Homoclinic points

At instable fixed points, there is a and an instabile invariant curve.

Intersections of these curves (homoclinic points) lead to chaos.
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Hyperion: rotation around the vertical
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On the path from Rotation to around the
Is a strong chaotic region.
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Tilt of the earth
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Single resonance model

4 J= ZmHnm(J)sin(n9+mg0+‘1’nm(J))

n,Mm=—00

Lp=0+0, Y H,,())cos(n8+mp+¥,,())

n,m=—o0

Strong deviation from: J=J,, @=08+¢,
Occur when there is coherence between the
perturbation and the phase space rotation:. n-+m %(p ~ 0

Resonance condition: tune is rational |n+m =0

On resonance the integral would increases indefinitely !
Neglecting all but the most important term

H(p,J,$)=vJ+H,(J)+H, (J)cos(n3+mp+¥ (J))
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Fixed points

<= J=mH _(J)sin(n3+me+¥, (J))
L o=v+Av(J)+0,[H, (J)cos(n3+mp+¥, (J))]
O=LnS+me+¥ (J)], d=v+%

4 J=mH, (J)sinf(m®) , Ld=5+Av(J)+H, (J)cos(m®D)

H(®,J,0)=8J +H, (J)+H_(J)cos(m®d)

Fixed points: 45 J =mH,, (J,)sin(m®,)=0 = D =7
|f5+AU(Jf)iH;m(Jf): 0 has a solution.

AT =2’ H,(J)AD . LAD=[AV(J )L H,, ()N

Stable fixd point for: H, (]f)[Hnm (]f) + AU'(Jf)] <0
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Third integer resonances

Sortpole |of = ho g
AH =Lk, k2 =Lk, 52 sin’ (7 + )
= = ky 527 [sin(3[i7 + 1)+ 3sin(i7 + )]
Simplification: one sextupole  k,($) = k,0(3) =k, 5= icos(n 9)

n=—~00

AH =Lk, <7278 Lcos(-nO+3¢+3p —Z) +... f

~ L

AH = 4, JJ 3 cos(3D)

O\

\

)&i.

—0 L, 2
O, =0,37,57, --}(Df=é72',72',§ﬂ'

St A4,3:J=0 for >0

\

All thesed points are instable since Hnm (J f) [—[nm ( _]f) >0
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Fourth integer resonances

Octupole:

Af =k, 3x> |, AH=%k Lx' =Lk, L7 sin* @+ @)
= = ky55J° B [cos(4[Y + @) — 4cos2[P + ¢]) + 3]
Simplification: one octupole £, () = k;0(F) = k; 5= Zcos(n 9)

AH ~ A4, J*[3+cos(4D)] for V=7
;= 0,f7,=7, ... Either 8 fixed points: § < ()
5+A32J(3i1)=0 or none for: o0>0

H,,(J )IH,,,(J )£ AV (J )] <0

Stability for (24,J)*[1+3]<0,

i.e. for the 4 outer fixed points.
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Particle motion in the single resonance model

for 0“17 O, =i7,7,37
\/ for 0 >0
z4
)

n

— 1 5
(Df—gﬂ',ﬂ',gﬂ'
for 6 <0

Either 8 fixed points: § < ()

£
§

/\ or none for: o >0
f.% > . . . .
2 How can the motion inside the fixed points be

)W

simplified for a real accelerator ?

- Normal From Theory
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Resonance width (strength)

Fixed points: & J =mH,, (J,)sin(m®,)=0 = &, =r7x

If 5+AU(Jf)iH;;m(Jf): 0 has a solution.

8 has to avoid the region o +Av(J)+ H};m (J)=0for all particles.

tH,,(J)

Av(J) Spread in the beam
o

»
»

Assuming that the tune shift and perturbation are monotonous in J:

This tune region has the width Anm =2 | H nm (J max)| for strong resonances.

Anm Is called Resonance Width, Resonance Strength, or Stop-Band Width

National Laboratory
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Coupling resonances

45, =cos(W, + QN2 BN . e, =0~ + )\ F A

~ o A
%Jy:COS(Wy_FgDy)‘VZJleyAfyi ) %¢yzuy_sm(l)”y+¢y) ZAfyi

—

Lp=0,H , LJ==8,H , H(@.J.9)=0-J—L[A(Xs)dx

The integral form can be chosen since it is path independent. This is due to the
Hamiltonian nature of the force: A, (x,y,8)=—0, AH(x,,s)

Single Resonance model for two dimensions means retaining only the

amplitude dependent tune shift and one term in the two dimensional Fourier
expansion:

H($,J,9)=0-J+Hy,(J)+H,,(J)cos(nS+m._+m o, +¥,.(J))

For n+muo. +muv =0 .
tor > mae.+m,Q =m-Q
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Beam-beam tune shift

The force that acts from one beam to the other during collisions is focusing or
defocusing in both planes for small distances.

For large distances it is very nonlinear.

The effects of E and B forces add.
Whereas they subtract for
co-moving particles.

E-field

positron bunch

(D
Ay = i Negh P,
X 27 (2) ( ~(2) (2)
o (o, +0,”)

Cornell University Ih” ] P Brookhaven:
CLYE

National Laboratory

Georg.Hoffstaetter@Cornell.edu Graduate Accelerator Physics USPAS summer 2023



Beam-beam force

N
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Beam-beam force

+t>—2y”> (= 7+

E (x,y,2)~2=_L (5% +x)j A 6

4rey mo, o,

x2 x2 +y2 Yz
+t)) 202 4a§(212+z) 207 4ay(—2+z)
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Beam-beam force

x\) [ L

_ 1 EIR O Pias: 1 o,
E(x,y,z) = gf;o i B (X, y,2) = 52 Y
o, +0, (5 ) 0,10, 5,

B(x,y,2)=0 J By (%, ,2) = ¢ BXEpy (%, 1, 2)

Ap(x,y) = [ F(x, v t)dt
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Beam-beam tune shift
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