Simplified Equation of Motion

Only magnetic fields: E =(
Mid-plane symmetry: B (x,y,s) =-B (x,-y,s), B, (x,y,5)=B (x,~y,s)
Linearization in : Po po 1 + £
B (x,y,s)="ky, B,/(x,y,5)= - hx
Highly relativistic : pr — Lk Y eo
Po E ? Vo
x'= Dx _ Px — Px _ a — '
P Jpordp)-p-pt o y—[—j
1 (P'+pgKe, ), h 2L 57 ]
_a - Po = Dov, dt I Do DoV qvs B +
= —(1+x6) (K +kx)+ (1+ Ok = —x(x° +k)+51( = b'=ky
o dU-t) Bo 1 B '=
[ ds  py ‘v vi/ py 1 XK ’ _5 0
Hamiltonian:
H=1a>+1b" +1k(x* - y*)+1k’x* —kxd
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' 0
' Note that in nonlinear expansion x'= a
Y _ b so that the drift does not have a linear
b' 0 transport map even though x(s) = X, + x(')g
7' 0 is completely linear.
'
\2') \0,
(x\ (X +5ay\ /1 & \
a a O 1 Q Q
+sb 1 s
b b, 0 1
T TO O O 1 O
B B 0 1
o) \ 9% )\ :
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x"+x k% =0k

y||=0

T'+xKk=0
Homogeneous solution:
" 2

Xy =—Xg K = Xy = ACOS(K S) + BSiIl(I( S) (natural ring focusing)

Variation of constants:
x = A(s)cos(k s)+ B(s)sm(ks)

x'=—-Aksm(x s)+ Bk cos(k s)+ A'cos(k s)+ B'sin(k )

'

=0
x"'= -k x— A'ksin(k s) + B'k cos(k s) = —K°x + 0K

Ry

cos(ks) sm(kxs)\/A ~ 0
—sin(x s) cos(/(s))(B') - ((S)
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A' cos(ks) —sin(xs)\/0
(B') (sm(l(s) cos(k s) )(5)

A _(COS(K ) A, . .
( )=§K( )+( ) with  x = Acos(k s)+ Bsm(k s)

B s (K s) B,
T =-XK
([ cos(ks)  Lsin(ks) 0 0 x '[1-cos(xs)] )
—Kksin(ks) cos(ks) B 0 sin(k )
1
M - 0 i 0
0 1 B
—sin(x's) & '[cos(xs)-1] 0 1 & 7'[sin(x s) - sk]
.0 0 0 1 )
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{&))) The Quadrupole

( cos(\/% s) ﬁ sin(\/% s) 0 )
~JksinWks) cos(Vk s) -

) cosh(wks)  -sinh(vk s)
\ - Vi sinh(\ks)  cosh(vk s) /

As for a drift;

— —

D=0 = T=0
M, =0
For k<0 one has to take into account that

cos(Vk s) = cosh(y/|k| s), sin(Vk s) = isinh(|/|k] 5)
cosh(Vk s) = cos(y/|k| s), sinh(v/k 5) = isin(|/|k| 5)
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(M. 0 0D) M., -JK s]

M= 0 M, 0 I from symplectlc:|ty
T 0 M

\ - 7
o [ cos(VKs)  —sin(vVKs)| Options:
o - VK sin(vK s)  cos(VK s) For k>0:

focusing in x, defocusing in y.

o [ cosh(\k ) ﬁsinh(\/% 5) For k<0, K<O0:
—y = \/%smh(\/% 5) COSh(\/% 5) defocusing in x, focusing in y.

\ For k<0, K>0:
. (1= COS(\/_S)] weak focusing in both planes.
D =

sm(\/_ Ks)
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3 ‘E ) The Thin Lens Approximation

ED ’

[ [

Z(s)=M(s)Z, = D($)D™ ($)M(s)D™ (3)D(3)Z,

Drift: Mg (s)=D" ()M (s)D™' (3) =1
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T

cos(\/zs)

thin 1 _%
M d,x =
Mo ) (0 1)(—\@ sin(vks)  cos(\ks)

ﬁsin(\/Es)](

o o il S

Weak magnet limit: \/%S << ]

: 1
Mthln §) ~
—— quad,x ( ) ( _ kS

|

1 -3
0 1

I 2
ks 144
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{&)}) The Thin Lens Dipole

