r'=(x'-yTYe +(yV'+xT")e, +(1+xK)e,
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e.=e_cos(T)-e,sin(T)

=e_sin(T)+e, cos(T)

MY

Q|& NS

_is = _Kxéx _quy
e.=kcos(T)e, =kK_e,
ce, =ksin(T)e =k e,

- = -
e, +y'e +(l+xk, +yK,)e
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p =(p;c _pst)éx +(p;/ _psKy)éy +(p; +prx +Kypy)és

—

g = el h
Lp=s"F="22F

s dt Py
( L )
l;ls px t'=S‘_1 _ oy
p—spy Py
my h
hF +ps E=\/(pC)2+(mcz)2
\pysFy_l_ps iy

—

N 4y p=c L=t
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(;3 &) 6 Dimensional Phase Space

A '\
DED Ao

Using a reference momentum p, and a reference time t;:

=(x,a,y,b,1,0)
E-FE
a=px, b=&, 0= L,oT=(t, —t) —(t —t)—
Po Po E, Vo

Usually p, is the design momentum of the beam
And t, is the time at which the bunch center is at “s”

p;c =-0_ K y'=0bK/p0, b'=—8yK/p0
-t'= 0,K = 1'= %aaK/Eo=aéK/p0

2 oK o

New Hamiltonian:

=K/po

E'=-9 K = 8'=-190,K< =-9,K/p,
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Simplified Equation of Motion

Only magnetic fields: E =0
Mid-plane symmetry: B (x,y,s) =-B (x,-y,s), B, (x,y,5)=B (x,-y,s)
. . . . . _ ﬂ pO 1 &
Linearization in : B .(x,y,s)="ky, B,(x,y,5)= . kx
Highly relativistic : e i O
Po E, Vo
x'= Dy — Px — Px — = '=
— Pz (pytdp)-p2-p? 1 po—a y_b
v (P'+pKé,), h P_K _l+xk
a= Po = pov, di px Po PoVs
= —(l+xx)(K+kx)+(1+0)k = —X(K +k)+(51< = b'=ky
T'=Mﬂ= 1 _n ﬂ= —xXK O'=0
ds  pg Vo ve/ po 1 ) e—
Hamiltonian
H=1a"+1b*+1k(x*-y")+1Kk’x* —kxd
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Matrix Solutions

Linear equation of motion: z'=F(s)z
Matrix solution of the starting condition z (0) = 50

z = Mdrift (L3 )M (Lz )Mdrift (L1 )Zo

quad

% = Mbend (L4 )Mdrift (L3 )Mquad (L2 )Mdrift (Ll )ZO
I
I

— —

z=M,..(L)z, Zy

z = (L) M 40 (Ly)Z,

quad
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a’ 0
y' b
Bl |0
T' 0
[0} 0y
(x\ (X, +sa,)
a
Y _ Yo +5b,
b b,
T T,
9) \ % )

Note that in nonlinear expansion x'= a
so that the drift does not have a linear

transport map even though X(s) = X, + X,S
iIs completely linear.

(1
S 0 )

1

I=
I=

1 0O

1

0
\ 0 1
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Homogeneous solution:

2 .
Xy''=-xy K° = xy;=Acos(ks)+Bsin(ks) (natural ring focusing)

Variation of constants:
x = A(s)cos(k s)+ B(s)sin(k s)
x'=—-Ax sin(k s)+ Bx cos(k s)+ A'cos(k s) + B'sin(k s)

Vv

=0

x'"'= —k’x— A'k sin(k 5) + B'k cos(k §) = —K x + 0K

5k

cos(ks) sin(ks)\/ A ~ 0
—sin(kKs) cos(k s))(B') - (6 )
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Q,‘LUN"’Q,
5] -

:
:

!

sin(K )

(COS(K S)

[ cos(K s) A,
K +
( sin(K ) ) (BH

’ The Dipole

—sin(k s)\/ 0
cos(K ) )((S )

) with  x = Acos(k s)+ Bsin(k s)

T =-XK
[ cos(ks)  Lsin(ks) 0 x '[1-cos(xs)] )
—Kksin(ks) cos(k s) - 0 sin(K )
1
M = 0 0
0
—sin(x s) & '[cos(x s)-1] 0 1 & '[sin(k s) - sK]
. 0 0 0 1 )
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0 D
M = 77 1 M., is in SU(6) and therefore MZMT=Z
0" 0 1
\ /
(M,J, -D O0\(M, T 0} (J, 0 0
T"J, -M, 10" 1 o|=|0 0 1
nT NT
\O —1 O/\D M., 1) \O —1 O/
[ M,J,M,;  M,JT-D 0\ (J, 0 0)
T"J,M, +D" 0 1{={0 0 1
nT
\ 0 —1 O/ \O -1 O)
T=—_J M'D It is sufficient to compute the 4D map M, , the Dispersionﬁ
E— and the time of flight term M
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( cos(\/; s) ﬁsin(\/; s)
vl ksin(\/zs) cos(\/zs)

