Macroscopic Fields in Accelerators

E has a similar effect as v B.
1]3 _ q(E 1Y E) For relativistic particles B = 1T has a similar effect as
dt E=cB=310%V/m, such an
Electric field is beyond technical limits.
Electric fields are only used for very low energies or
For separating two counter rotating beams with

different charge. +
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Magnetic Fields in Accelerators

Static magnetic fileds: até =0; E=0

Charge free space: j = ()

VxB=u,(j+£0,E)=0 = B =-Vy(¥)
V-B =0 = Vy(F)=0
y
e ——= =

(x=0,y=0) is the beam’ s design curve

For finite fields on the design curve, c n_.m
¥ can be power expanded in x and y:
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Surfaces of equal scalar magnetic potential

B (out) = B | (in) For large permeability, H(out) is
perpendicular to the surface.

—

(OU’t) - Hparallel (ln)

parallel

_>

1 _.
parallel (Out) - para]lel (ln)

r

B(T) = -VY(¥)

0=§B-d5=|B,-d5+
X
4 B X For highly permeable materials
= | B, 'dE"‘ﬁJ‘Bo ds + IBO -ds (like iron) surfages have a
Y y > constant potential.
A
~ B, ds+jB .ds =W (A)—¥(B)
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Green’s Theorem

Vip =0
Green function:

ViGF, i) =0G-1,) v =[G -7)d,
V

= [ @E)vie-6viv))as,

v

= [Volw )V, -GV ) |as

v

= (lw@)V,G -GV ()] a7,
a'V_

= (lv#)v,G+ Bl a%,
oV

Knowledge of the field and the scalar magnetic potential on a closed surface inside a
magnet determines the magnetic field for the complete volume which is enclosed.
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Expansion of the scalar potential

If field data in a plane (for example the midplane of a cyclotron or of a beam
line magnet) is known, the complete filed is determined:

. 0.b,(x,2)

w(x,y,2)=» b, (x,2)y" = B(x,0,z)=— b/(x,2)
n=0

8ZbO(xaz)

0=Vi = 2(62+8 )b, vy +Zn(n Db, y"

=Y (@2 b, 4+ D+ D5,]y

n=0

1 2
b (x,2) =~ (12 +1)( +0,)b,(x,2)

N\
Sad nﬁ
(@& P Cornell Cimversivy 2

) pnniareveEne plane y=0 is used to determine bg(x,z) and b4(x,z).
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Complex expansion of the potential

w =x+1iy , W=X—1y
0, =0,+0,, 0,6=i0,—id, =i@d,-0,)
Vi=0’+0>+0’=(0,+0,) -(0,-0,) +0>=40,0, +0’

v =Im{> a,(2)-(wiv) 7"}

v,A=0

Vy =Im/{ Z4avﬂ(/l+v)ﬂ,(ww)ﬂ "W+ Zawl(ww)ﬂ_v}

v=0,4=1 v=0,41=0

=Im{ i[4(/1 +1+v)(A+Da,,,, +a;, ](ww) W’} =0

v,A=0
—1
a,,
4(A+1+Vv)(A+1)

Cornell Univerbisy 'fi} ot ) EIgraEanyine determine the complete field inside a magnet.
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Multipole coefficients

Y,(z) are called the z-dependent multipole coefficients

y(x32)=Im{y. (ﬁ‘:f/)‘a,(wfj (o))

w(r,p,z)= i ' (Zjurv Im{¥P*"(2)e™"}
U A A2 g

The index v describes C, Symmetry @ @
around the z-axis €. -
due to a sign change after Ap = — @ @

Y ®© v=73

* %?5 Cornell University Ih” ] o Brookhaven

National Laboratory

Georg.Hoffstaetter@Cornell.edu Graduate Accelerator Physics USPAS summer 2023



Fringe Fields and Main fields

’

ot l — —

o
L

< Main field
Fringe field

\ 4

Only the fringe field region has terms with A # 0 and (fw #0

Main fields in accelerator physics: A =0, 0’y =0
Y

14

ivs,

e for v#0
LIJ_

i [P, for v=0

LI’V

Im{e™™""™} +¥ |

w(r,p)=)r"
v=l
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Main-Field Potential

Main field potential: W= ‘LPO‘ - Z rt LPV‘ sin[v(p—39,)]
v=l
The isolated multipole:  y =—r"|¥ |sin(ve)

Where the rotation 19V of the coordinate system is set to 0

The potentials produced by different multipole components ‘PV have

Different rotation symmetry C,

Different radial dependence r¥

National Laboratory
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Multipoles in Accelerators: v=0, Solenoids

M@ e
R g

X X\ [-%B, B=|2¥ | = V-B=0
my| y|=4q| ¥ |X| -3 B, -2
) \z) | B /B Jea
! g=W e’
.. . - _[gdt
(XJZQ_Bzﬁ )./jJrngZ( yj =(W+i2gw+isw—g’w)e’
m X my\ —x
y /4 /4 =—g’w,
U’ x — 2x
B 7 0 & Yo Focusing in a rotating
w =—iLW —ihw Vo =—g2yo coordinate system
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Strong vs. Solenoid Focusing

If the solenoids field was perpendicular to the particle’ s motion,

P

its bending radius would be O, =——
qb.

