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The periodic orbit for particles with relative F’oincareI SeCtiL >

energy deviation d is |

3 | 77(s)
17(0) =M 77(0)+ D(L)  #(L)=M,ij(0)+D(L) with #(L)=7(0)

Particles with energy deviation 6 oscillates

. M -1 A
77(0)_[1 MO(O)] D(L) around this periodic orbit.

Z=Z,+ on
Z,(L)+Orj(L) = Z(L) = M \Z(0) + D(L)S = M ,[Z4(0) + 67j(0)]+ D(L)J
= M ,Z,(0) + 67j(L)
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An=—(K>+k)An+x+Ak-n

Ak =Ak'n
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3 Periodic dispersion correction
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M+An)"=—-(K+k+Ak)(n+An)+x
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0(s) = 2L f ARy cos([ip — ] - #)d3

7(s)
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Quadrupole Errors (repeat)

= L(s)Z + Af (Z,5)

Z(s) =2, (s) +}A_4(s,§)Af(2,§) ds =2, (s) +}A_4(s,§)Af(zH,§) ds

2 X' a 0 0\/x
x'=—(k"+k)x-Ak(s)x = = -
(a') (—(l(2 +k)x) (Ak(s) O)(a)

Z(s) = {M(S) fM(S S)( (§,O)d§}§0

Ak(5) o)

One quadrupole error:

1\_/1(S>§)+M_/1(Sa§)=A—/I(S’§)_A—/I(S’§)(Ak(l)(§) 8)
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cos(u+Au) = %TI’[MO(SJ.)+AMO(SJ.)] ~cosu—Ausinu

1 0 cosp+a, sin u /3]. sin u

-Akl. 1 ~y,sinu cos i —a sin

Tr| ]

1
2

=cospu—5AklLp, sin u

Au = %Aklj/)’j

Oscillation frequencies can be measured relatively easily and
accurately.

Measurement of beta function: Change k and measure tune.
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Quadrupole Error and periodic beta function

—eies o
Crlr3s &

One pass accelerators:

Ap

—=-Akl B sin(2[ -1 ])| — Beta beat oscillates twice as fast as orbit

Periodic accelerators:
A
/f AcosQyp-y ) +g,) 5 WL =p(O0)+ 1= @, =

a'=kpf-y , Aa'=kAB-Ay+Akp
Aa(sj) — Aa(sj +L)= Aklj.[a’j

(ﬁ)’ (s,)- (%) (s, +L)=-2Akl = ddsin

p j
Akl
AB _ 28R P, ~cos(2 |y -y |-u), YE[O,u]
p 2sin u
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M = Wsin(w—zp.)

AB, AB
28, +2ﬁ)81n(w Y,)+(Ay - Ay Jeos(y -y, ) =0

Akl
BB _ 5P cosay-v)-w). weELW.w +ul
p 2sinu

(

Akl B,
A=Ay +—L[cos(u)+cos2(y -y ,) - w)]tan(yy - )

4sin u
Akl B
=Ay +—L — " cos(y - Y, —u)sin(y—y.)
2sin u
Akl [3’
Ay(s +L)=Ay +——+ 5 =AYy, +u
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A AKL B,
AP DO cosaly-w |-, wEOu)
p 2sinu
A Akl B
sy=- [5 - D sin(2y, - ) -sin(2(y, ~y) -] s<s,
4sin u
Akl
= ﬁ ——[sin(2y. u)+smu+fA/3 , §>8
4sin u !
Akl B
= [sin(2y, —p) +sm2(yp -y ,)-p)+2smmu] , s>
4sin u !
kB
T = A
5 U
The phase change oscillates with twice the phase advance, _ Akl jﬁ j
while each quad error changes the center of the oscillation by wj B 9)
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Sextupoles (revisited)

. - 2
1/}=\P3Im{(x—iy)3}=11’3-(y3—3x2y) nd B=_V¢=1P33( Xyz)

C; Symmetry
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X Ax+x

2xy
2

X =y

y

1§qu33(
X

2) + 611’3Ax(

)+ O(A?) |k, =L31W, =k =k,Ax

Sextupole fields hardly influence the
particles close to the center, where one
can linearize in x andy.

In linear approximation a by Ax shifted
sextupole has a quadrupole field.

When Ax depends on the energy, one can
build an energy dependent quadrupole.

P
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Natural chromaticity g, = energy dependence of the tune due to quadrupoles only

=BG S

&= f 5,6 S

Particles with energy difference oscillate around the periodic dispersion leading
to a quadrupole effect in sextupoles that also shifts the tune:

| . 1 .
- f B.(=k, +n.k,)ds E, = . f B, (k, =1k, )ds

Typically the the chormaticity g is chosen to be slightly positive, between 0 and 3.
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o\; Chromatic beta beat in periodic accelerators

&, 5
DED Ao

- re,e, e
Crlr3s &

One pass accelerators:

ap
dd

= Bk = Ak, -1 Bsin(2[y ~ )|~ )

Periodic accelerators:

B B
do 2sinu

(Akl-Ak1-n)B cos(2‘z/; - z/}\ — )

Sextupoles are used to compensate the chromaticity.

Several sextupoles are used to have their average compensate the
chromaticity but have their regional variation compensate the chromatic beta
beat on average and at critical sections, e.g. interaction points.
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o&)} Chromatic dispersion

n"=—(k"+k)n+x

(n+n,0)"==(k>(1+0)7 +k(1+6)" +knd)(n+n,0)+Kk(1+0)"
(n+n,0)"= —(K*(1-28)+k(1-0) + k no)(n+n,0)+k(1-0)
n,"=—(K+kn, +K +[(K*2+k +kn)n-«]

Second order dispersion is driven by sextupoles and energy dependent
f lllll ihﬂ ﬂl‘\f‘l l’\f\hf’lir\ﬂ

Ak =(K*2+k+knn-K

One pass accelerators:

D,(s) = \/E ] [(K°2+k + k nn- K]\/E sin(y — Y)ds

Periodic accelerators:

0,(5) = 2L (> 2+ k + k= KT f cos(fip - y|- £)d8

2sin&
2
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