Simplest example: motion through an empty drift
x' a
a 0 =0 = x"=0 = a=x",a'=0
»' b . .
= Linear solution:
b' 0 ,
" 0 x(8)=x, +x,8
o' 0
X X, +sa, 1 &
a a O 1 Q Q
b 1
y _ Yo T8, _| o S 0 |z,
b b, 0 1
T TO O O 1 O
- -0 1
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Significance of the Hamiltonian

The equations of motion can be determined by one function:

«x =0, H(Z,s), %p,=-0H(Zs),

: ) 0 1
4Z=J0H(Z,s)=F(Z,s) with J=diag(J,), Jz:( 1 0]

The force has a Hamiltonian Jacobi Matrix:
A linear force: F(E,S) =F(s)-Z
The Jacobi Matrix of a linear force: E(S)

The general Jacobi Matrix : F.=0_F, or F= (éﬁT )T

Hamiltonian Matrices: FJ+ JET =(
Prove : F;j — aZjE — aszikazkH =J, GkGJ.H = F=JDH

E}) o 2
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Hamiltonian = Symplectic Flow

The flow of a Hamiltonian equation of motion has a symplectic Jacobi Matrix

The flow or transport map: Z(s) = M(s, Z,)
A linear flow: z(s)=M(s)- z,
The Jacobi Matrix of a linear flow: M (s)
The general Jacobi Matrix : M, = GZOJ_MZ. oo M= (éOMT )T
The Symplectic Group SP(2N) : A_41A_1T =J
47=4M(s,Z)=JVH=F &M;=0, F(Z,5)=0., M0, F/(Z,5)
, M52 = FGo)M(s,7,)

GK=4MIM +MJ4M =FMJM' +MJM'F' =FK+KF'

K = J is a solution. Since this is a linear ODE , K = J is the unique solution.

: Cornell University I," ] o Brookhaven
o QLY ES
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Symplectic Flow = Hamiltonian

For every symplectic transport map there is a Hamilton function

The flow or transport map: E(S) — M(S, 2’0)
: (2 o) — d Af(c =
Force vector: h(z,s)=—J [g M, ZO)LO: A G
Since then: <z =Jh(z,s)
There is a Hamilton function H with: }_i — é]—]
If and only if: 8Z_hl. =0.h, = h= n

MJM' =

MM =-MJLM'
J = —
M '=—JM"J

National Laboratory
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Phase space densities in 2D

Phase space trajectories move on surfaces of constant energy

“px
oH dF=J3H = <3138H
X

H(x, p.)=const

A phase space volume does not change when it is transported by
Hamiltonian motion.

At | = Py At | z | R The distance d of lines with equal energy
z O s proportional to 1/] OH o] z |_1

X

d * At | Z |= const

H(x, p.)=const

National Laboratory
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Liouville’s Theorem

A phase space volume does not change when it is transported by
Hamiltonian motion.  z(s) =M (s)-z, with det{M(s)]=+I

V e

Volume = V = _U "Z = ”
v ,

Hamiltonian Motion V=V,

'z, = ”‘j\_ﬂd”io = jjdngo =V,
Vs v

&
0z,

But Hamiltonian requires symplecticity, which is
much more than just det[]\_/[(s)] =41

National Laboratory
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Symplectic representations

Hamiltonian ODE
Z'=JOH(Z,s) Z'=F, FJ+JF =0

v

v

Generating Functions Symplectic transport map

(B, o) =—J OF(§,Gy»5) | ' MJIM™=J

[not shown in these notes]

National Laboratory
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Eigenvalues of symplectic matrices

For matrices with real coefficients:

If there is an eigenvector and eigenvalue: MV, = A,
* 5%
then the complex conjugates are also elgenvector and eigenvalue: MV = /ll.vl.