2
5| 4B podep T
2my my " 4p.

Solenoid focusing is weak compared to the deflections created by a transverse
magnetic field.

—

Transverse fieldss B=B & +B ¢

x Ux y Ty
Strong focusing
X X B
. . ' x qu _By 1% 0B
my|y|=q|y x| B, | = | . |=— o 1Yz 90y
. . Y my\ B, my 0x
Z Z 0

Weak focusing < Strong focusing by about magnet aperture / bending radius
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Natural Ring vs. Solenoid Focusing

Solenoid magnets are used in detectors for particle identification via p =

Na
qB, 98

of the beam is often compensated by

The solenoid’ s rotation ¢ = —

. my
a reversed solenoid called compensator.

Solenoid or Weak Focusing:
Solenoids are also used to focus low y beams: w =

Weak focusing from natural ring focusing:

Ar=r—R

[(R+Ar)cosp—Ax, ]’ +[(R+Ar)sinp—Ay,]" =R’
Linearization in A:  Ar =(cos@ Ax, +sm@Ay,)

»

PAr=—Ar = AF=—0*Ar= —(ijzm s
o,

Ar

,“ d*Ar d*Ar 11
Cornell University |," ‘ ) Brookhaven d SZ dtz vZ ?
i LA

Ar Focusing strength: %
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Multipoles in Accelerators: v=1, Dipoles

. ~ . R Equipotential
y=YImx-iyj=-%-y = B=-Vy=Ye, Y =const.

_—(+)in ¥ _— MR

C4 Symmetry [ - —
T (S,N)in B T N

Dipole magnets are used for steering the beams direction

@=q17><§ = d—p:qul = p= di_ _vdt__ _p
dt dt dp dp/p qB,
p

Bending radius: p =—
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Types of iron-dominated Dipoles

C-shape magnet: H-shape magnet: Window frame magnet:
X X ﬁ
XX
N N - -
pe>>1 N B, (out)= B, (in)

\irs \\\\ H, (out) = y1,H | (in)
! N

e \ H,| T2 2nl ={ H-d5 = H 1, + H,2a

|
H; \\ =-rHlp, +H,2a~H,2a
NN nl
\ \ \ By =#y—| Dipole strength: 1 _gmnt
pP P a

Brookhaven:
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Iron-dominated Dipoles Fields

%m B =2 T: Typical limit, since the field becomes
dominated by the coils, not the iron.
Limiting j for Cu is about 100A/mm?

B < 1.5 T: Typically used region

[
0 - B <1T:Regioninwhich B, = 4, n

0 _ current [
a

M“
B

useful field region

F useful field region Shims reduce the space that is open
g to the beam, but they also
™ /\\= reduce the fringe field region.
210 7
_______ t
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Multipoles in Accelerators: v=2, Quadrupoles

=%, Im{(x-iy)’}=-¥, 2xy = B=-Vy=VY, 2{yj
X

Co, Symmetry ty

' / Illlllln, 2
_/ (L T B\

In a quadrupole particles are focused in one plane and defocused in the
other plane. Other modes of strong focusing are not possible.
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Iron-dominated quadrupoles fields

|y
_ _ const.
W= —\I—’2 -2xy = Equipotential: x =
U=p
y 0
4 W=, X
iron yoke y
integration path coil hyp erbolic
nel pole surface

- @ -
] X
= B 1)=2¥,ré.
Quadrupole strength:

H K u, 2nl
n]: .dsz d]/‘: y — klzqaxBy :q 0
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Real Quadrupoles

lose-up ofithe water cooling tubes,
N ¢ o r T

The coils show that this is an
upright quadrupole not a rotated
or skew quadrupole.
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Multipoles in Accelerators: v=3, Sextupoles

. 2 & 2xy
y =Y, Im{(x-iy)’} =¥,-() -3x°y) = B=—Vw=‘1’33[ ) 2]

X =y
C3 Symmetry
@ Sextupole fields hardly influence the
@ @ particles close to the center, where one

can linearize in x andy.

@ In linear approximation a by Ax shifted
sextupole has a quadrupole field.

