The FODO Caell

Alternating gradients allow
focusing in both transverse
plains. Therefore focusing and
defocusing quadrupoles are
usually alternated and

interleaved with bending Lip,=6m, @=225°, ug, =%
magnets. E ~3.8m

P =102m, p_. =1.8m

N
M, =Mp,p,

The periodic beta function and dispersion
for each FODO is also periodic for an

. . accelerator section that consists of many
°l b2 ; 45[m)> O FODO cells. Often large sections of an
QF _B QD _B 5F accelerator consist of FODOs.
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The Low Beta Insertion

FODO section
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/5 = /3;[1"'(;5)2]
FODO section

Low beta insertion = B, B,
Sma” Mlowﬂ = _1
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Quadrupole Errors

= L(s)Z + A (Z,5)

Z(s) =7, (s) +}M(s,§)A]7(Z,§) ds =%, (s) +}M(s,§)Af(2H,§) ds

2 X' a 0 0\/x
x'=—-(k"+k)x-Ak(s)x = = -
(a') (—(K2 +k)x) (Ak(s) O)(a)

0
Z(s) = {M(s) fM(S S)(Ak(s) O)M(§,O)d§}20

One quadrupole error:

M(5,8)+ AM(s, ) = M(S,f)—M(s,f)( Ak(l)(§) g)

Georg.Hoffstaetter@Cornell.edu Accelerator Physics USPAS June 2010



AM(s,5) - —M(s,§>(

0
AKI(S) o)

B g « .~
M(s)= slcosy + o, sy ] J B, siny
\/ﬁTﬁ[(aO —a)cosyy —(1+a,a)siny | %[cosz/? —asiny |
AM(5.5) = -AkiS)| — VPP i N geyy
\/%[cosw —asmy] 0

LTAB[cosy +asiny |+ AyB[d cosy —siny | //;, ésimp +Ayf cosy
= VBB JB

AY = —%tam]?

2
LABcost +LAB L = LAB L = —AKI($) B sinip
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Quadrupole Error correction

Ay = Akl(5) /J; Sinz(I/} -) —— More focusing always increases the tune

Ap

—— = —Akl(5) [;’ sin(2[y —1)])| — Beta beat oscillates twice as fast as orbit.

Ay = E Akljﬁj %[1 - 008(2[1/1 _w]])]

% __ E AKL(3)B, sin(2y -, 1)

When beta functions and betatron phases
have been measured at many places,
quadrupoles can be changed with these
formulas to correct the Twiss errors.
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Average phase advance change per turn:
Ay = $AKI)P =L AKI(S)B,
Tune change: |Av =L Akl(3)p,

Poincare Section

Z(L)|z,

cos(u+ Au)=cosu—Ausin u =

1 [( 1 O)(cos U+ asinu Bsin u
r

2 3 = — L AKI(3)Bsi
=Aki(s) 1 —ysinu COSM—aSinM] COS U — 7 AkI(s)psin u

2

Oscillation frequencies can be measured relatively easily and
accurately.

Measurement of beta function: Change k and measure tune.
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Sextupoles (revisited)

L 2
Y =W Im{(x-iy)’} =¥,-(y’ -3x’y) = B=_V1/}=‘P33( xyz)

X =y
C; Symmetry
Sextupole fields hardly influence the
@ particles close to the center, where one
@ @ can linearize in x andy.

©» . ©

In linear approximation a by Ax shifted
sextupole has a quadrupole field.

_ ~ Xy
B=-Vy = 1113 3 ( ) 2) When Ax depends on the energy, one can
X =)y build an energy dependent quadrupole.
X Ax+x
- 2Xx k, =3V, =k =k Ax
qur33( ) y2)+6‘P3Ax(y)+0(Ax2) - =
X" =y X
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Chromaticity § = energy dependence of the tune v(d)=v+ 6_v5 +

E=2 with v=4

21

Natural chromaticity g, = energy dependence of the tune due to quadrupoles only
1 A 1 1 AT A gn
§x0 =~ Efﬁx (S)kl (S)dS §y0 = Efﬁy (S)kl (S)dS

Particles with energy difference oscillate around the periodic dispersion leading
to a quadrupole effect in sextupoles that also shifts the tune:

1 . 1 .
= Ef/gx(_kl + nxk2 )dS §y = Efﬁy (kl _nxk2 )dS

Typically the the chormaticity g is chosen to be slightly positive, between 0 and 3.

Georg.Hoffstaetter@Cornell.edu Accelerator Physics USPAS June 2010



-

Q. =

N~
|

o ofl (o]

Jé 0 (sin<w+¢o>)=mﬁ§
~ 75 T \cosW +¢,) -

This would be a solution with constant J and ¢ when Af=0.
Variation of constants:

_ﬁm[ VP ]§=(0)

\/ﬁ_

L0
st_mo( 1S=/3‘1(0) with /31=(”
%ﬁcos(wwo)ﬁAf . N2J ¢, = =sin(y + ) BAS

Georg.Hoffstaetter@Cornell.edu Accelerator Physics USPAS

June 2010



Y=y-usr=y(s+L)=19(s) Corresponds to Floquet’'s Theorem
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Quasi-periodic Perturbation

J'=cos@p +$)N2IBAf . ¢,'=—sin@p + g, LAS
J'=cos(P +@)\J2JBAf ., @'=us-sin(y + qp)\/gAf

New independent variable 9= 27 il

4 J =cos( +@)/2JBAf £ %gp=v—sin(z]7+<p)\/gA =

Af(x) = A (V2JB sin() +@))

The perturbations are 2x periodic in ¥ and in @
¢ is approximately @ =vU -0

For irrational v, the perturbations are quasi-periodic.
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