For symplectic matrices:
If there are eigenvectors and eigenvalues: MV, = AV, with J = M'JM

then ¥/ Jv, =/ M'JMV, =244V IV, = ¥/ (44, -1)=0

l—] 1 —

Therefore J V. is orthogonal to all eigenvectors with eigenvalues that are
not 1/ ij. Since it cannot be orthogonal to all eigenvectors, there is at least
one eigenvector with eigenvalue] / ﬂ“j

Four dimensions:
. . . ﬂ‘ . . y .ﬂ/ .
Two dimensions: 4; is eigenvalue
Then 1//1]. and /1’; are eigenvalues

L=lA=4 = |11 < < ’

%
- = * -1
4 arookhaue A =4, o

&%
|

A
P

S
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Betatron formalism for linear motion

In y: quadrupole defocusing -k

1

o,
IS

* Cornell University Ih” ] o Brookhaven
QLYY

N2 es

.o QI Q Q3 Q4
%Y DI D2 D3 |_| D4 D5 (x,
(xa} | (x;
! | i
A ! |
3] . | |
) t trajectory | i
. : :
1 ; |
0
-1 W j
2 '
-3

' x(s)=M,,(s)x, +M12(S)x;)
x(s) =+/2Jp(s) sn(y(s) + &)
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Twiss parameters

x"'=—-kx
x(s) =~2JB(s) sin(y (s) + ¢,)
x'(5) =2 By cos(y(s) + 4,) —arsin(p(s) + 4] with a=-1p
x''(5) = 2 [(By"'-2ay") cos(w (s) + ¢, )— (' + % + By ) sin(w (s) + )]
=7 [KBsn(y(s)+¢,)]
py"2ay'=py"+f'y'=(Py')=0 = y'=4
a'+y=kB with y=1=2%  Universal choice: I=1!

p'=-"2a

a'=kf -y What are the
initial conditions?

a, [, 7,y are called

Twiss parameters. r
v =_[ L~ ds'
I n' 0 o ‘, B(s")

Georg.Hoffstaetter@Cornell.edu Graduate Accelerator Physics USPAS summer 2023



The phase ellipse

Particles with a common J and different ¢ all lie on an ellipse in phase space:

(xj: m(ﬁ 0 ][simms)wo)

Xpax = 2JP At X'=—a\ |35

(Quadratic form)

I a (L 0
B B | V8 Y yoogx _97J 272
wole 55 o)l S e

75 15

] (Linear transform of a circle)

cos(y/(s) + )

B
x e I=1 is therefore a useful choice!
o B .
OV What B is for x, v is for X’

. B o L _ 2J

- I Xpax =/ 2J7 At X =—a,[%
A =m2 \/% 27Z'J

Area: 277 J — ”ai]d¢ g py g ”dxdx'
i i 00
Graduate Accelerator Physics USPAS summer 2023
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The beam envelope

o(s) =+/2]B(s)

xX(s) = 2JB(s) sy (s) + ¢, )

In any beam there is a distribution of initial parameters. If the
particles with the largest J are distributed in ¢ over all angles,

1 2] 2]
o' =—(kp — V)\/% - “2\/’[; then the envelope of the beam is described by ¢ = \/ijax,B(s).

The initial conditions of B and a are chosen so that this is
2] approximately the case.

3
’ (2])?

5%" Cornell University Ihn'] g Brookhaven The envelope equat|0n G” = —ko + 63
. =) |

i
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The phase space distribution

Often one can fit a Gauss dlstrlbutlon to the particle distribution:
Y X 2 2axx! +,Bx

2¢

p(x,x')=5—e

The equi-density lines are then ellipses. And one
chooses the starting conditions for B and a according
to these ellipses!

sin ¢,
[ j p(J,9,) = 27;5 ’

~ 15 \lm cos g,
27
<1> = 271”3 J ‘J/ngd¢O =1 Initial beam distribution —— initial a, B, y
00
<x2> = .JZJﬂsmglﬁoz edldg, =f —s <x'2> =&y
<xx >=——ff2Jas1nq00 “dldeg, = -

&= \/ (x*)(x*) = (xx')" s called the emittance.

Brookhaven:

National Laboratory
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The normalized emittance

with a = p, /v,
and the beam’s reference
X momentum p,.

Remarks:

The phase space area that a beam fills in (x , @) phase space shrinks
during acceleration by the factor py/p. This area is the emittance «.

The phase space area that a beam fills in (x , p,) phase space is
conserved. This area (divided by mc) is the normalized emittance g,

FE Comnell Universit I"] Brookhaven /ﬂ
°%_&.~ L AN “' »J National Laboratory 7/7"
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Invariant of motion

x(5) = 2JB(s) sin(/(s) + )

Where J and ¢ are given by the starting conditions x, and
X’ 0

0w+ 20000+ e =2J

Leads to the invariant of motion:

Fx,x',s)=y(s)x” +2a(s)xx'+ B(s)x? = <L f=0

It is called the Courant-Snyder invariant.