[ cos(ks)  Lsin(ks) 0 0 x '[1-cos(ks)]
—Kksin(ks) cos(ks) -0 sin(k )
1 s
M = 0 0
0 1
—sin(x's) & '[cos(xs)-1] 0 1 0
.0 0 - 0 1 /
Weak magnet limit: ks << 1
(1 0 0 0)
MU, ()= D=9y D(-5)=| < O
§)=D(-= —7) =
—~ bend,x7 = 2 /2= bend,x7 == 2 —KS O 1 O
. 0 0 0 1,
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cos(\/E s)
VK sin(VK s)

cosh(\/z s)

Vk sinh(vk s)

£[1- cos(\/Es)]
- sin(vK 5)

Weak magnet limit: ks << 1

ﬁ sm(\/f ) thin
cos(\/f s) M,

Jrsinh(Vk s>) g
cosh(\/z s) -
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Edge Focusing

Top view :

Fringe field has a horizontal
field component!

tan( € —— -
_tan(e) _

e,
Y tan(e) = asBy‘y=0y tan(¢)

Horizontal focusing with Ax'= —

B =

y'==19.B, ‘y=0y tan(e)

' " tan( &

Ay =fy ds=%Byytan(8)=y (€) C 1 0 0 o

tan(¢) 1 O O
Quadrupole effect with > = P =
" “Zl o 0 1 of

1 - tan(&) e
0 0 1
1% \ P )

Georg.Hoffstaetter@Cornell.edu Topics in Accelerator Physics Fall semester 2019




Orbit Distortions for a One-pass Accelerator

Crlesy & LePP

x'=a The extra force can for example come
from an erroneous dipole field or from a
'_ 2 k A . . q
a'=—-(k"+k)x+Af correction coil:  Af = 2AB, = Ak

N

Variation of constants:  zZ = MZ, + AZ with AZ =f]\_4(s - §)( ds
0

— BB sing

L
AZ = A AK(8)ds
‘[ \/g[cosz/ﬁ +asiny]

0
AK(§))

Ax(s) = Z AV B($) B, s (s)-y,)
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!;3 &) Orbit Correction for a One-pass Accelerator

Q 6
DED Ao

Crless & LEFPP

Id
When the closed orbit Xfo (Sm) IS measured at beam position monitors
(BPMs, index m) and is influenced by corrector magnets (index k), then the

monitor readings before and after changing the kick angles created in the
correctors by Aﬁ are related by

X (s,,) = x2(s, )+2Aﬁmsm@/f )

old(S )+20mkAﬁ /\’.—’.\/\<

- —ol
X = °d+OA19

Cco

1= old =
AY =-07"'FM = =

(¢{0)
It is often better not to try to correct the

closed orbit at the the BPMs to zero in this way since

computation of the inverse can be numerically unstable, so that

small errors in the old closed orbit measurement lead to a large
error in the corrector coil settings.

A zero orbit at all BPMs can be a bad orbit inbetween BPMs
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«&y)4 Closed Orbit Bumps

% %, (5) = T,/ B B(s) sin(y —yp,)
(V) / N\ Y

x,(85,) +x,(85,) +x5(s5,) =0

x,(s_) +x,(s_) +x5(s5,_) =0
9,4/ sin@p, —y,) +9,4/B, sin(p, —1p,) =0
9,/B, sin@, —y,) + 0,4/ B, sin(y, —,) =0

U _Sin(ljj3 —'/Jz)/\/E
0, - sin(y, —1,1)1)/\/[3"2
0, ~ _sin(lp3 —1,1}1)/\/[3’72
O, - sin(y, —1/}1)/\//3‘3

0,10, :0; = ﬁ_% siny;, _[3’2_% siny;, /53_% siny,,
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\g@)) Oscillations around a distorted Orbit

&, &
DED A,o

//— Xotb (S)
/ \ Particles oscillate around this periodic

orbit, not around the design orbit.

Zorb (S) = Mzorb (0) + AE(S)
Zy(8) + Zo(5) = 2(5) = M Z(0) + Az(s) = M[Z,(0) + Z,,, (0) ] + AZ ()

=MZ,(0)+Z,(s)
( L) z (0) The distorted orbit does not change
ﬁ M, 4 the linear transport matrix.
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