The drift

a
O . . . '
Note that in nonlinear expansion x # a
b so that the drift does not have a linear
b' 0 transport map even though x(s) =X, + x(')S
0 is completely linear.

0

.
5!

X X, +sa, 1

a a 0 Q Q

y Y, + b 1 s ~
_| 2o 0 |_ 0 0 |7

b b, 0 1

T 7 0 0 10

- -0 1
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The quadrupole

x'=—xk

y'= yk

cos(Wks)  Lsin(Vk )
Mool k sin(\/% s) cos(\/z s)
- 0 cosh(vk s)  —Lsinh(vk s)
) Jksinh(vks)  cosh(vk s)

As for a drift, the energy does not change, i.e. § = §,.
The time of flight only depends on energy, i.e. T = 7 + M56 6.

1S

For k<0 one has to take into account that

cos(\/% §) = cosh(\/w s), sin(\/% s)= isinh(\/w S)
cosh(\/% s)= cos(\/m s), sinh(\/% S)=1i sin(\/w s)

* %"5 Cornell University I&" ] o Brookhaven
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Variation of constants

Z=/(s)
Z =L(s)Z+ A]?(E,S) Field errors, nonlinear fields, etc can lead to A]?(E,S)

2, =L()Z, = Z,()=M(s)Z,, with M (s)d=L(s)M(s)a

)= M()(s) = Z(5)= M ()i + M) () = L(s)2 + AT (Z.)
(5) =2, + [ M7 DN ). s
2(6) = M<s>{zo M ON . dﬁ}

— EH (S) + IM(S _ §)A]7(2(§)’§) ds Perturbations are propagate(,:l
fromstos

ational Laboratory
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The dipole equation of motion

Off enerqgy particle

¢—dx'=%ds/p=¢(1—%)

ds
p
¢ =ds/p
n__ 1dp _1dpE ¢ _ 1 1
-)X_pp pdEp5 pB26
' 2 _ K ] _l x,=
X' +xK —325 with =2 or g ——Kx+BZ5

st =0 = (3) = (9009 0 () o ()

—k sin(ks) cos(ks)

(x) M(s) jM(S—() O _j ism(;cs) d(—(S (1—cos(rcs)) 5
X ﬁ 0 p? ,32

GE; Cornell University I&ul.s P Brookhaven
g \AA4 b

cos(ks) sin(ks)
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The dipole transport matrix

=<

* Cornell University I&u‘s o NB r_D okhaven

cos(k )

— K sin(k )

0

—sin(xs) &~

0

(for g =1)

: . ds
ds ]
p r— _X1E_ _x1 _ K
> PV Do p B* g

Lsin(x s) 0 x '[l—cos(xs)]
cos(k ) B 0 sin(x s)

1

0
0 0
[cos(x s)—1] 0 1 & '[sin(x s)—sk] | +——
0 -0 1

ational Laboratory

S
M56 —_ _Kj M16dS
0
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The combined function bend

X'=—x (x> +k)+ 5k
H/_J
M 0 0D K Options:
- - y'=yk , t'=—Kkx For k>0:
Mg=0 My 0 focusing in x, defocusing in y.
T 0 M. For k<0, K<0:
defocusing in x, focusing in y.
y | cosWKs) o esin(VK ) For k<0, K>0;
R \/ES]II(\/ES) COS(\/E 5) weak focusing in both planes.