A x’ x’ A

S

B large C B small
w

A
Y

=Yy

Y '
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Twiss differential equation = usually too hard

o _AL¥iBY _dB'dp
B = B as
p' dp
1+18" W=y p
1+a’ log(1+L ") =log(B/B,)
P B'=2\B1B,~1
ap =ds

/30«//3//30—1 =5-35,

ﬁ(s>=/30(1+(;j°)2)

Georg Hoffstaetter@CorneII edu Graduate Accelerator Physics USPAS summer 2023



Propagation of Twiss parameters

Yo @ |[ Xo _aJ
(xoaxé)) a, P, xo

(x, x)\ &

/—\
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Twiss parameters in a drift

[,6’ —aj_(l sj( B, —aoj(l 0]_[,80—20505'4—7/05‘2 yos—aoj
-a ¥y 0 IN\-a, v, \s 1 VoS —Q Yo
18

B=Fll+(5)'] for oy=0
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Twiss parameters in a thin quadrupole

g LTS T

|8
l a=a,+kp,
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From Twiss parameter to Transfer Marix

m: oy N {smwo)J
x(') _\/0%0 \/,1370 COS(¢0)

m: oy JB 0 sin(w(s>+¢o>]

X' —ﬁ ﬁ cos(y (s)+¢,)
:\/ﬁ\/ﬁ 0 | cosy(s) SiIlW(S)jLSin(éoj
—75 75 \—siny(s) cosy(s) \cosd,

e JB 0 (cosw(s) SiIlW(S)j w0
M(s) = 1 ' R
_ﬁ 75 —smy(s) cosy(s) T Do
( ,/ﬂ%[cosw+ao sin /| \ BB siny ]

,/ﬂlﬁ[(ao —a)cosy —(l+a,a)smy| %[cosw—asinl//]
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Periodic solutions in a periodic accelerator

\vf/
2 4
AN

; N

SN \ AN\ NS TN 778\ SRS 7N
_ AV AY Y \\\V/ A \=
T T T >
0 L 2L §

Z(s) = M(5,0)2(0)

Z(L) = M(L,0)Z(0)

Z(s+L)=M(s)5(s) , M,=M(s+Ls)
Z(s+nL) = My (5)Z(s)
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Periodic beta functions

If the particle distribution in a ring or any other periodic
structure is stable, it is periodic from turn to turn.

p(x,x',s+L)= p(x,x',s)

To be matched to such a beam, the Twiss
parameters a, B, y must be the same after

every turn.

ﬁ%[cosw+a0 sy | B, sy

M(S,O) = 1 . B 1
/W[(ao—a)cosw—(l+aoa)smw] Fleosy —asmy]

cos U+ asin u Psin u a p)\ .
M ,(s) = , , =1cosu+ sin u
—ysin u cosu — osin u -y -

p=y(s+L)=y(s)
* Cornell University !h"{:s P Brookhaven
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One turn matrix to periodic Twiss parameters

The periodic Twiss parameters are the
solution of a nonlinear differential equation
with periodic boundary conditions:

B'=2a with  SB(L) = S(0)
a'=kp—1  with  a(L)=a(0)

Ring or any other
periodic section

Poincare Section

- — —
. z(L)|%
H= I 75y 43 |
0
—1
Note: f3(s) > 0 2084 =2 T, (5)]
o B ﬂ — Mo,u ﬁ

M, (s) =1 inw;p= e
M(s) =1cosu+ Esm‘u ’ E (—)/ —Ot) a = (Mo,n _Mo,zz) 2siLﬂ

Stable beam motion and thus a periodic beta Y = Hg :

function can only exist when |Tr[M]| < 2.
: Cornell University Iﬂ:‘] P Brookhaven
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The tune of a particle accelerator

The betatron phase advance per turn
devided by 2r is called the TUNE.

p=2rv=y(s+L)-y(s)

It is a property of the ring and does not
depend on the azimuth s.

M,(s) =1cosu +( “ A )sinu Z(L))%
=r(s) —als)

2005 p1(s) = Tr[M (s)]= Tr[M (s.0)M ()M " (5.0)]
=Tr[M,(0)]=2cos x(0)

Ring or any other
periodic section

Poincare Section

| x(nL) = x, Bsin nu

o o ¢
o o
) . o o
M, =1cosnu+ psinnu ¢ ~ ® -
- o
T I\ .
iversi 1] Brookhaven °® o
el e !&u‘b */ National Laboratory ®
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