we see of 0il fimns, soap bubbles, e1c. at different gnales. Bul ihe
principle is all the same: we are only adding witves at different phases.

As anolher imporant ppplication al diffraction, we may mention the following.
We used a grating and we saw the difacled image on the sereen. 10 we had used
monochromatic light, it would hove been at-a certain specific place. Then there
were varsus higher-order images also, Fram the pasitions of the images, we eixiald
tell how Tar apart the lines oa the grating were, i we knew the wavelength of the
light. From the difference in miensity of the varfous imoges, we could find out the
shape of the grating ssrawches, whether the grating was made of wires, sawiooth
notches, or whatever, withous being able fo we therr. This principle is used 1o dis-
cower the positions of the aioms in d crpstal. The only complication is that a crystal
it three-dimensional ; it 1 & repealing three-dimensional srray of atoms, Wecannot
pee ordinary light, becnise we musl use something whose wavelength is less thitn
the space between the atoms of we get no effcct; so we must use radiation of
very shori wavelength, ie., m-rays. 3o, by shining x-rays imto. o crystal and by
noticing how intense is the reflection in the various orders, we ean determine the
armamgement of the atoms inside without ever being able to see them with the eye!
It is in this way that we know the arrangement ol the atams in various substances,
which permitied us to draw those pictures in the first chapter, showing the arrange-
ment of atoms in sall, and so on. We shall later come back to this subject and dis-
cuss it in more detail, and therefore we w3y no more about this moest remarkable
ides a1 presenl.

30-6 Dilleaction by apagque Sereens

Mow wecome to- 8 Very interesting sitisation. Suppose that we have an cpague
shcet with holes in it, and » light on one side of it, We want io know what 1he
ntensity is on the other side. What most people say is that the light shings through
the bolcs, and produces an effect on the other side,, 1t will urn out that one gets
ihe right answer, to on eacellent approaimation, il e assumes that there are soUTTES
distribeted with uniform density acress the open holes, and thet the phases of
these sources are the same as they would have been il the ppoague material wefe
absont, OF cowrse, acinally there are no sources ol the haotes, in foct that wihe only
place that there are eertainly no sources, Nevertheless, we get the correct diflraction
paiterns by considering the hales to be the only places 1hat there are souTces . that
ix & rather peoulior face W shall explain later why this is true, But for now 1et us
st supepose that i is

In the theory of diffraction there istanother kind of diffroction thay we shoiild
brielly discuss.  1i is wsually nol dizraset in i clemeninry coures s early as this;
only becanse the mathemutical formuias invelved in adding thess liile vegiors ans
a litthe elaborate. Otherwise it s exacily the same as we have been doing all along.
All the interference phenoniena ore the sames there i fothing veey much niore
advanced involved, only the eircumstances are more complicated and il is hardef
to add the vectors together, (hat is all

Suppose that we have light coming in from infinity, casting 2 shadow of an
object. Figure 30-T shuw's o screen @n whith the shadow of an phject AR = e
by a light source very far awny gommpared with one wavelenpth, Now we wold
expect that outside the shadow, the intensity is nll bright, ond inside it. it is ull datie
A o miatter of Tact, [T we plot the intensity as 1 funstion of position near the shadow
addpe, the intensity tiies and then avershouts, and wobbles, and ascillates abow
in a very peculiar manner near this edge {Fig. 30=8), We now shall discuss e
reastn [or (s, 17 we tise the theorem that we have nat yet proved, thef we can
w08



ceplace the actual problem by o sl of effective sources uniformly distribuled over
the apen space beyood the object

We inaping a large number of very closely spaced antennas, and we want the
jtensity al some point P That leoks just like what we have been doiing. Mot
guiite : breause our sefeen % not al infinity. We do not want the intemity at infinity,
fat at @ finice point. To caleulite the imensity i some particular place, we have o
Wb the contributions from el the antennas,  Fiest there is an antenne 3t 0,
ety opposite £ 0 we go upa liiehe bit in angle, let us say & height A, then there
- ixan inerease in delay (there is alse a change ie amplitode becowse of the change in
Sistance, but this is o very small effeet i we are 81 all for away, and is muoch less
mmportant than the difference in the phases). Mow the path difference £F — DF
5 k7 2x, so that the phase difference is propostional to the square of how far we
oo from D. while in our previows work § was infinite, and the phase difference was
tincarly proportional 1o & When the phises are linearly proportional, each vector
28ds af a comsiant angle 10 the next vector. What we now need 15 o curve which
s made by adding a lot of infinitesimal vectors with the sequirement that the angle
ihey miake shall incresse, not linearly, but a5 the square of the length of the citve
To construct 1hat curve involves slightly sdvanced mathematics, b we con always
constract it by acteilly drawing the arroaes mnd measuring the angles, Inoony cass.
we ol the marvelous curve {called Cornu’s spiral) shown i Fip. 20-8. Mow how
do we wae this curve?