= = XY
B=-Vy=Y,3 (xz _ zj When Ax depends on the energy, one can
Y build an energy dependent quadrupole.
X Ax+x
~ 2
B~ 3( . 2)+6‘P3Ax(yj+0(Ax2)
X" =y X

S

: Cornell University I&u ] o Brookhaven
QLY ES

National Laboratory

Georg.Hoffstaetter@Cornell.edu Graduate Accelerator Physics USPAS summer 2023



Iron-dominated sextupole fields

const. )

Y

v =Y, -(y’-3x’y) = Equipotential: x:\/

a 3
n]:§Hd§zJ-Hrdr:\P3a_ kzziazB :q,uo 6nl
0 Ky P
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Real Sextupoles
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Higher-order multipoles

- 0
=Y Im{(x—iy)"} =Y -(...—in Xy = B(y=0)=Y, ”(xm]

(n+1)! units:

n+l

Multipole strength: k= QGZB
p Ylx,y=0

p/q is also called Bp and used to describe the energy of multiply charge ions

n+l

_qy
P

Names: dipole, quadrupole, sextupole, octupole, decapole, duodecapole, ...

Higher order multipoles come from
Field errors in magnets
Magnetized materials
From multipole magnets that compensate such erroneous fields
To compensate nonlinear effects of other magnets
To stabilize the motion of many particle systems
To stabilize the nonlinear motion of individual particles
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Midplane-symmetric motion

7@ =(x,—y,2) y\ﬁr_\/

1_563 :(pxa_pyﬁpz) -— o —

LT - =PI = w4
GP=F@F.p) = §p°=FGF°.p%) |7
v.B.=v.B =-v B (x,~y,z)-v.B (x,—y,2)
v.B.—v.B. =—v.B (x,-y,2)+v.B.(x,-y,z) > B (x,—y,2)= B (x,),2)
Bz(x,—y,z)z—BZ(x,y,Z)

Bx(x,—y,z) = —Bx(x,y,z)

vay — vyBx = vay (x,—y,z)+ vyBx (x,—y,2)
W(Xa_yv Z) — —W(X, Vs Z)

Y Im{ e (x+iy)” }: -V Im{ e (x—iy)" }
= Y Im[ei”‘g" 2Re{(x +iy)” }]: 0 =4 =0

The discussed multipoles
produce midplane symmetric motion. When the field is rotated by n/2,

l.e 19n = 7[/211, one speaks of a skew multipole.

* Cornell University u ] ] Br_DthaVE n
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Superconducting magnets

Above 2T the field from the bare coils dominate over the magnetization of the iron.
But Cu wires cannot create much filed without iron poles:
5T at 5cm distance from a 3cm wire would require a current density of

1 1 27 rB A
j=—=— T2 1389
77 A mm

Cu can only support about 100A/mm?.

Superconducting cables routinely allow current densities of 1500A/mm? at 4.6 K and
6T. Materials used are usually Nb aloys, e.g. NbTi, Nb;Ti or Nb;Sn.

Superconducting magnets are not only used for strong fields but also when there is
no space for iron poles, like inside a particle physics detector.

National Laboratory
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Superconducting cables

_ )
Problems: B,(0)
Superconductivity brakes down normal conductive
for too large fields - region
Due to the Meissner-Ochsenfeld = _
effect superconductivity current g S“pei‘;‘;?;igctlve
. <
only flows on a thin surface E
layer.
0 temperature T, =
Remedy: 1.7
’ - i ﬂmm’*conductor
Superconducting cable consists o8 _— copper matrix
of many very thin filaments S \ v
(about 10pm). o0 ~10 pm
Y !
10 mm S
SN
Sy
NbTi filaments
* Kapton& 2500 pi
' glass fibre tape ( pleces)
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Complex scalar magnetic potential of a wire

2nr Y 2xr\ x

B(x,y) = lfolq ; [_[y_ay]j

2 (r —a) xX—a,

Straight wire at the origin: v x B :/Joj — B’(,,) _ Ho ! g — Ho L (_yJ

Wire at a :

This can be represented by complex multipole coefficients LPV

B(x,y)=—V¥ = B +iB =—(0,+id, )y =—20,y

_i(Wa _W) :l':UOI 4>
T (w, —w)(w, —w) T -

") =20 Im{’;—oﬁl

w=lm{§—0;1na—w )- —Im{z—iie(W—z) R

B +iB, = =&

/101

v=l

“f : Cornell University I&u‘s g Brookhaven
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Air-coil multipoles
Creating a multipole be created by an arrangement of wires: 4 Y
Fo 11,1V
¥, = j evoe " a-de,
The Multlpole coefficient W, is the Fourier coefficient
of the angular charge distribution M_O"c%
A A
dl (o) Z z spacers
& COS Y
d(Pa (pa ;
= lIJv 04 51/1 - + ' - +
- ; _ :
C 7
. + — +
Ideal multipole Approximate multipole
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Real Air-coil multipoles
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Special super-conducting Air-coil magnets

Accuracy N

RHIC Siberian

Snake dipole
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The comoving coordinate system

F = R(s)+xE.(s)+ E,(s)

\dié\ — ds
é, =< R(s)
k()

The time dependence of a particle’ s
motion is often not as interesting as the

€ __ 7

trajectory along the accelerator length “s".