M, :( cosh(\/z s) ﬁsinh(\/% S))

Vi sinh(Wk s)  cosh(Vk s) s
- %[l—cos(\/Es)] M, = ! _Kj;) Myeds
| =sin(VKs) 0 1

T from symplecticity

* Cornell University I&u‘s o Brookhaven
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Thin lens approximation

P T~

Z(s)=M(s)Z, = D)D" ($M(s)D" (D)3,

Drift. Mgy (s)=D" ()M ()D ™ (3)=1

4 Cornell University s"rg o Brookhaven
QLYY
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The thin lens quadrupole

g (S):(l —;j cos(Vks)  sin(Vks) (1 —;j
T 0 1 \—Vksin(Wks) cos(vks) \0O 1

1 ==Y 1 s\ =2} (1 =Y 1 =
o 1 ks 1fo 1 )l0 1 ks 148

Weak magnet limit: /fs << 1 MY (5)~ ( 1 Oj
—— quad,x ~

—ks 1
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The thin lens dipole

(/128
N
5y e

cos(ks)  Lsin(xs) 0 x '[1-cos(ks)]
—xsin(ks) cos(ks) -0 sin(x s)
1 s
M = 0 0
0 1
—sin(xs) & '[cos(xs)—1] 0 1 0
0 0 h 0 1
Weak magnet limit: x5 << 1
1 0O 0 O
thin ) ) —k’s 1 0 «s
Mbend,xr (S) — Q(_ E)A_lbend,xr Q(_ E) ~
—xs 0 1 O
0 0 0 1
() Cornell University s.'{:s o Brookhaven
< National Laboratory
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The thin lens combined function bend

Ol
— @l

S
Il

N 1o |§

f=) |§ =)

Weak magnet limit: ks << 1

cos(vK s) #sin(\/g s) - 1 0
' —\/Esin(\/f s) COS(\/ES) M. = J

cosh(vk s) = sinh(+/k s) hin 1 Oj
M Te —_— _
" \Vksinh(Wks) cosh(Vk s) J =

B £- cos(rs) [):[O]
sm(rs) kS

: Cornell University S ‘b B rD letha VtE D
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Edge focusing

Top view :

Fringe field has a horizontal
field component!

tan(e) NPT - - o

Jo,
ytan(e) =0 B ‘ ytan(g)
y=0 s y=0

Horizontal focusing with Ax'= —x

B,=0,B,

y'==10,8B, ‘yzo ytan(g)

Extra bending focuses!

\ " tan(e
Ay:jy ds == B ytan(e) =y (£) i 0 0 0
Quadrupole effect with _ tan(e)
tan(¢) zZ= > 00 Z
kl = 0 0 1 0"
= 0 0 =@
P

National Laboratory
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Orbit distortions for a one-pass accelerator

x'=a The extra force can for example come
) from an erroneous dipole field or from a
a'=—(k"+k)x+Af correction coil:  Af = iABy — AK
p

A

Variation of constants:  z = Mz, + Az with Az = IM(S —3*)( 0 ) j S
7 Ak (s)

Ax(s)= S AI BB, sinw(s)—y,)

* Cornell University Ih" ] o Brookhaven
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Orbit correction for a one-pass accelerator

When the closed orbit X:gd (Sm) is measured at beam position monitors
(BPMs, index m) and is influenced by corrector magnets (index k), then the
monitor readings before and after changing the kick angles created in the
correctors by AQk are related by

xél:W(Sm):x(?gd(Sm)+zA9k \/IBmIBk Sm(l)”m_l)”k) \/ \/
k

< L
= x3(s,)+ Y 0, A, W

= —old Q
Xo =X, +0A9

Cco

= — »
AY =-0 X2 = =0

CO

It is often better not to try to correct the closed orbit at the the BPMs to zero in this way since

computation of the inverse can be numerically unstable, so that small errors in the old
closed orbit measurement lead to a large error in the corrector coil settings.

A zero orbit at all BPMs can be a bad orbit in-between BPMs

* %?5 Cornell University Ih” ] o Brookhaven
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Dispersion of one-pass accelerators

'

X=d

a'=—(x* +k)x+ K5

S 0
F=MZ,+[M(s=5) . |d§
" 5k (8)

=3 D(s)zjz\l(s—ﬁ)( OA ]ds' bb)o

K(s)

AK = 0K

- — . o Alternatively, one can multiply
D(s) =+ ﬁ(S)fK(S)\/ B(s)sin(y(s) —y(s))ds the 6x6 matrices and take
0

D(s) = M14(s)

Cornell University | " ‘ ) Brookhaven:
s “,‘ JLI National Laboratory
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Fodo Cells and periodic dispersion

Alternating gradients allow focusing in AN
both transverse plains. Therefore, A—/[O — MFODO
focusing and defocusing quadrupoles are
usually alternated and interleaved with

bending magnets.
12 6

The periodic beta function and dispersion
for each FODO is also periodic for an
accelerator section that consists of many
FODO cells. Often large sections of an
accelerator consist of FODOs.

