Energy dependent Twiss parameters

Natural Chromaticity: ¢, = —aux/a(s $y = —auy/a(s

1 . 1
Mty = 5 AKIB, — Ou 35 = — j k(s)B,(s) ds
1 . 1 L
Apy, = EAkl,By — oy, /06 = Ej k(s)By(s)ds
0

The periodic beta functions will similarly depend on energy.

4 Cornell University \hu‘b ) NB |;D letha VtE I'J

Georg.Hoffstaetter@Cornell.edu Graduate Accelerator Physics USPAS summer 2023



Sextupoles (revisited)

. \3 3 2 s S 2xy
y =Y Im{(x-iy)"}=%,-(y"-3x"y) = B=-Vy=Y,3 X =y
C3 Symmetry
Sextupole fields hardly influence the

® particles close to the center, where one
@ @ can linearize in x andy.

In linear approximation a by Ax shifted
sextupole has a quadrupole field.

s Xy
B=-Vy =Y, 3 ( 2 zj When Ax depends on the energy, one can
build an energy dependent quadrupole.

a 2
B~Y, 3( o 2)+6‘I’3Ax[i:j+0(Ax2) : =%3!1p3 = k, = k,Ax

S

: Cornell University Ih" ] o Brookhaven
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Chromaticity and its correction

Chromaticity § = energy dependence of the tune v(d)=v+ % o+ ..

— Wi s
=<5 with v=5

T

Natural chromaticity &, = energy dependence of the tune due to quadrupoles only

R [AOIO% e JAGIO

Particles with energy difference oscillate around the periodic dispersion leading
to a quadrupole effect in sextupoles that also shifts the tune:

1 . 1 .
E = E§'Bx(_kl +1.k,)ds G, = E§ﬂy(kl =17,k )ds

National Laboratory

.. Typic ﬂ'jlirbl NCIEEIGEERY: is chosen to be slightly positive, between 0 and 3.

J
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Chromatic beta beat minimization

Chromatic beta beat is mostly created by the strongest quadrupoles, it can be
influenced by sextupoles, under the provision that these on average still correct
the chromaticity.

ap _
do

Bkl =k, m)Bsin(2|y - | - )

Periodic accelerators:

B B
do 2sinu

(k! =, 1)Bcos(2|w — | - )

Sextupoles are used to compensate the chromaticity.

Several sextupoles are used to have their average compensate the
chromaticity but have their regional variation compensate the chromatic beta
beat on average and at critical sections, e.g. interaction points.

National Laboratory
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Single resonance model

x"=-Kx+Af (x,y,s)

4 J = ZmHnm (J)sin(nG+mo+¥, (J))

n’m:—w
[00]

L p=0+0, ZHnm(J)cos(n.9+mgo+\an(J))
Strong deviation frozm: J = JO , O=0DI+ ®,
Occur when there is coherence between the

perturbation and the phase space rotation: 7+ m%go ~0

Resonance condition: tune is rational |n+m v =0

On resonance the integral would increases indefinitely !
Neglecting all but the most important term

H(p,J,$)=vJ+H,(J)+H, (J)cos(n3+mp+¥ (J))

* %"5 Cornell University I&" ] o Brookhaven

National Laboratory
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Sum and difference resonances

n+muo_ + m,, = 0 means that oscillations in y can drive oscillations in x in
x"'==Kx+Af (x,,5)

The resonance term in the Hamiltonian then changes only slowly:

H($,J,9)=0-J +Hy,(J)+ H,; (J)cos(nI+ii- g+, (J))
4 5=0,H |, %J -0,H

J=in-J

JL=mey—mny=r71><J = %J¢=O

Difference resonances lead to stable motion since:

n+|mx |Ux—|my |Uy ~ (0 =) |my|]x+ |my| ], = const

Sum resonances lead to unstable motion since:

n+ | m., y |Uy ~0= |my| Jx— Imy| J,, = const

: Cornell University I' u ] o Brookhaven
o QY.
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Common reasons for working points

