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zZ(s) = M(s,0)z(0)
z(L) = M(L,0)z(0)
Z(s+L) = My()2(s) , M,=M(s+L,s)

Z(s+nL) = M (s)Z(s)
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The Periodic Beta Function

If the particle distribution in a ring or any other periodic
structure is stable, it is periodic from turn to turn.

p(x,x',s+L)=p(x,x',s)

To be matched to such a beam, the Twiss
parameters a, B, y must be the same after
every turn.

i[coszp +o, sy | [ B, B siny
| 7, ~arcosy - (s a@ysing] Ecosy -asin]

cosu+ asinu psin u a p) .
M ,(s) = , , =lcosu+ sin u
—ysinu cos U — asinu -y -

M(s,0

w=p(s+L)-p(s)
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The periodic Twiss parameters are the
solution of a nonlinear differential equation
with periodic boundary conditions:

B'=-2a with  B(L) = £(0)
o'=kf - “O‘ with a(L)=a(0)

“=deS

Note: B(s)>0

. (a /3)
M(s) =1cosu+ psinu; 5=

Stable beam motion and thus a periodic
beta function can only exist when Tr[M]<2.

Ring or any other
periodic section

Poincare Section

205
cos u = L Tr[M,,(s)]

_ 1
[)) - Moalz Sil‘lu

a = (Mo’u - Mo,zz) 2si1nu

2

,}/=1+[(;
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The betatron phase advance per turn
devided by 2x is called the TUNE.

w=2mv=1y(s+L)-y(s)

It is a property of the ring and does not
depend on the azimuth s.

M,(s) =1cosu+ (_O;((S;) —[);Ef?v)) sin u

208 p(s) = Tr[My(5)] = Tr[M(5,0) M, ()M (5,0)]
=Tr[M,(0)] = ZCOS@

Ring or any other
periodic section

Poincare Section

2D

| x(nL) = x,8 sin nu

M, =1cosnu+ Bsinnu O = >
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Orbit Distortions for a One-pass Accelerator

—eiey
CrleSS &

X'=a The extra force can for example come
' ) from an erroneous dipole field or from a
a'=—-(k" +k)x+Af correction coil: ~ Af = %ABy = AK

g 0
Variation of constants:  Z = MZ, + AZ with AZ =fM(S — §)( X )d§
) AK(S)

~VBp sinyp Arc(5)dS

L
={ \/% [cosy) +asiny) ]

Ax(s) = Z AV B(S)B, sn@ (s)-y,)
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Orbit Correction for a One-pass Accelerator

Feiey o
CrleSS &

When the closed orbit xfcl,d (Sm) is measured at beam position monitors
(BPMs, index m) and is influenced by corrector magnets (index k), then the
monitor readings before and after changing the kick angles created in the
correctors by Al?’k are related by

5. = >+;wmsmw )

old(S )+20mkAﬁ /\¢.—’.\/\<

5C>new _ —>Old +0Aﬁ

CO

~Told =
A9 =-07'3M = =0

(&)

It is often better not to try to correct the
closed orbit at the the BPMs to zero in this way since

computation of the inverse can be numerically unstable, so that
small errors in the old closed orbit measurement lead to a large
error in the corrector coil settings.

A zero orbit at all BPMs can be a bad orbit inbetween BPMs
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% LUN"’Q’,
5] -

«&y)4 Closed Orbit Bumps

ﬁz X (8) =T/ B B (s) sin(¥ =y,
U / AN

x,(85,) +x,(85,) +x5(s5,) =0

x,(s_) +x,(s_) +x5(s5,_) =0
9,4/ sin@p, —y,) +9,4/B, sin(p, —1p,) =0
9,/B, sin@, —y,) + 0,4/ B, sin(y, —,) =0

Y

v ~ sin(y, —'/Jz)/\/E
0, sin(y, —y,)/ \/[3’7

0, B sin(y, —1,1}1)/\/[3’72

O, sin(y, —y,)/ \/E

0,10, :0; = ﬁ_% siny;, _[3’2_% siny;, /53_% siny,,
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Z=Z/3 +Z

orb

2orb (S) = Mzorb (O) +

=M

Zp(L) =M ,z4(0)

\Xorb (s)

orbit, not around the design orbit.