10

B [m]
. - - D(s)
No S =(n,(s)),Ds =( ' )
g 1 (s) = M(s) Tjo+ D (5)
2 4 — -1 —
After  Tio= M(s)Tio+D P To=(1-M) D
0 T T T T T 0
0 12 3 4y 6 the FoDo:
I B W S A =
QF B QD B QF D
The dispersion that starts with 0 is called \ o
D(s), the dispersion that is periodic in a M 10 No
section is called n(s). 1
* Cornell University !h"{:s o NBaI"c-iculngllf_l;lb?xteugw 2
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Dispersion suppression by missing bends

After an arc of periodic FoDo cells one Example: 90 degrees FoDo cell and a = 1.
would often like to suppress the dispersion D 2
to 0 while not changing the betas much —

2 After 1t %2 bend FoDo

from the periodic cells. This can be done
by having one FoDo with bends reduced
by a factor «a followed by one reduced by

(1- a).
770 12 6 :
1
10 B, n(s) [3 -5
B [m] ’
8 -

After 2 %, bend FoDo

6 -

—

2
B N1
2

2

4_

24

¢ 1 2 3 aymp ¢ M,
N EEN I EE
QF B B QF

QD
* Cornell University I&u‘s o Brookhaven
AA4 b
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Dispersion suppression by missing bends

After an arc of periodic FoDo cells one Example: 60 degrees FoDo cell and a = 0:
would often like to suppress the dispersion
to 0 while not changing the betas much

from the periodic cells. This can be done 3

After 15t 0 bend FoDo

=
%}
I
IS
Sl 3
/Sl

by having one FoDo with bends reduced
by a factor «a followed by one reduced by
(1- a). \| 1o
No , o :1
10 4 ﬁx n(s) [32 L5 2

B [m]
8 4

6 -

4_

2+ I \ = ﬁzz 0
0 . . : : : 0 M’h >
0 1 2 3 4S[m]5 6

N DS W s 1
QF B B QF 2

QD
) cometitnsensy mj‘s SOy or every FoDo phase advance there is an a to make 7 0.
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Dispersion suppression by missing bends

After an arc of periodic FoDo cells one For any other FoDo phase advance: is there an a ?
would often like to suppress the dispersion )
to 0 while not changing the betas much _, Atter 150 bend FoDo

from the periodic cells. This can be done
by having one FoDo with bends reduced

by a factor «a followed by one reduced by
(1- a).

No ,

10 A ﬁx n (S) FS
B [m]
8

"
-
.....
-
.....
»
.....
L

6 -

9
-
.....
-
L
L
.
.....
e,

4_

24 = 7_1)2~0
0 T T : : : 0 >
0 1 2 3 4S[m]5 6

I DS I a0 1
QF B QD B QF 2

) cometitnsensy mj‘b SOy or every FoDo phase advance there is an a to make 7 0.

