For every symplectic transport map there is a Hamilton function

Z(s)=M(s,Z,)
h(Z,s)=-J|L M(s,3,) .
L7 = Jh(Z,s)

h=0H

The flow or transport map:
Force vector: 2, =M (.9)

Since then:

There is a Hamilton function H with:

If and only if: 0. h=0.h = h=h"
MIM =] — {%A_UM --MJIEM’
M~ =-JM"J
hoM =-J<M
hMM =-J £ M
hM)=-JEMM ™" =JEMIM J=-JMJ4M" J=M"4<M"J=h"
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Generating Functions

The motion of particles can be represented by Generating Functions

Each flow or transport map: Z(s) = M(s, Zy)
With a Jacobi Matrix : Mj=0. M, o M= (a
That is Symplectic: ]\_ll]\_lT =J

Can be represented by a Generating Function:

F(q,4,,5) with ﬁ=_aqF1 , Py = d,. 1

F2(ﬁ9§09s) with é asz > ﬁ0= aqOFZ
F;(é’,p’o,s) with [_5=—8ng ’ éo=_ap0F;

F4(]_59]_509S) with é= aqF4 > éo=_ap0F4

6-dimensional motion needs only one function ! Butto

obtain the transport map this has to be inverted.
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Symplectic Representations

Hamiltonian ODE
Z'=JOH(Z,s) Z'=F, FJ+JF' =0

v
!

\ 4

Generating Functions Symplectic transport map

(B> By) = =J I F (GG, ) MJIM' =J

a
\ 4
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c;! @) Phase space density in 2D

Q 6
DED Ao

Phase space trajectories move on surfaces of constant energy

2

>

Q.:l

47-JoH = <4710H

JF

s

{

H(x, p_ )= const

A phase space volume does not change when it is transported by
Hamiltonian motion. AE = d‘aH‘

P

4

><

| The distance d of lines with equal energy
a[_[ is proportional to dml/léHlmlfl_l

\JJ d * At | Z |= const

H (x p,) = const

At|Z |
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Lioville’ s Theorem

A phase space volume does not change when it is transported by

Hamiltonian motion.  Z(s) =M (s)-z, with det[M(s)]=

o= [J1dlaz, = ffd=

Volume = V' = ff "Z fﬂ

Hamiltonian Motion V=V,

But Hamiltonian requires symplecticity, which is
much more than just det[M(s)]=
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For matrices with real coefficients:
If there is an eigenvector and eigenvalue: Mv = ﬂv
then the complex conjugates are also eigenvector and eigenvalue: Mv &171.

For symplectic matrices: .
If there are eigenvectors and eigenvalues: MV, = Av, with J=M"JM

then \71.Tl\7j= "M"J My, = ALY TV, = v, Jv, (44, -1)=0

= L= J l—]

Therefore l\_}j is orthogonal to all eigenvectors with eigenvalues that are
not 1/ A .. Since it cannot be orthogonal to all eigenvectors, there is at least
one eigenvector with eigenvalue] / Aj

Four dimensions: o
Two dimensions: ﬂj is eigenvalue '

Then/ },j and ;f; are eigenvalues

ho=UA=0i = |} <:: <::A

A =1/ =2, % =2 o
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!;3 @) Advantages of Symplecticity

Q 6
DED Ao

Transfer matrix of linear motion with
Z(s)=M(s)-Z, with det(M(s))=+1 and ¥, JV,(44,-1)=0

One function suffices to compute the total nonlinear transfer map:

5(69609S) Wlth Z_?»:_aqu(q’ébaS) ’ ]_50= aqoﬂ(éaéms)

(g (ZO,S) s)

Z =
_ (G G \_op | M=Sog
Zy =1 —g(Q,S)
’ (p()) (aqu(q qu)/

Therefore Taylor Expansion coefficients of the transport map are related.

Computer codes can numerically approximate M(S’ 30) with exact
symplectic symmetry.

Liouville’ s Theorem for phase space densities holds.
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The Frenet Coordinate System

= R(s) +xe.(s) + ye,(s) d#‘=a’s
e, =4 R(s)
o é/( E_%és/%é
vy gy ol €y =€, %¢,
- -/« - R(s) Le =-ke, with x=—
! O=$(6K-es)=es°$e,(—l(
’ Accumulated torsion angle 1’
/
/ - -
"’.’"" % K _Ke T'@b
,,“/"'o‘ —
‘ _d(z .z \_3 .d3
S 0—$(eb eK)—eK e + 1"
is_>b =_T'éK
r'=(x'-yTYe_ +('+xT")e, +(1+xK)e,
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