0

\

As for a drift;

— —

D=0 = T=0
M, =0

For k<0 one has to take into account that

cosh(\/z §) = cos(\/; s), sinh(\/z s)

cos(\/z §) = cosh(\/; s), sin(\/z s)=1i sinh(\/; s)

cosh(\/z s)

Vksinh(vks)  cosh(vks) |

= isin(;[4| 5)

1

—sinh(Vk s)

Georg.Hoffstaetter@Cornell.edu

Accelerator Physics USPAS June 2010



|
wf

1 M
0 1

s = 2 [sin(VK ) - VK]

T from symplecticity

N

cos(VK s) #sin(\/f s)

Options:

\—\/Esin(\/Es)

[ cosh(vk s)
Vi sinh(vk 5)

<[1- cos(\/_ Ks)]
sm(\/_ Ks)

cos(\/E s)

—sinh(Vk s)
cosh(\/% s)

For k>0:

focusing in x, defocusing in y.
For k<0, K<O:

defocusing in x, focusing in y.
For k<0, K>0:

weak focusing in both planes.
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Q’\.UI
of |8 8| \2

\&)) The Thin Lens Approximation

A '\
DED A,o

[
»

v

Z(s)= M(5)Z, = D($)D" ($)M(s)D™ ($)D(3)Z,

Drift. My (s)=D"($)D(s)D ™' (2) =1
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g

\/

Mthin (s) = 1 - 2 COS(\/ES) ﬁsin(\/zs) 1 -<
22 quad,x 0 1 )\ -vksin(Wks) cos(vks) |0 1
1 -3 1 s\(1 =5 1 -2 1 s
Lo 1 l-ks 1)lo 1) 0 1 -k 1442
Weak thimit: in 1 0
eak magnet limi \/%S <<1 M;};ad,x (s) = (_ L 1)
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([ cos(ks) Lsin(ks)

0 x '[1-cos(xs)])

—Kksin(ks) cos(ks) -0 sin(K )
1
M- 0 0
0
—sin(k s) Kk '[cos(k s)—1] 0 1 0
.0 0 h 0 1
Weak magnet limit: K5 << 1
(1 0O 0 O0)
hin ) ) -k’ 1 0 ks
Mbend,xr (S) = Q(_ f)Mbend,er - 3) = —Ks O 1 O
\ 0 0 0 1 )
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.

(

(

cos(\/E S)

cosh(\/z s)

vk sinh(vk s)
<[1- cos(\/f s)]

I sin(\/E S)

Weak magnet limit: K5 << 1

ﬁsin(\/f S)]

-VK sin(WK's)  cos(vK s)

L sinh(vk s)
cosh(\/z s)

] M;}hin _ (
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Edge Focusing

Top view :

Fringe field has a horizontal
field component!

tan( & —— -
_tan(e) -

0
=Oytan(e) = asBy‘y=oytan(8)

Horizontal focusing with Ax'= —

B =

y'=-0.B, ‘y=0y tan(e)

Extra bending focuses!

tan(e)
Ay'=[V"'ds=LB yt =

y'=[y'ds = B, ytan(e) = y (10 0 0)

tan(¢e) 1 O O
Quadrupole effect with Z = P zZ
uadrupole effect wi Z 0 0 1 0 Z,

tan(e)
kl: 0 0 tan(¢) 1
P \ p /
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Cyclotrons with edge focusing

The isocyclotron with constant f
B.(r(E))

0y

z = mo)’(E) é l
Up to 600MeV but ) )
this vertically defocuses the beam. —

Edge focusing is therefore used.

Georg.Hoffstaetter@Cornell.edu Accelerator Physics USPAS June 2010



\ ‘E }) Variation of Constants

&, Y
DED A,o

Z =L(s)Z + Aj(f,S) Field errors, nonlinear fields, etc can lead to Af(f,s)

Zy =L(s)Z, = Z,(s)=M(s)Z,, with M (s)a=L(s)M(s)a
Z(s)= M(s)a(s) = Z(s)=M (s)d+M(s)d(s)=L(s)Z +Af (Z,5)

a(s) =z, +}M‘1 (A (Z(5),8)ds

2(s) - M(S){fo + (M7 SN (EE).) df}

=z, (s)+ f M(s -35) Af(é’( $),8)ds Perturbations are prOpagateo!
0 fromstos
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Aberration Correction

.........

fvPrr e s e e . SPECIMEN
- L v'yo.po-.r o.v.o-. Pttt e
. . . W"".' .9’0‘ -D ..... - #, » OBJECT IVE LENS

S T T TYTTY - . .-
.....................

R R e e e e e
LR e

R e e e

R I S N

o Py Nitimyt
- -

.//ﬂ.2§<nm
» . .
» - -

=W, (5) + A(S)W2 + B(s)W2w, + ...

" . - "
S BN B R B an e e e

B .
5 D™
L} . . .

w,(s)=wy(s)+ 4

2B cancels C!

