The Frenet Coordinate System
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6 Dimensional Phase Space

Using a reference momentum p, and a reference time t,

z=(x,a,y,b,T,0)
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Usually p, is the design momentum of the beam
And t, is the time at which the bunch center is at “s”

X' = apr}:{xE@aK/po, a'=-9 K/ p,

p,=-9,. K[ |y'=0,K/p,, b'=-3, K/p,
%aaK/Eo=a(sK/Po

E =-9 K = 6'=-1+0,KS =-9,K/p,
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New Hamiltonian:
—t'= 1. K = T'=

=K/p0
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Simplified Equation of Motion

—

Only magnetic fields: E=0
Mid-plane symmetry: B (x,y,s) =-B (x,-y,s), B, (x,y,5)=B (x,~y,s)
Li iZati in - Po po 1 &
inearization in B.(x,y,8)="ky, B,(x,,5)= - x
Highly relativistic : pr — £ it eO
Po E ? Vo
'= Px = Px = & = = '=
Ay Jpordpy-p2-p2 1 P : y—[—j
1 (P'+pgKe, ), h 2L 57 ]
4= Po = Dov, dt P+, pov, 4Vs B +
= —(1+x6) (K +kx)+ (1+ Ok = —x(x° +k)+51( = b'=ky
' = d(tdsto) Ey _(___S §_2=1 —XK , 0'=0

Hamiltonian:

_ 1,2, 132, 1 2 .2 12,2
H=3a +3b"+5k(x"-y")+3Kx" —Kkx0
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Matrix Solutions

Linear equation of motion: z'= F(s)z
Matrix solution of the starting condition z(0) = 30
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' 0
' Note that in nonlinear expansion x'= a
Y _ b so that the drift does not have a linear
b' 0 transport map even though x(s) = X, + x(')g
7' 0 iIs completely linear.
'
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T'+xKk=0

Homogeneous solution:
" 2

Xy =—Xg K = Xy = ACOS(K S) + BSiIl(I( S) (natural ring focusing)

Variation of constants:
x = A(s)cos(k s)+ B(s)sm(ks)

x'=—-Aksm(x s)+ Bk cos(k s)+ A'cos(k s)+ B'sin(k )

-0
x"'= -k x— A'ksin(k s) + B'k cos(k s) = —K°x + 0K

Ry

cos(ks) sm(kxs)\/A ~ 0
—sin(x s) cos(/(s))(B') - ((S)
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A' cos(ks) —sin(xs)\/0
(B') (sm(l(s) cos(k s) )(5)

A _(COS(K ) A, . .
( )=§K( )+( ) with  x = Acos(k s)+ Bsm(k s)

B s (K s) B,
T =-XK
([ cos(ks)  Lsin(ks) 0 0 x '[1-cos(xs)] )
—Kksin(ks) cos(ks) B 0 sin(k )
1
M - 0 i 0
0 1 B
—sin(x's) & '[cos(xs)-1] 0 1 & 7'[sin(x s) - sk]
.0 0 0 1 )
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