Sextupole: |Af = -k, Lx”
A = by 4 = 42T s+

= Lk, 52JB [SinQ3{ + @) + 3sinp + )]

Simplification: one sextupole K, () = k,8()) = k, 5= i cos(nf)

AH =Lk, L 278" Lcos(—n®+3p+3p - ) +...

U

Wz

for

AH ~ AT cos(3d)

(I)f =O,%ﬂ’,%ﬂ', (I)f =%ﬂ;,ﬂ;,§ﬂ;
SxA4,3J=0 for 6 >0

All these fixed points are instable since H, (J ) H,,(J,)>0
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Octupole: Af = —k3%x3  AH =%k34%x4 =§k3%J2[3’28in4(1,7}+(p)
= Lk, 5T B [cos(4[Y + @]) — 4cos[Y + ¢]) + 3]
Simplification: one octupole k3 (1) = k6 () = k; 5= E cos(nt?)

n=—OO

AH = A, J*[3 +cos(4®)] for U=y

®, =0,;7,37, ... Either 8 fixed points: 0 <0
0+ A,2J (3+1)=0 ornone for: 5>0

Hnm(Jf)[H;m(Jf)iAv'(Jf)] <0

Stability for (2A4,J)°[1+3]<0,

i.e. for the 4 outer fixed points.

Georg.Hoffstaetter@Cornell.edu Introduction to Accelerator Physics Fall semester 2017



Resonance Width (Strength)

Fixed points: == J =mH,, (J, )sin(m®,)=0 = @,

SI»

fo+Auv(J,) iH,;m(Jf)= 0 has a solution.

5 has to avoid the region & + Av(J) = H_(J)= 0for all particles.

+H,,(J)

AU(J) Spread in the beam
%)

»
>

Assuming that the tune shift and perturbation are monotonous in J:

This tune region has the width A, =2|H (J__ )| for strong resonances.

max

Anm |s called Resonance Width, Resonance Strength, or Stop-Band Width
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_1 5
CI)f =370, JT, 37T
for 0 >0

—1 3
D, =37, 7,57 Either 8 fixed points: 0 < 0
for 6 <0 or none for: J>0

How can the motion inside the fixed points be

simplified for a real accelerator ?

- Normal From Theory
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did

d_
do

2 Jx =COS(1/7x +¢x)\/ 2']x/5fox% 2 0¢x _U —Sm(Z/J +(px) Af;c ¥4
~ [ . ~ [a’y
LJy = COS(wy + (py) 2Jy/))y Afy ﬁ b %(py = Uy — Sm(z/jy + (py) ZAfy 2_61

!;3 &@))) Coupling Resonances

Q) 5
ED A ooy o) r
Crlr3s & ~

L

—_

§=0,H , 5J=-0,H , H(@J0)=0"J 4 [D(x,5)dx
0

The integral form can be chosen since it is path independent. This is due to the
Hamiltonian nature of the force: A, (x,y,8)=-0, AH(x,,s)

Single Resonance model for two dimensions means retaining only the
amplitude dependent tune shift and one term in the two dimensional Fourier
expansion:

H(@,J, 0 =0-J +Hy,(J)+ H,,(J)cos(nI+m.p, +m @, +¥ . (J]))

For n+mu, +muy, =0 o
mxwx +my¢y =m ¢
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n+muv . +mu, = (0 means that oscillations in y can drive oscillations in x in
x'=-Kx+Af_ (x,,5)

The resonance term in the Hamiltonian then changes only slowly:

H@,J,N=0-J+H OO(J)+H (J)cos(nF+mm-G+W _(J))

Jo=mJ -mJ =mxJ = 5J =0
Difference resonances lead to stable motion since:

n+|m |v.—|m, |v,=0=|m|J +|m, |J =const.

Sum resonances lead to unstable motion since:

n+|m |v.+|m, v, =0=\m_|J —|m, |J, =const.
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n+mu_+ mu, = 0 means that oscillations in y can drive oscillations in x in

x'=-Kx+Af (x,y,s)

All these resonances have to be
avoided by their respective
resonance width.
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The position of an accelerator
in the tune plane s called its
Working Point.
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