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Macroscopic Fields in Accelerators
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Magnetic Fields in Accelerators
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Surfaces of equal scalar magnetic potential
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Expansion of the scalar potential
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Complex expansion of the potential
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Multipoles in Accelerators: n=0, Solenoids



!"#$%&'#(()*+"**"$,-#$."//&"01222222222222222!$+01+*"2344"/"$+*#$2567)84)2222222222229:53:2)1;;"$2<=<>

E2(*=2&>"+2,<%&=B"&%"A*$L",2'3$)*>"-2"-#*">*+(*,-&2=%",)*$-*>"?@"$"-)$=%.*)%*"
'$B=*-&,"+&*(>0

6)$=%.*)%*"+&*(>%G
E-)2=B"+2,<%&=B

z
z

zz rB
m
qvr

m
qBr

rgg 42

2

-=÷÷
ø

ö
çç
è

æ
-=!!

yyxx eBeBB !!!
+=

÷÷
ø

ö
çç
è

æ-
=÷÷
ø

ö
çç
è

æ
Þ

÷
÷
÷

ø

ö

ç
ç
ç

è

æ
´
÷
÷
÷

ø

ö

ç
ç
ç

è

æ
=
÷
÷
÷

ø

ö

ç
ç
ç

è

æ

x

yz
y

x

B
B

m
qv

y
x

B
B

z
y
x

q
z
y
x

m
g

g
!!

!!

!

!

!

!!

!!

!!

0

z
z qB

p
=r

Q+"-#*"%2(*=2&>%"+&*(>"A$%"3*)3*=>&,<($)"-2"-#*"3$)-&,(*’%"'2-&2=;

&-%"?*=>&=B")$>&<%"A2<(>"?*

Y*$L"+2,<%&=B"Z"E-)2=B"+2,<%&=B"?@"$?2<-"'$B=*-"$3*)-<)*":"?*=>&=B")$>&<%

Strong vs. Solenoid Focusing

�̈� = −
𝑞	𝑣!
𝑚	𝛾

𝜕𝐵"
𝜕𝑥 𝑥



!"#$%&'#(()*+"**"$,-#$."//&"01222222222222222!$+01+*"2344"/"$+*#$2567)84)2222222222229:53:2)1;;"$2<=<>

6#*"%2(*=2&>’%")2-$-&2="""""""""""""""""""""""""2+"-#*"?*$'"&%"2+-*=",2'3*=%$-*>"?@

$")*.*)%*>"%2(*=2&>",$((*>",2'3*=%$-2)0

E2(*=2&>"2)"Y*$L"12,<%&=BG

Y*$L"+2,<%&=B"+)2'"=$-<)$(")&=B"+2,<%&=BG

E2(*=2&>"'$B=*-%"$)*"<%*>"&=">*-*,-2)%"+2)"3$)-&,(*"&>*=-&+&,$-&2=".&$
qB
p

=r

E2(*=2&>%"$)*"$(%2"<%*>"-2"+2,<%"(2A"g"?*$'%G w
m
qBw z

2

2 ÷÷
ø

ö
çç
è

æ
-=

g
!!

g
j

m
qBz
2

-=!

r
m
qBrvrrrr

yxr
RyrRxrR

Rrr

D÷÷
ø

ö
çç
è

æ
-=D÷÷

ø

ö
çç
è

æ
-=D-=DÞD-=D¶

D+D=DD
=D-D++D-D+

-=D

2
222

00

22
0

2
0

)sin(cos:inionLinearizat
]sin)[(]cos)[(

gr
j

jj
jj

j !!!

R
)j

Natural Ring vs. Solenoid Focusing

𝑑#Δ𝑟
𝑑𝑠# =

𝑑#Δ𝑟
𝑑𝑡#

1
𝑣# =

1
𝜌# Δ𝑟

12,<%&=B"%-)*=B-#G" $%!



!"#$%&'#(()*+"**"$,-#$."//&"01222222222222222!$+01+*"2344"/"$+*#$2567)84)2222222222229:53:2)1;;"$2<=<>

D@"E@''*-)@

R&32(*"'$B=*-%"$)*"<%*>"+2)"%-**)&=B"-#*"?*$'%">&)*,-&2=

HC;UJ"&="Y

HE;VJ"&="/

yeByiyx !!!

111 }Im{ Y=Ñ-=Þ×Y-=-Y= yy

U

C C

U B
!

Ý

r

^
^ ===Þ=Þ´=

qB
p

pdp
vdt

d
dlqvB

dt
dpBvq

dt
pd

/j
r

!!
!

jdpdp =
p

jd

qB
p

=r/*=>&=B")$>&<%G

!T<&32-*=-&$(
.const=y

Multipoles in Accelerators: n=1, Dipoles
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The 4-dimensional equation of motion
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Simplest example: motion through an empty drift
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