Y Wave equation for all components
VE=10lE
! VB=10!B
€XE=—8té ﬁJ_ §E=O ﬁj_ EJ_+(92EZ=
VxB=219E V V-B=0(V, B, +9.B. =

Search for simple modes:
Transverse electric and magnetic (TEM) waves cannot exists, since:

—

E . =0and B, =0 = E, =const and B, = const
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TE and TM Modes

Fourier expansion of the z- dependence E(X V,Z,t) = fEka)(x y) e lwtdk dw

— —>

V’E=LolE VIE, =-(2) -kI1E

t —

—

2D ) 02 2
V’B=L4;B ViB, =-{(2) -k21B
Eigenvalue equation with
boundary conditions:

V xB_+iké. xB, = —i— E:GB—O ,
Solutions for E or B only exist for a dlscrete set of eigenvalues: (2)* —k> = k"
() =k =k

Due to different boundary conditions, E, and B, cannot simultaneously be nonzero.

TE modes have £, =0 TM modes have B, =0
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Dispersion relation

w(k,)=cy A2 +

Phase velocityV ,, = @/ k, = cq/1+ (f ) >C

1.
Group velocityv,. = dw/dk, = c/,/1+ @) <cC,.

S

For each excitation frequency w one
obtains a propagation in the wave guide of

L k=) -4

Transport for w above the cutoff frequency w >w, = cA

n z

Damping for o below the cutoff frequency @ <, =cA,

N B O 0 = N B

o O O o
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Transverse fields

TE-modes: Once B, is know, the full field can be found

—

V,xE_ +ike.xE, =iwB,
V,xB, +ik.@. ><l’§L=—ia)c%lj7L l
X

E +we xB =e

—

kZ
1 > D _ i\ D
w—E +ke xB, —lleB

(% -k)E, =i(k,V E. +wV, xB,) ‘
(Cg_j_kzz)éz XEJ_ = _i(c%ﬁj_Ez + kzﬁJ_ XBZ) ‘

(kV E. +wV xB)

A 4

— —

B, =——(k,V,B, _%#LXEZ)

z
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Boundary conditions:
E.(%)=0 VIE, =[k! -(2)]E
E_(X) = E, sin(=-x)sin(=5- y)

(2) -k =k = () + ()

B.(%)=0 V3B =[k’-(2)’]B,

B_(X) = B, cos(=-x)cos(=- )

(2 =2 = kB = (= 4 (22 )

TE and TM modes happen to have the same eigenvalues.

For simplicity one still looks at TE and TM modes separately.
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B_(X) = B, cos(=-x) cos(=- )
(k V E. +a)V x B )

—

szJ_B _ﬂqi XEZ)

z C2

== cos(=x)sin(5- y)sin(k,z — wt)

E(X) = -2 B,| - “sin(“* x) cos(“ y)sin(k,z - wr)
0

== sin(=-x) cos(5- ») sin(k,z — wr)

B(X) = k(sz)zBO == cos(=-x) sin(5- ) sin(k,z — wt)

(E)2

k”’” cos(— x)cos(5- y)cos(k,z — wt)
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Bx Bz for central y in TE mode 2,2

w

, \\ﬂ—/j*‘i\*ﬁ//
I
NS
,}),\\\ f/,\ﬁﬁ
2!///\\ N/ //\_\\
://__;_\\\ ¢ //_,_—__\\

- . —_—

\

N ]

NS N

=

(%)

L \'\ T T rT
NN
\\J/T\\,//

w

=

SRR RN
\ N\ \ / V
os) / //\\\\ }//\\ \
0.5 1 L5 2
X
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z

E = __kz(kV E.+wV, xB.)
EJ_ = w_2ik2 (kzﬁiBz _C%_’J_ xE,)

— =L cos(=-x)sin(5- y)sin(k,z — wt)
E(¥) = -7 E,| - sin(“* x) cos(“~ y)sin(k,z - wr)
k’(’f') sin(=-x)sin(5- y)cos(k,z — wt)

== sin(=- x) cos(5- ) sin(k,z — wt)
B(X) = =% E,| == cos(“ x) sin(“* y) sin(k,z - wr)
0
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E

