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The quadrupole
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The dipole equation of motion
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d)(LD
!

),0(0 d
!!

=z
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Fodo Cells and periodic dispersion

:&$%/(.-$+.(")%#&'#%.#'+#.%G(#&%>%(.%5'**$/%
𝑫(𝒔)9%#&$%/(.-$+.(")%#&'#%(.%-$+("/(5%()%'%
.$5#(")%(.%5'**$/%𝜼(𝒔).

𝜼(𝒔)
𝜼 𝒔 = 𝜼 𝒔

𝜼$ 𝒔 	, 𝑫 𝒔 = 𝑫 𝒔
𝑫′ 𝒔

𝜼 𝒔 = 𝑴(𝒔) 𝜼𝟎+𝑫 𝒔

𝜼𝟎

80#$+
#&$%;"H"D

𝜼𝟎 = 𝑴(𝒔) 𝜼𝟎+𝑫   è  𝜼𝟎= 𝟏−𝑴 &𝟏 𝑫 

𝟐

𝟏
𝜼𝟎𝑴𝜼𝟎

𝑫
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After an arc of periodic FoDo cells one 
would often like to suppress the dispersion 
to 0 while not changing the betas much 
from the periodic cells. This can be done 
by having one FoDo with bends reduced 
by a factor 𝛼 followed by one reduced by 
(1- 𝛼).

Dispersion suppression by missing bends

𝜼(𝒔)
𝜼𝟎

𝟏

𝜼𝟎𝑴𝜼𝟎

𝑫
𝟐

𝟐

Example: 90 degrees FoDo cell and 𝜶 = 𝟏
𝟐 :

After 1st ½ bend FoDo

𝟏
𝑴𝜼𝟏

𝟐

After 2nd ½ bend FoDo

𝜼𝟏

𝜼𝟏𝑫
𝟐

⇒ 𝜼𝟐≈ 𝟎
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After an arc of periodic FoDo cells one 
would often like to suppress the dispersion 
to 0 while not changing the betas much 
from the periodic cells. This can be done 
by having one FoDo with bends reduced 
by a factor 𝛼 followed by one reduced by 
(1- 𝛼).

Dispersion suppression by missing bends

𝜼(𝒔)
𝜼𝟎

𝟏

𝜼𝟎

𝜼𝒔= 𝑴𝜼𝟎

𝟐

Example: 60 degrees FoDo cell and 𝜶 = 𝟎:

After 1st 0 bend FoDo

𝟏
𝑴𝜼𝟏

𝟐

After 2nd full bend FoDo

⇒ 𝜼𝟐≈ 𝟎

𝜼𝟏

𝑫

𝑫

For every FoDo phase advance there is an 𝛼 to make 𝜂 0.

𝜼𝟏
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After an arc of periodic FoDo cells one 
would often like to suppress the dispersion 
to 0 while not changing the betas much 
from the periodic cells. This can be done 
by having one FoDo with bends reduced 
by a factor 𝛼 followed by one reduced by 
(1- 𝛼).

Dispersion suppression by missing bends

𝜼(𝒔)
𝜼𝟎

𝟏

𝜼𝟎

𝜼𝒔= 𝑴𝜼𝟎

𝟐

For any other FoDo phase advance: is there an 𝜶 ?

After 1st 0 bend FoDo

𝟏
𝑴𝟐 𝜼𝟎

𝟐

After 2nd full bend FoDo

⇒ 𝜼𝟐≈ 𝟎

𝜶𝑫 ? 

(𝟏 − 𝜶)𝑫

For every FoDo phase advance there is an 𝛼 to make 𝜂 0.

𝑴𝜼𝟎

𝜶𝑴𝑫
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Closed orbit in periodic accelerators
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!zco (L) =
cosµ1+ sinµβ −1
2− 2cosµ

ββ̂ sin(−ψ̂)
β̂
β
[cos(−ψ̂)−α sin(−ψ̂)]

⎛
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⎜
⎜
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xco (L) =
1

4sin2 µ
2

ββ̂ [sin(µ −ψ̂)+ sinψ̂]Δκ (ŝ)dŝ
0

L

∫

=
1

2sin µ
2

ββ̂ cos(ψ̂ − µ
2 )Δκ (ŝ)dŝ

0

L

∫

xco (s) =
1

2sin µ
2

[ ββ̂ cos(ψ̂ −ψ − µ
2 )Δκ̂ dŝ

s

L

∫ + ββ̂ cos(ψ̂ −ψ + µ
2 )Δκ̂ dŝ

0
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∫
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2sin µ
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β̂ cos(|ψ̂ −ψ |− µ
2 )Δκ̂ dŝ
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Closed orbit in periodic accelerators

𝐬𝐢𝐧 𝝍 −
𝝁
𝟐

+
𝝁
𝟐

− 𝐬𝐢𝐧 (𝝍 −
𝝁
𝟐
) −
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xco (sk ) = Δϑ k

