x(s) =M, (s)x, +M12(S)x;)
x(s) =~/2Jp(s) sm@(s) + &)

x”=—XK s =0 Q1 Q2 Q3 Q4
y'= vk %) DI D2 D3 || D4 D5 (x,
(xa] i U
3T | . | |
x [mm] , | : trajectory : |
1] E E s
0 ' —
1 \Jo/ j
22 |
-3
Y
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Fear :
o&/)y Twiss Parameters

x(s) =[2JB(s) sin(y (s) + )
x'(5) = [Py cos(y(s) + ¢,) - asin@(s) + ¢)] with a=-1p"
x''(5) = [ [(By"-2ay") cos(y(s) + ¢, )- (@'+ % + By )sin(p(s) + )]
= [ -kBsin@(s) + ¢,)]
py"-2ay'= py"+fy'=(Py')=0 = y'=4

a'ty =kf with y= % Universal choice: 1=1!

a'=kp -y What are the

o are called
> /))9 )/91// s initial conditions?
= (—L_ ¢
Y =[5 ds
0

Twiss parameters.
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Particles with a common J and different ¢ all lie on an ellipse in phase space:

a

sin(l/J (S) + ¢0) (Linear transform of a circlez)J
+ (COS(T)U(S) +¢0)) R
9 (Quadratic form)
ekt
JB \/E ¥ (ex)\a fAx Area: 2ot J /1

I=1 is therefore a useful choice!

/
2J
- B
A=m2 J
Y
Y

P What B is for x, y is for x’
x ' 2J
JZT - X = 2JY At X =—a, =
2mJ

Area: 27t J — f f dJdg =2xJ = f f dxdx'

/
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The Beam Envelope

31 E(s)=./eB(s)
x [mm] 2}—
I rym\

—= | X(s) = y2J(s) sm(y(s) + ¢ )

particle trajectory

envelope

In any beam there is a distribution of initial parameters. If the
particles with the largest J are distributed in ¢ over all angles, then
the envelope of the beam is described by\/szaX/j(S)

The initial conditions of § and a are chosen so that this is
approximately the case.
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Phase Space Distribution

Often one can fit a Gauss dlstrlbutlon to the particle distribution:
_rx 2 2axx! +/3x

(‘x X ) 277!8 >
The equi-density lines are then ellipses. And one
chooses the starting conditions for § and a according

to these ellipses!

X \/E 0 )/sing, _i
(x.)=@ ( ) P = 2tze

COS @,

VBB

270

(1) =51 f f ~'*dJdg, =1 Initial beam distribution ——— initial o, B, y

!

<XX

<x2 > i [[2/Bsingye e’ *djdg, =ef — <x'2 > =&y
) = ffZJasmqﬁo e dJdg, = ea

YT

E = \/<x2><x'2> - <xx'>2 is called the emittance.
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xX(s5) = 2JB(s) smy(s) +¢,)

Where J and ¢ are given by the starting conditions x, and x’ ..

1 + 2000+ B’ = 2J
Leads to the invariant of motion:

F(6,x",8) =y(s)x> +2a(s)xx'+ B(s)x” = € f

It is called the Courant-Snyder invariant.

A5 X' A

0

//7

IS
| -

4

B large |1
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