Ex Ey for TM mode 2,2

Bx By for TM mode 2,2

N7 T
NS N e N N N\ .
2.5-..\"/_;\-\\/// 2.5} f/\\\ //,\\ F
e N ~——— W —a—] 1\\\ 4 /\ J/\ \ /f Ey Ez for central x in TM mode 2,2
] AR AN 7 - < < <]
2-—"/7/“\?\‘—/// \ N\ 2;\::// k\\:/;/ 2.5 '/’,Z\s\y ’f:’:}‘:
y_—1T T;_//jx\«\ Y TN szi‘::1/4\3::;‘}
L5} RN | 4 LS - = S I I S
S s e A
.| T /A 1PN {f/\\\ RSAES k4.
| ~— % I/'——a_.\“/ — ’ ’\ /\‘ 1 2 3 4 5 6
L & N —p—=— " N 4 j \/f \\\’ \ y
0.5-/// VN /7’f\‘§\ 0.5 \\\//ﬁtz\\///
= N < 1 —_ Ne—
TAAANNT T
0.5 1 1.5 2 0.5 1 1.5 2
X X
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STE

X Sy for TE mode 2,2 X Sy for TM mode 2,2 X Sz for central yJ.nTEmodeZZ
3l\\<. - —7 - _.// 3 <y J 5Ny J * 6 Y 4 3 U 9.5
\w ... \ \ oINS N\

N TN AR B N
- S - AN AN N A

w

25 0y o, by L, 2.5¢

‘,»«““,»«‘i

ol PN PN 2 /'/ \\ . // \\ 4-\\\ S e\ S ]
ST NN SR I U N B U e e e e
Yy = e - 4 |
1-5‘\§\__ - —7 S - _.//‘ ol N ,> - a » : 4§ S 3 4§ S
N N
"\~ .. /I\w. ./ - P ‘/ eI\ NN
(NI N RN B SV, S Y.l B DU N I SN B AN
Dy - S - S Vo x VA
0.5} 0.5} /—//\\-\ . /—//\\\ Howo N / moe~\ / o~

RN A AR R
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Urg Uy Ury

Energy density for TE mode 2,2 Energy density for TM mode 2,2 Energy density for TM mode 2,2
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TM Modes:

Notation: TM,, Mode

TE Modes:

arBz(‘i?O) = O

Notation: TE,,, Mode

E.(%)=E,J,(KDr)e"  j» _

B.(X) = ByJ, (k,, 're"" K, =

E(%)=0 WVIE =[k-(2)]E,

2 2 2 N2
(0} +La, +La))E, =[k - (2)’]E,
(E’0;+E0. +E*-n’)E. =0, &=k r

an
R

ViB, =[k: -(2)’1B,

Snm
R

with the mt" O of the nth Bessel function

with the mth extremum of J |
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Q'\.I
056’4

\&@)}) Fundamental Mode

0 '\
DED A,o

(&

Mode for particle acceleration: TM,

E, (%) = ~E.nk.J, (£)sin(k,z - or)
E (¥)=0
B(3)=0

B (x)——Er1

< Jo' (& )sm(kz wt)

E (x)=E J,(;)cos(k,z - wt)

0y

1
1.

N T 0 = N b

o O O o

0.4 0.6 0.8

1

Georg.Hoffstaetter@Cornell.edu

Accelerator Physics USPAS June 2010



056’4

\(@))) Cylindrical Wave TE Modes

&, 5
DED A,o

E.(X)=0, B.(X)=B,J, (2=r)e"

E, = __kz(kV E.+wV, xB))
Bl—wz"kz(kﬁlB V., xE)

RJ( 2 r)cos(ne + k_z — wt)

E, =—za)(§ )aB Ba)R J'
E =0

zk@)aB - B RS-, (S r)sin(ng + k.2 - o)
— ik () Lo, B, - —BnkRSZRJ( > 1) cos(ng + k.2 — wr)

r) sin(ne + k_z —wt)

B. = B,J, (>mr)cos(ng + k,z — wt)
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f,o }) Cylindrical Wave TM Modes

Q 6
DED A,o

EZ=EJ( "’"r)cos(nq0+kz
B =-i

B, =ife9 E, =
B. =0

_EO o2 J'n

Ra”a . = En——%J(

E.(¥)=EJ, (2=r)e"”, B.(¥)=0

E w_zz—kzz (kzﬁj_Ez + a)qj_ X qz)

EJ_ - “’—jikf (kzﬁiBz _Cﬂzﬁi XEZ)

E =iz=d E =-Ek.J (2r)sin(ng+k.z - ot)

E, = ik 18 . = RJ( ~r)cos(ne + k_z — wt)

— t)

~r)cos(np+k_z —wt)

= p)sin(ne + k_z — wt)
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Urg Uy Ury

Energy density for TE mode 2,2 Energy density for TM mode 2,2 Energy density for TM mode 2,2
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