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The perturbations are 2π periodic in     and in 

ϕ is approximately 

For irrational ν, the perturbations are quasi-periodic. 
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Quasi-periodic Perturbation 
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The motion remains Hamiltonian in the perturbed coordinates ! 

If there is a part in            that does 
not depend on                  Tune shift 
The effect of other terms tends to average out. 

HJ∂
⇒s,ϕ

)()(

)()(

,

,0

JHJ

JH

J

J

ϑϕ

ϑϕ

υυ

ϑϕϑϕ

Δ∂+=

∂⋅≈−

0525.0=υ

Tune Shift with Amplitude 
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Tune Shift Examples 
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The effect of the perturbation is especially strong when 

                                     or 

has contributions that hardly change, i.e. the change of 

                                   is in resonance with the rotation angle             . 
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Periodicity allows Fourier expansion: 

Nonlinear Resonances 