National Laboratory

Georg.Hoffstaetter@Cornell.edu Graduate Accelerator Physics USPAS summer 2023



Closed orbit in periodic accelerators

x'=a The extra force can for example come
) from an erroneous dipole field or from a
a'=—(k"+k)x+Af correction coil:  Af = iABy = AK
p
S

0
Variation of constants:  z = Mz, + Az with Az = IM(S —3) ) jdﬁ*
7 Ak (s)

L
For the periodic or closed orbit:  z =Mz +M0IM_1 (S) 0 ds
© e Ak (S)
z7 = [M_1 1]_1jM_1(§) 0 ds
o B0 S b AK(S)

AK(S)ds

~ (cosu—1)1+sinuéj —\/%sinlif
(cosu—1)" +sin’ u ¥, \/é[cosz/3+asim,7}]

* Cornell University I&u‘s o Brookhaven
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Closed orbit in periodic accelerators
5 (1)- cosul+sinuf -1 f | /3/9151“(—1//)  |ak@)ds
2-2cosu | [E[cos(~ih) - axsin(-)]
| N ~ gn
x (L)= 4sinzﬂfM[sm(u—wﬁsmw]AK(s)ds —
i 2L0 _ sin((tp—g)+g>—sin((tp—g)—§)
- VBB cos(-Dak(B)ds |
2 0
1 L — R . K — R .
X, ()= 5= [ [ BB cos -y~ 2)ARdS + [\ BB cos(th—p+£)AR s
7 s 0
B ¢ [ - s
= 2;/;5{\/ECOS(|¢—’P|—%)AKGIS

y ] Brookhaven

National Laboratory
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Closed orbit for one kick

X dipole error

ideal orbit

: distorted orbit /
\ BB
f - x (5)=A0 Y- kCOS(‘I/J—I/J‘—ﬂ
N T *2sinf 0
( ) A ,/[g’k Free betatron oscillation
x (s )=
I ““co Nk k 2tan%

—sin(-4) +sin(%)

x' (s,)=-x'_(s +L)=A0, =AU,

ZSin%

I Xmax = 2],8 - 3
— . A2 The oscillation amplitude J
xco (S) = 2Jﬁ Sm('/f + ¢0) ’ J = kﬂ

—2k diverges when the tune v is close
8sin” £ to an integer.

s<s8, @, =%Z-y +5 , s>s5, :¢,=Z-y -4 Phasejumpbyp

* Cornell University I&u ] o Brookhaven
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Closed orbit for one kick

Free betatron oscillation R 1 0
' X p x
C @::)(%Z 5@
o ' . VB
-0 F

|
I
|
AZco+ /2 I
|
B | X

Ay, 2B

A =T

A

Y

N

AZo- : —~
Z " (xn ) \/E cos(—)

S m(ﬂ) +sm(—

A9y,

nt) (—— -y )
( =)= kl)
: Cornell University Is‘{.s P Brookhaven ani sin (%) % e

National Laboratory
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=

Georg.Hoffstaetter@Cornell.edu Graduate Accelerator Physics USPAS summer 2023



Closed orbit correction in periodic accelerators

When the closed orbit X:gd (Sm) is measured at beam position monitors
(BPMs, index m) and is influenced by corrector magnets (index k), then the

monitor readings before and after changing the kick angles created in the
correctors by A9 are related by

e (S ) x01d (S ) + ZAS fmﬂuk COS(‘W]{ Zm‘ ) \/ (Y%

=x2(s, )+ZomkA9 \

L

—new __ —old
=XM1 0N

1 -
ASG :—Q xcogd = X™ =0 xco(S)

CcOo

It is often better not to try to correct the i
closed orbit at the the BPMs to zero in this way since

computation of the inverse can be numerically unstable, so that small errors in the
old closed orbit measurement lead to a large error in the corrector coil settings.

A zero orbit at all BPMs can be a bad orbit inbetween BPMs

: Cornell University I," ] o Brookhaven
o QLYY
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Periodic dispersion

(&) Cornell University ” ] Brookhaven
e o :
A “! I National Laboratory

—

M, Z,+D(L)5) (M, 0 D)
Mo = 7" 1 M, |0
5 0" 0 1 |\o

The periodic orbit for particles with relative
energy deviation o is

Poincare Section

. . 7(s)
7(0)=M77(0)+D(L)  7#(L)=M,ij0)+D(L) with 7(L)=7(0)
U

=N —T1_ -1 Particles with energy deviation o oscillates
1(0)=[1-M,(0)]" D(L) around this periodic orbit.