(1) Avoid resonances 7 + mu. + mu, = 0
| | AB AKB
(2) +/- Colliders: be above a half integer to squeze the beam size — = ———
2tan u
(3) Polarized beams: close to integer Vv

B o) 7 A vl |\
g o W U O B e, i it B o

(4) Where the loss rate is smallest

- a2 o e : 5
4SS gis R IR TR i i N L
0.8 [=iiss . ‘ :
- BRI P
p TR e

[
185

o, vy 7 o R B 7 —
Ry L A 2k SRR
AN 7 1 I
= 2 f 0 3
= ! B S Y S R N s ;
§7 /-

0.4 R I
- R s ) ;

0.2
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Resonance diagram and choosing the tune

n+muo_+ m,, = 0 means that oscillations in y can drive oscillations in x in

x'=—Kx+Af (x,,5)

All these resonances have to be
avoided by their respective
resonance width.

& ’ SN L

[l N
AT U

S S wd RV on Eri) IS
e i A

The position of an accelerator
e in the tune plane s called its
Bh: Working Point.

o 2 T ol - — . — - — —tir “ S - =

«%A 1 DR P v g e AT

R P i o o e A

N E 3 AL AN o o S o

\ oSN Py i B T N s oY
S AT L7 = j 2 4
6 A P NN A AT Sy
N v X \ S p 7 e

! & AN ; A“»-‘ - |

B itz
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Perturbations

e o)

x]:m(ﬁ ?J[smwmo)]:@m
a ~F T cos(y +¢,) -

This would be a solution with constant J and ¢ when Af=0.

Variation of constants: \/7
0 b s 0
A ﬁ%( 1 “JS_(AJ’)

]
Jo (0 1. (o) . [z O
\/ES+\/§¢0(_1 OjS—ﬁ (Afj with _[j% \/E}

T costw+ gBAS . N2T dy'=—sin(y + gy WA

N2J
* Cornell University !hu‘s B rD Dh_hba VtE D
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Simplification of linear motion

VB B

(xj:m[ﬁ OJ(sin(t//Jr%)j =0 K

5 75 \cos(y +¢y) %'=0

= T \cos(y —ut+p)

(xj:\E[\/ﬁ Oj[sin(w—ﬂzw)j _ J=0

l/7 =Y —-—UT= rl/7(S +L)= W(S) Corresponds to Floquet’ s Theorem

* Cornell University I u ] ] Brookhaven
s “" I National Laboratory
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Quasi-periodic perturbation

* Cornell University I u ] ] Brookhaven
s “" I National Laboratory

G =cos(y +$)N2IBAf , ¢'=—sin(y +d ) LA
P=yY-Us, @=Us+e,
> 1= cos(F+ Q)W2IBAF . @'= pt—sin( + ) LAf

New independent variable 9 =2 S

LT =cos(F+ON2IBA £ . p=v-sin(+ o) LAf £

Af (x) = A (Y2J B sin(y/ + )

The perturbations are 2r periodic in ¢ and in ¢
¢ is approximately @ = U -9

For irrational v, the perturbations are quasi-periodic.
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Tune shift with amplitude

5T =cosW+ oW L . s p=v=sin@+ o)L A
HO=0,H , HJ=-0,H , H®J9)=0 J~k[d(%s)di
0

The motion remains Hamiltonian in the perturbed coordinates !

0.4} ot
L

not depend on@,s = Tune shift ; “"*-
The effect of other terms tends to average out. o] =, -7 PN

If there is a partin O,/ that does w0 =0.0525

>
"\

o
T T

P -, ~3-0,(H) ()

-0.2
v(J)=v+0,(AH) (J)
9
P> 0.4
__ I"] >y Brookhaven ©0.25 0 0.5 0.5 0.75 1 1.25
R “!‘ | National Laboratory
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Shift examples

H(p,J)=v-J —L jAf(x s)di ., Av(J)=d,(AH)
Quadrupole:|Af = —Ak x

AH == Ak L x? = = Ak JBsin’ (7 + @)