Quadratic in
sextupole strength

Linear in
solenoid strength

{5 wy(s)=w,(s)+C(s)wyw, +...

CORRECTOR

>+ 2B(S)Wyw, +2 Hevavole

X
.\'Is\\&

TRANSFER
LENSES \

v
/

1. Hexapole -

TRANSFER
LENSES

" 7

P VA R o

TS

2025

W
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x'=-x K s =0 Q1 Q2 Q3 Q4
y'= yk %) Di D2 D3 || D4 D5 (x,
(xa] i U
e z %
x [mm] , | : trajectory : |
| |
1; i !
0 ' |

x(s) =M, (s)x, + MIZ(S)'X;)
x(s) = +2J6(s) sy (s) + @)

1 i
[\ B
R
E T
N—

‘....——‘
"4

|
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% LUN"’%
5] -

o&/)y Twiss Parameters

x'=-kx

x(s) = y2JB () sin(¥ (s) + )
x'(s) = JHLBY cos@ (5) + §,) —asin@ () +4,)]  with @ =-1p'
x'"(s) = BBy "-20") cos(@ (s) + §,)— (@'+ %+ By )sin@p (s) + )]

= KB sin@ (5)+, )]

By"'-2ayp'= By +By'= (By')=0 = y'=4

o'ty =kB  with y =22 Universal choice: I=1!

p'=-2a

What are the
initial conditions?

'= —
aq, /39 V,T,U are called x kﬁ )4
Twiss parameters. S , |
V= f Fin S
0
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Phase

Space Ellipse

Particles with a comm

on J and different ¢ all lie on an ellipse in phase space:

il P

VB

—
= =
~
Il

0 \/sin@(s)+¢,) (Linear transform of a circle)
— '\ 2J
(COS(I/J (S) + ¢O)) Xmax = V ZJ/J) at x = -« 5

e
VB

I a \(-L 0
O ks
(x,x')(o \/E]ﬁ \/E ¥) ea)la PAX Area: 2 J /1

(Quadratic form)

I=1 is therefore a useful choice!

P What B is for x, y is for x
27

Y

: X, =42Jy at x = -«

/\/% 8 2mJ

Area: 2w J — ffde]b=2.7$J =fjb’xdx’
| 0%

Y

1
_2_.1
p
¥
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The Beam Envelope

31 E(s)=eB(s)
x [mm] 2}—
I rym\

— | X(s) = y/2JB(s) sy (s) + @)

particle trajectory

envelope

; -\\\// ] "\/

In any beam there is a distribution of initial parameters. If the
particles with the largest J are distributed in ¢ over all angles, then
the envelope of the beam is described by\/ 2Jmax B(s)

The initial conditions of  and a are chosen so that this is
approximately the case.
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!;3 &) Phase Space Distribution

Q 6
DED Ao

Often one can fit a Gauss dlstrlbutlon to the particle distribution:

rx 2420 xx' +[3’x
2¢

p(x,x")=5—e

The equi-density lines are then ellipses. And one
chooses the starting conditions for § and a according
to these ellipses!

X \/E 0 \/sing, _1
(x.)=@ a ( ) p(J.4) =5 ¢

CoS ¢,

VBB

270

(1) = 55 Jrf e™’*dJdp, =1  Initial beam distribution —— initial o, B, y

—
H
\9]

> 2ijZJﬁ’ singoe”’ *dJdp, =ef — <x'2> =&y
)=- e [ o sing e’ *dJdp, = ea

>
£ = \/<x2 ><X'2> - <xx'> is called the emittance.
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xX(s) = 2Jp(s) sy (s) + ¢, )

Where J and ¢ are given by the starting conditions x, and X',

ve? + 2000+ Bx'” = 2J
Leads to the invariant of motion:

F(x,x',s)=y(s)x” +2a(s)xx'+B(s)x? = <Lf=0

It is called the Courant-Snyder invariant.

A5 X' A

//7

IS
| -

4

B large |1
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X T
=2J = M
)(x') (X5 %) (

)_

T Yo
S P

o -1
M
/»’o)

S
a B \x,

e

ol 04

Y

(e

-, MT
Yo
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B —a\ (1 s\ By =—a,\(1 O\ (B,-20,5+7,5 ¥o8—0
/3’=/3;[1+(/;*)2] for a, =0
0
3 >
X' “xv
= > % —
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v

o =o,+kp,
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(xo)=m JB, 0 (sin(%))
X, —\/O%O \/lﬁfo cos(¢,)

M(s) =

0 )/ sin(@(s) +¢,)
\_ﬁ ﬁ (COS(I/J(S)+¢0))
— JB 0/ cosw(s)
G
JB 0\ cosy(s) siny(s)
—75 75 \-siny(s) cosy(s)
( ﬁﬁo[cosw +a,siny |

\

J
\ siny () )/ sing,
(—sinw(s) COSI/J(S))(COS%)

1
JBy

0

|

\ BB siny
\/ﬁozﬁ[(ao —a)cosy —(1+a,a)siny | \/%[COST/J —asiny |
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