Z=Zz,+o0n
Z,(L)+67j(L) = Z(L) = M (Z(0) + D(L)S = M ,[Z ,(0) + 577(0)]+ D(L)5
- Mofﬁigﬁgﬁ(L)
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Periodic dispersion integral

x'=a

a'=—(x" +k)x+x6

L S 0 .

z:]\_420+"-]\_4(s—s) _|ds
0K (S)

0
— D(L)= j M(L- S)[K‘(S)j !

AK = 0K
77(5) iﬁ? §K(S)»\/ﬂ(S) COS(‘(//(S) W(S)‘ )d§ 77(5)

* %?5 Cornell University s rb B rD okhaven
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Qadrupole errors in one-pass accelerators

2'= L(s)Z + Af (Z,5)

Z(s)=Z, (s)+ jM(s,ﬁ)Af(z, §)ds ~ 7, (s)+ jM(s,ﬁ)Af(zH,ﬁ) ds

B a ~ 0 0 x
= +h)x) \Ak(s) 0 )a

M(§,O)d§}2’0

X'= (" +k)x—Ak(s)x = (

x'
a!
_ S . 0
Z(s) = {M@) - M(s,s)( AGE) O

One quadrupole error:

AM(S9§)=_M(S9§)( Ak?(&) 8)

* Cornell University I&u‘s o Brookhaven
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Qadrupole errors and Twiss in one pass accelerators

0 0] M (5= \/[3’(7531111,0

AKI(5) 0

Wsinw 0

\/%[coszp—asinl/}] 0

AM(S,S):_M(Svs)( @[COSI/D—OCSiI“/}]
B

AM((s,5) = —Akl(5) Y =Y(s)-Y(s)

= JBp B

TABcosy +1AB S:ES;/’ 1A[5$=—Akl(§)/}’/§sinw Aw=—%tanw

A/a’ = —Akl(§)/g’[3 sin2y| | Ay = Akl(&)/}é(l — cos21)

%A/J)[COS Y+asiny [+Ayp[ acosy—siny | /[3, ( %sin Y+Aypcosy )
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Twiss changes in one-pass accelerators

)
Ay = Akl jﬁ ;81n (Yy-vy j) —— More focusing always increases the tune

Ap

—=-Akl B sin(2[y~y,])| — Beta beat oscillates twice as fast as orbit.

Notice the self consistency: Ay = f (,B+A[>’ ;) ds = ;%—§d§ = — f;%dlﬁ
A
A== - kL eos(2y - ) - asin(y -y, D]
Ap

B _ sin(2[y — ¥;])
PAa — aAp = Akl B (COS(Z[I/) ¢J]D>

p

o {8 ]

Cornell University S l‘b = rD okhaven
%5 National Laboratory
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Twiss correction in one-pass accelerators

% = -E AKL B sin(2[y -y,]) Ay = EAkl B 3[1=cos2[y -y, ])]

J

When beta functions and betatron phases have been
measured at many places, quadrupoles can be changed
with these formulas to correct the Twiss errors.

National Laboratory
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Quadruple errors and the tune

cos(u+Au) = %TI‘[MO(S].)+AMO(S].)] ~Ccosu—Ausinu

1 0 cosu+a, sin u [a’j sin u

~Akl, 1 ~y, sinu cosp—o sinu

Tr[ ]

1
2

=COS U — %Aklj/a’j sin u

Au = %Akl}.[a’j

Oscillation frequencies can be measured relatively easily and
accurately.

Measurement of beta function: Change k and measure tune.

National Laboratory
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Quadruple errors and periodic beta function

One pass accelerators: Periodic accelerators:
A R Aﬁ,/ﬁﬁ
Mx(s) = 89 BRSING) = B) T arey(s) = —Vocos(i — i~ )
sin(f) .
AB - s AklB e
7 = AkIBsin(2(y — ) 3 = " Zsin(n) cos(2[p — | — )
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