βk
2 tan µ

2

x 'co (sk )− x 'co (sk + L) = Δϑ k

−sin(− µ
2 )+ sin(

µ
2 )

2sin µ
2

= Δϑ k

;+$$%@$#'#+")%".5(**'#(")

xco (s) = Δϑ k

ββk
2sin µ

2

cos(ψ −ψk −
µ
2 )

xco (s) = 2Jβ sin(ψ +ϕ0 ) , J =
Δϑ k

2βk
8sin2 µ

2

s < sk :ϕ0 =
π
2 −ψk +

µ
2 , s > sk :ϕ0 =

π
2 −ψk −

µ
2
?&'.$%Y32-%@6%µ

Closed orbit for one kick

𝑥/01 = 2𝐽𝛽
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Closed orbit for one kick
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Closed orbit correction in periodic accelerators
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Periodic dispersion
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Periodic dispersion integral
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Qadrupole errors in one-pass accelerators
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Δψ = −
Δβ
2β
tanψ

M (s)=
... β0β sin !ψ

... β0
β
[cos !ψ −α sin !ψ]

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

ΔM (s, ŝ) = −Δkl(ŝ)
β̂β sinψ 0

β̂
β
[cosψ −α sinψ] 0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
, ψ =ψ(s)−ψ(ŝ)

=

1
2
Δβ[cosψ+α̂ sinψ ]+Δψβ[α̂ cosψ−sinψ ]

β̂β
β̂

Δβ
2
sinψ+Δψβ cosψ

β( )
! !

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1
2 Δβ cosψ +

1
2 Δβ

sin2ψ
cosψ =

1
2 Δβ

1
cosψ = −Δkl(ŝ)ββ̂ sinψ

Δβ = −Δkl(ŝ)ββ̂ sin 2ψ Δψ = Δkl(ŝ)β̂ 1
2 (1− cos2ψ)

Qadrupole errors and Twiss in one pass accelerators



!"#$%&'#(()*+"**"$,-#$."//&"01222222222222222!$+01+*"2344"/"$+*#$2567)84)2222222222229:53:2)1;;"$2<=<>

Q"+$%0"53.()4%'*G'6.%()5+$'.$.%#&$%#3)$

P$#'%@$'#%".5(**'#$.%#G(5$%'.%0'.#%'.%"+@(#7

Δψ = Δkl jβ j sin
2(ψ −ψ j )

Δβ
β

= −Δkl jβ j sin(2[ψ −ψ j ])

!"#(5$%#&$%.$*0%5").(.#$)56D%Δ𝜓 = ∫)
* %

2$342$
− %

2$
𝑑�̂� = −∫)

* 42$
2$!
𝑑�̂� = −∫)

* 42$
2$
𝑑 F𝜓

Δα = −
Δβ '
2

= Δkl jβ j[cos(2[ψ −ψ j ])−α sin(2[ψ −ψ j ])]

Twiss changes in one-pass accelerators

Δkl jβ j( )
2
= [ Δβ

β

⎛

⎝
⎜

⎞

⎠
⎟

2

+ Δα −α
Δβ
β

⎛

⎝
⎜

⎞

⎠
⎟

2

]

Δ𝛽
𝛽

𝛽Δ𝛼 − 𝛼Δ𝛽
𝛽

= Δ𝑘𝑙5	𝛽5
sin(2[𝜓 −𝜓5])
cos(2[𝜓 −𝜓5])
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Δψ = Δkl jβ j 12 [1− cos(2[ψ −ψ j ])
j
∑ ]Δβ

β
= − Δkl jβ j sin(2[ψ −ψ j ])

j
∑

Twiss correction in one-pass accelerators
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cos(µ +Δµ) = 1
2 Tr[M 0 (s j )+ΔM 0 (s j )] ≈ cosµ −Δµ sinµ

= 1
2 Tr[

1 0
−Δkl j 1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

cosµ +α j sinµ β j sinµ

−γ j sinµ cosµ −α j sinµ

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟]

= cosµ − 1
2 Δkl jβ j sinµ

Δµ = 1
2 Δkl jβ j

Quadruple errors and the tune
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Δ𝑥 𝑠 = Δ𝜗 𝛽 3𝛽sin(𝜓 − 9𝜓) Δ𝑥/0 𝑠 =
Δ𝜗 𝛽 3𝛽

sin(𝜇2)
cos(|𝜓 − 9𝜓 −

𝜇
2
)

Δ𝛽
𝛽
= −Δ𝑘𝑙 3𝛽sin(2(𝜓 − 9𝜓))

Δ𝛽
𝛽 = −

Δ𝑘𝑙 3𝛽
2 sin 𝜇 cos(2|𝜓 − 9𝜓| − 𝜇)

Quadruple errors and periodic beta function