Il we wani the intensity, ket us say, 3t point P, we add 4 lot of coniributions of
dilferent phases from point 2 on up fo infinity, and from D down only to point .
o we start i B in Fig. 30-F, and draw 2 series of arrows of ever-increasing angle.
Thesclore the tatal contribution above point &y all goes along the spirnling curve,
I we were 1 slop inteprating at some place, then the total ampiilude would bea
vector from # 1o that peint; in this particular problem we are poing to infinity,
so the 10tal answer is the vector By Now the position on the curve which
pormeiponds Lo poinl Np oo the object depends npon where paint £ is located,
since point [, the infiection point, always cotresponds 1o the position of point P
Thus, depending upon where P 1 Tocatcd above 8 the beginning point will fall
2t various positions on the fower lefi part of the curve, and the resulinnt wector
B,, will have many maxima and minima (Fig 30-9),

1
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Fig. 30-%. The infemdy neor i
edge of o shodow. The gromelricol

az2it
shodow edge F of x5

Fig. 30-8. The oddition of amph-
judes [or mony In-phass sigillolon whoe
phose delays vary os the squore of ithe
didance from point O of the previces
figure.
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On the ather hand, if we are al @, on the other side of P, then we are n?:.jng
anly one end of the spiral curve, and not the other end. In other words, we do not
cven start at D, bat at My, so on this side we gel o0 intensity which continuously
Falls off as @ goes farther into the shadow.

Oue point that we can immediately caleulate with ease, to show that we really
undeistand it, i the intemsity exactly apposile the edge. The intensity here s 1/4
that of the incident light, Reason: Exactly ai the edge (s0 the endpoint B of the
srrnw 1% at B in Fig. 30-8) we have hall the curve that we wiould have had il we
were [ intd the bright region. 10 our point R i far inte the light we ga from one
end of the ciirve 1o the other, that is, one full unil veetor; batt iF we are at the edge
of the shadaw, we have only hall the amplitude—1/4 the infensdty.

In this chapter we have heen finding the mizasity produced in various direc-
ans Trom various disteibutions of somoes. As a final exa niple we shall derive
farmuls sihich we shall neeil for the next chupier on the theory of the index of
refiaction. Lip i this point reluive inicesities have been sufficient for our purpose,

%t thiis time we shatl fifid the complete formula for the field in the follawing situa-
thinm
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Fig. 310, Rodiation field of a
sheet of oicilloling charges.

=T The feld of a pinne of oseillating charges

Suppose thal we have a plane full of spurces, all ascillating together, with
their motion in the plane and all having the same omplitude and phise. What iz
the field st @ Bnite, but very lorge, distance away from the plane? {We cannot
get very close. of course, becuuse we do fot have the right formulas Tor the ficld
clase tor the sources.) 1T we Tet the plane of the charges be the XY-plane, then we
wint to find the field at the point £ fir aut on the Z-axis (Fig. 30-10) We suppose
Uhiat there are 5 charges per wnit arcs of the plane, and that epch ane of them has i
charge q. All of the charges move with shfiple harmonse maotion, with ik wame
direction, amplitwde, and phase: We let the mation of each charge, with respee
10§ own gveroge potition, b Xqcos e, O, using the complex notation and rg-
membering that the real part represents the actual mption, the motion can be
deseribed by xge=",

Rjow we find the Feld at the point £ from all of the charges by Bnding the

* feld there from each charge g, and then adding the cantributions from afl the

charges, We know that the radiation field is proportionul 1o the aceeleration of
the charge, which is —uw xe'™ (and is the same for every charge). The electric
field thal we want at the poinit P due to a charge at the point @ is propartional 1o
the acceleration of the charge g, but we have to remembser that the field at the point
P ai the instant [ is given by the acceleration of the charge at the earlier time
¢ =t — rfe, where rfe is the time it takes the waves 1o travel ihe distance r
fram @ to P, Thercfore the field a1 Pis proportional Lo

fail = i I.'

e T (3010}

Using this value for the accelerstion as seen from £ in dur formula for the eleotng
ficld at Jarge distances from a radinting charge, we get

Electric field at Py ¢ By e
rom charge al @ Srege?

(mppros.). {30.11)

Maow this formils is mot quite right, because we should have wsed nor the
aiceleration of the chatee but itr component perpendicutar to the line QF. Wi shall
suppose, however, that the point P is 5o far away, compared with the distance of
the point @ from the axis (the distance p in Fig. 30-9), lor those changes thal we
need 1o take into acceunt, that we ean leave out the cosine factor {whieh would
be nearly equal to | anywiyl-

To get the total fickd at P, we now add the effects of all the charges in the plane.
We should, of course, make 3 veetor sum. But since the direction of the electric
field is mearly the same for all the charges, we miy, in keeping with the approxinig-
tion we have already made, just add the magnitudes of the ficlds, To our apprast-
mution the field at P depends only ot the distunce r, so all charges at the same £
produce equal ficlds. So we add, first, the fields of those charzes in o ring of widih
dpand radius p. Then, by taking the ihegral over all p, we will ubtain the 1ol el