National Laboratory
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The 4-dimensional equation of motion

sz(,dtrt)

3 dimensional ODE of 2" order can be changed to a
6 dimensional ODE of 15 order:

d a2 1 3
dtr_

P ey P

o 17=1,(Z,1), Z=(Fp)
Ep = F(I", pat)
If the force does not depend on time, as in a typical beam line magnet, the

energy is conserved so that one can reduce the dimension to 5. The
equation of motion is then autonomous.

Furthermore, the time dependence is often not as interesting as the
trajectory along the accelerator length “s”. Using “s” as the

independent variable reduces the dimensions to 4. The equation of
motion is then no longer autonomous.

FTYY 4z = £ (3 —
: Cornell University I,” ] P Brookhaven ds z fZ (Z’ S) 2 z (x’ y’ px b py)
- A4 |
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6D equation of motion

Usually one prefers to compute the trajectory as a function of “s” along the
accelerator even when the energy is not conserved, as when
accelerating cavities are in the accelerator.

Then the energy “E” and the time “t” at which a particle arrives at the
cavities are important. And the equations become 6 dimensional again:

%2 =f.(z,s), z= (x,y,px,py,—t,E)

But: Z =(7, p) is an especially suitable variable, since it is a phase space
vector so that its equation of motion comes from a Hamiltonian, or by
variation principle from a Lagrangian.

o [px)'c—l—py)'/+psé —H(r, p,t) ]dt =0 = Hamiltonian motion

o .[pxx'+pyy'—Ht'—|—pS (x,y, px,py,t,H)]dS =0 = Hamiltonian motion

The new canonical coordinates are: z =(x,y, p,,p,,—t,E) with E=H

The new Hamiltonian is: K=-p.(z,s)

% Cornell University I u] | Brunkhaven"
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6D phase space motion

Using a reference momentum py and a reference time t:
z=(x,a,y,b,7,0)

a

E-E ¢’ E
’ ) : ’ T:(to—t)—:(to—t)—o
Po Po E, Vo Po
Usually pg is the design momentum of the beam
And t; is the time at which the bunch center is at “s”.

A S

x' = ap K} {x':aaK/Poa a'=—8xK/p0
* —

p,=-0.K| " |V'=0,K/p,, b'=-0,K/p,
—t'= 0, K = r1'= %55 K/E,=0,K/p, New Hamiltonian:
E'=-0,K = §'=-30.K5 =-0.K/p, H=K]/p,

4 Cornell University I ﬁn ] o Brookhaven
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The matrix solution of linear equations of motions

Linear equation of motion: Z'= F(s)z | = Z(s) = M(s) Z,

Matrix solution of the starting condition Z(0) =z,

? — Mdrift (L3 )Mquad (Lz )Mdrift (L1 )Zo

\

? — Mbend (L4 )Mdrift (L3 )Mquad (Lz )Mdn’ﬁ (L1 )Z 0
|
I

/

1
]
—

z=M ;..(L)z, Z,
=M. (L)M,. (L)Z
quad \"—2 drift \"=1/<0
% Cornell University I&n;.s P Brookhaven
B QLY AN
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Simplest example: motion through an empty drift
x' a
a 0 =0 = x"=0 = a=x",a'=0
»' b . .
= Linear solution:
b' 0 ,
" 0 x(8)=x, +x,8
o' 0
X X, +sa, 1 &
a a O 1 Q Q
b 1
y _ Yo T8, _| o S 0 |z,
b b, 0 1
T TO O O 1 O
- -0 1
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Betatron formalism for linear motion

In y: quadrupole defocusing -k

1

o,
IS

* Cornell University Ih” ] o Brookhaven
QLYY

N2 es

.o QI Q Q3 Q4
%Y DI D2 D3 |_| D4 D5 (x,
(xa} | (x;
! | i
A ! |
3] . | |
) t trajectory | i
. : :
1 ; |
0
-1 W j
2 '
-3

' x(s)=M,,(s)x, +M12(S)x;)
x(s) =+/2Jp(s) sn(y(s) + &)
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