AZ(s)

Zp(8)+ Zy,(5) = Z(5) = MZ(0) + AZ(s) = M[Z5(0) + Z,,, (0)| + AZ ()

Z5(0) + 2, (5)

The distorted orbit does not change
the linear transport matrix.

Particles oscillate around this periodic
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a'

z

= (K> +k)x +K0

= Mz, +{M(S -~ §)(6K(§))d§

= 13(5) =}M(S — §)(K?§))ds' D(L)o
AK = 0K

D(s) = B(s) [K($)y B(S) sinw () =9 (8))dS
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x'=a The extra force can for example come
from an erroneous dipole field or from a

a'=-(k’+k)x+Af correction coil:  Af =L AB = Ak

N

; 0
Variation of constants:  z = Mz, + Az with Az =fM(S — §)( . )
) AK(S)

I
0
For the periodic or closed orbit:  z_ =Mz + MofM_1 (8) _|ds
) AK(S)

2, =M -1 fM‘ s >( N (S))

L — 4/ 3 sin)
= — ZCOSM [(cos i —1)] +sin u/a’]f ; /3{3 1/’ A
0 \/;[cosw +asiny |

AK(5)ds
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ideal orbit

\/ xco(s) = SlgAﬁkA\/B Sin(’(lj — l/}k + % —

u
7)
2
| Free betatron oscillation sig _ Sign (fractionl part o ; M)
X' (s)-x' (s, +L) = AV,
sigAsins = —sigAsin5 + \/Fk S
\ BB
x,.,.(s) = A9, Yo "% cos(yp -, — &) "

x,.(s) =AU, [PP, Ccos(y -y, + 2) =AY, [PP. cos(‘z/) l/)k‘—%)
2sin% 2sin%

distorted orbit The oscillation amplitude J diverges
when the tune v is close to an integer.
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Closed Orbit Correction

When the closed orbit xé’f,d (Sm) IS measured at beam position monitors
(BPMs, index m) and is influenced by corrector magnets (index k), then the
monitor readings before and after changing the kick angles created in the
correctors by Al?’k are related by

neW(S ) = xold(S )+2AﬁkmCOSd¢ -y, ‘_%) \%

2sin<

= x2%(s, )+20mkA19“ AX

)—énew _ )—éold +QA19

Cco

CO

|ad =-0"%8 = s -0 7 Fo(8)

It is often better not to try to correct the i A\ ! N A
closed orbit at the the BPMs to zero in this way since

computation of the inverse can be numerically unstable, so that
small errors in the old closed orbit measurement lead to a large
error in the corrector coil settings.

A zero orbit at all BPMs can be a bad orbit inbetween BPMs

L

-
™~
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M, 2, + D)8\ (M, 0 D(L)\Z, //
M0 | 7" 1 M, |0
o 0" 0 1 J|d
The periodic orbit for particles with relative Poincare Section
energy deviation § is . __—

| n(s)

ii(0) = Myii(0)+ D(L) (L) = M,ii(0)+ D(L) with #i(L)=1(0)

J

around this periodic orbit.

—

Z=Z,+0n

Zg(L)+on(L)=2z(L)=M,z(0)+ D(L)Yd =M o[Z5(0)+0m(0)]+ D(L)d

=M,z,(0)+0n(L)

17(0) =[1- M ,(0)]" 5( L) Particles with energy deviation § oscillates
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a'=—(k> +k)x+x0

zZ=Mz +SM(S—§) OA ds
’ f (51((5))

0
= D(L)= fM(L s)( (S)) s

AK = 0K
n(s) =

2sin&

228§ (3B (S) cos( ()~ ()| - 4)d

l_'
f_'
— ‘/

>

Poincare Secy

D(L)6 |z = (0,0)

2

/
n(s)
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