The number of chirges in the ring is the product of the surface area of 1he
ring, 2rpdp, and v, the number of charges per umit area, 'We have, then,

q l.d’.'l.'j'“”_rj r

4 meg™ F

Totul feld at P = J. cqp 2 ilp (AT

W with 0 evaluate this integral from p = Ot p = =. The variable 1. of
course, i 10 be held fised while we do the intcgral, so tle only saryimng guEantifies
are g and ¢, Lepving onl all the canstant factors, inchiding the factor o=, for the
monient, the intearnl we wish s

'L_—mlr
e p o (M11)
S

To do this integril we need to use the relution between r and p:

- p'- L7 -3 {ﬂﬂ.f-”
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Siisce = 15 acpendent ol p, when we Like the differential of Wiz cquaton, we gel
Irdr = Jpdp,

which is lucky, sinee it ur integral wecan replace p o by r dr and the r will cancel
e one in ihe denominator. The intearal we warl is then the sinpler one

f i {30.15)
Lt o

To inlegrale an exponential is very casy. We divide by the coefficient of r in the
c«ponent and evaluate the exponential at the limits. Bul the Tupsits af r are not the
sxme a5 ihe limits of p, When p = 0, we have r = 7, 50 the limits of r are = 10
Infinsty. We get for the integral
L e e

e e I {30.16)
here we have writien <o for {rfe) =, dnce they both jusi mean a very large
yimiber?

Now ¢ is a mysterious quantity. Iis real part, for example, it cos (=],

.hich, mathematically speaking, is completely indefinite {alihough we would
=xpect il 1o e somewhere—or everywhere (T—between 41 and =11} Botinm
dyxical situation, it can mean something quite reasonable, and wsuiifly can jusl
* o taken to be zero. To see that 1his is so in our case, We 20 back to consider again
“u oeiginal imegral (30.15)

We tan uodersiand {3015} a5 a sum of nziny small complex numbers, each of
_sagnitede Ar_ and with the angle § = — wr/e in the complexs plane. We can try
+» evaluate the sum by a graphical method. In Fig. I0-11 we have drawn the fiest
sive pieces of the sum. Each sezment of the crrve has the length Ar and is placed
21 the angle Af = —w Arfe With respoct 10 the preceding picce.  The sum for
ese first five picoes is reprosented by the armow from the starting point o (he
+adl of the fifil segment. As wecontinue 10 add pieces we shall ieace oot a palyjgon
“astil we pet back fo the starting point (approximately) and 1hen start around onee
e, Adding more picces, we just go round and tound, staying close 1o a circle
whoke radins & casily shown 1o be /e W can see now why the integral docs nol
sree a definite answer!

Butl now we have 1o go back to the phywes of the situmiion.  In any 1ol
situmtion the plane of charges camand be infimite in extent, but mest somelime slop:
¥ it stopped suddenly, and was cxactly circular in shape, our integeal wionilid harve
come value on the circle in Fig- 30-11. 15 however, we let the number of charges
1 i plane gradually taper off at some larpe distanee froen ihe cenler (or else siop
suddenly but in an iregular shape so for larger p the entire ring of widih dp*no
longer contributes). then the coctlicient 5 in the exact integral would decredse
toward zoro. Since we are adding smaller paeces bot still turning throwgh the same
anake, the graph of our mtczral woethd then become o eurve which i o spiral. The
spiral would eventually end up al the center of our ofigimil circle, as drawn in
Fiz. 30-12. The phisscally corect inicgral is the complex number A in the figire
represented by the interval from the starting pasal t the center of the circle, which
i5 st egqual o

&
it

ah you can wark out Tor yoursell. This i the sime resadt we would get from Eg.
130061 if we st ™' = 0.

(There §s also another reason why the contribition 10 the integeal tapers off
for baege vahies of ¢ i that by the Tactor we heth e omtitiand Tor the progection of
ihe acceleration on the plane perpendiculie Toe the five g

We are. of cotrse, interested auly in physicol situations. so we will ke e ™"
etpunl W gero.  Boluriing 10 suf onginal formuta (20120 For the fihd and putting
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back all of the foctors thal go with the integral, we have the result

st i - Vo F—e{ 1y 1R
Total fiebd ut P = , i v (RIINLY

{remembering that 1/i = —i),
It isimeresting to note tha (ux,e™") is just equal to the velacity of the charges,
50 that we can also write the equation (or the field as

Towl fildm P = — % [velocity of chargesly i—ai e (30.15)
: :

which is a litthe strangs, because the retardation is just by the distance z, which is
the shomest distance from P 1o the plane of charges. But that is the way it comes
out—{fortunately a rather simple formula, (We may add, by the way, that although
our derivation is valid only for distances far from the plane of osillatory charges,
it 1urs out thee the formula (30018) or {30.19) is correct at any distance =, gven
far 2 << &)
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