0,9

J

47

2 L
(AH) = jAkﬂd&Lﬁszkﬂds—: Av = § Akp ds
0

2

Sextupole: Af =—k,Lx

1
2
AH =k, 3l =Lk, 5+2JpB sm (W + )

(AH) ,=0 = [Av=0
Octupole: f:_k3% 3
=L k3$x =L k3 L(JB)? sin* (¥ + )

<2i4(ei¢ _e—i¢)4>(p =|Av =Jﬁ§k3,52ds

— 3!27z

S o)

/B8 . .
iz Cornell University
b"asnnf.
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Nonlinear resonances

4 J =cos( + @) 2JBAf £, f—3¢=v—sin(ﬁ+¢)\/%Af%
Lo=0,H , LJ=-0,H , H(p.J.H=0-J-L[Af(%5)d
0

The effect of the perturbation is especially strong when

cos(7 + @)W BAf or sin(F + )\ BAf

has contributions that hardly change, i.e. the change of

\ BDAS (x(9),9) is in resonance with the rotation angle @(:%) .

Periodicity allows Fourier expansion:

H(p,J,9) = ZH (J)etermel Z (J)cos(n3+me+¥, (J))

n,m=—o0 n,m=—0

H,(J)= <H((0,J S)> — Tune shift Choosing: W,(J) =0
* Cornell University !h"{:s BrD Dll'f_hbaVFI'J
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Nonlinear motion

Sextupoles cause nonlinear dynamics, which can be chaotic and unstable.

x,) kL (0O JB 0%,

2

o

rrxn

X,
X'

X0 | [ cosu sinu j kzl\/7

\ .

x' X 2 | x

n+l n n

x' —sinu  cosu
1— ' —CcosZ
: cosu  sinu | cos% | .,
: . X
—sing 1-cosu 28“% sin% [/
H
2 A
AR A —l AD ~y2 1 4 tan2 2
) X=X, +Ax Jf—z(xf+xf)—2ﬂ3(kzls Cos2,)
2
cosu sinu\( Ax, 0

. A kls 3 AD ~
—siny cosp |\ AX', ) | 3 B*Ax; —4tan 5 Ax,

y ] Brookhaven

National Laboratory
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Dynamic aperture (e.g., close to integer tunes)

Ax
A - . ~ o 3 i L.
AR ) \=sing cosu (AR ) |2 BAR> —4tan £ AR,

- cospu sinpu [ Ax, 0

Ax,., ) [ cosu+4sinputans sinp | ([ Ax, 0
AX' —sin y+4cosutans cosu

Example of one sextupole: _
ITr[M]=1-2sin’ £ +4sin° &£ =1+2sin* £ =1 |

FoE, .
0.2 | Tiga T

The additional fixed point is unstable !

Cornell University Iﬂjl ,’ Brookhaven -0.25 0 0.5 0.5 0.75 1 1.25
A | ’

National Laboratory
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Sextupole Aperture

If the chormaticity is corrected by a single sextupole’}

1
éx - éOx +—18x77xk2l ~ O
4r

tan% inZ

_ 1 4 2 1 (n 8 2 o
Jf _ 28 (k2ls cos”) T 2p (fo” co 22‘2‘) 4

Often the dynamic aperture is much smaller
than the fixed point indicates !

=03
N
When many sextupoles are used: Sox T 4—,3x77xk21 ~ 0
T
The sum of all k,2 is then reduced to about Z (kzlﬂ)2 R N(kzl,ﬁ’)2 R ﬁ(%’” &, )2

The dynamic aperture is therefore greatly
increased when distributed sextupoles are used.

Cornell University Ih" ] P Brookhaven:
CLYE
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N
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Sextupole extraction

-4}

-6}

—2t 5 (; 2 "5 5’ 7 .r5 er - O ]_.O 2’0 32) 4’0 52)
Due to the narrow region of unstable trajectories, sextupoles are used for slow
particle extraction at a tune of 1/3.

The intersection of stable and unstable manifolds is a certain indication of chaos.

National Laboratory
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