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Field errors, nonlinear fields, etc can lead to ),( szf 
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Perturbations are propagated
from s to s’

Variation of constants



Georg.Hoffstaetter@Cornell.edu               Graduate Accelerator Physics            USPAS summer 2025

fxka
ax

D++-=

=

)('
'

2k

ò ÷÷
ø

ö
çç
è

æ
D

-=DD+=
s

sd
s

ssMzzzMz
0

0 ˆ
)ˆ(

0
)ˆ(with

k


The extra force can for example come 
from an erroneous dipole field or from a 
correction coil: kD=D=D yp

q Bf

Variation of constants:
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Orbit distortions for a one-pass accelerator
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When the closed orbit                  is measured at beam position monitors 
(BPMs, index m) and is influenced by corrector magnets (index k), then the 
monitor readings before and after changing the kick angles created in the 
correctors by         are related by

)(old
co msx

kJD

It is often better not to try to correct the closed orbit at the the BPMs to zero in this way since
1. computation of the inverse can be numerically unstable, so that small errors in the old 

closed orbit measurement lead to a large error in the corrector coil settings.
2. A zero orbit at all BPMs can be a bad orbit in-between BPMs

)(co sx

Orbit correction for a one-pass accelerator
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Dispersion of one-pass accelerators

Alternatively, one can multiply 
the 6x6 matrices and take 
𝑫 𝒔 = 𝑴𝟏𝟔(𝒔)
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Alternating gradients allow focusing in 
both transverse plains.  Therefore, 
focusing and defocusing quadrupoles are 
usually alternated and interleaved with 
bending magnets.

N
FoDoMM =0

The periodic beta function and dispersion 
for each FODO is also periodic for an 
accelerator section that consists of many 
FODO cells.  Often large sections of an 
accelerator consist of FODOs.

Fodo Cells and periodic dispersion

The dispersion that starts with 0 is called 
𝑫(𝒔), the dispersion that is periodic in a 
section is called 𝜼(𝒔).

𝜼(𝒔)
𝜼 𝒔 = 𝜼 𝒔

𝜼# 𝒔 	 , 𝑫 𝒔 = 𝑫 𝒔
𝑫′ 𝒔

𝜼 𝒔 = 𝑴(𝒔) 𝜼𝟎+ 𝑫 𝒔

𝜼𝟎

After
the FoDo:

𝜼𝟎 = 𝑴(𝒔) 𝜼𝟎+ 𝑫 è 𝜼𝟎= 𝟏 −𝑴 %𝟏 𝑫 

𝟐

𝟏
𝜼𝟎𝑴𝜼𝟎

𝑫
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After an arc of periodic FoDo cells one 
would often like to suppress the dispersion 
to 0 while not changing the betas much 
from the periodic cells. This can be done 
by having one FoDo with bends reduced 
by a factor 𝛼 followed by one reduced by 
(1- 𝛼).

Dispersion suppression by missing bends

𝜼(𝒔)
𝜼𝟎

𝟏

𝜼𝟎𝑴𝜼𝟎

𝑫
𝟐

𝟐

Example: 90 degrees FoDo cell and 𝜶 = 𝟏
𝟐
:

After 1st ½ bend FoDo

𝟏

𝑴 𝜼𝟏

𝟐

After 2nd ½ bend FoDo

𝜼𝟏

𝜼𝟏𝑫
𝟐

⇒ 𝜼𝟐≈ 𝟎
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After an arc of periodic FoDo cells one 
would often like to suppress the dispersion 
to 0 while not changing the betas much 
from the periodic cells. This can be done 
by having one FoDo with bends reduced 
by a factor 𝛼 followed by one reduced by 
(1- 𝛼).

Dispersion suppression by missing bends

𝜼(𝒔)
𝜼𝟎

𝟏

𝜼𝟎

𝜼𝒔= 𝑴 𝜼𝟎

𝟐

Example: 60 degrees FoDo cell and 𝜶 = 𝟎:

After 1st 0 bend FoDo

𝟏

𝑴 𝜼𝟏

𝟐

After 2nd full bend FoDo

⇒ 𝜼𝟐≈ 𝟎

𝜼𝟏

𝑫

𝑫

For every FoDo phase advance there is an 𝛼 to make 𝜂 0.

𝜼𝟏
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After an arc of periodic FoDo cells one 
would often like to suppress the dispersion 
to 0 while not changing the betas much 
from the periodic cells. This can be done 
by having one FoDo with bends reduced 
by a factor 𝛼 followed by one reduced by 
(1- 𝛼).

Dispersion suppression by missing bends

𝜼(𝒔)
𝜼𝟎

𝟏

𝜼𝟎

𝜼𝒔= 𝑴 𝜼𝟎

𝟐

For any other FoDo phase advance: is there an 𝜶 ?

After 1st 0 bend FoDo

𝟏
𝑴𝟐 𝜼𝟎

𝟐

After 2nd full bend FoDo

⇒ 𝜼𝟐≈ 𝟎

𝜶𝑫 ? 

(𝟏 − 𝜶)𝑫

For every FoDo phase advance there is an 𝛼 to make 𝜂 0.

𝑴𝜼𝟎

𝜶𝑴𝑫
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Free betatron oscillation

Closed orbit for one kick

Δ𝜗.

Δ𝑧/0%

Δ𝑧/01

𝜇
𝜇

𝒙𝒏
𝒂𝒏 =

𝟏
𝜷

𝟎

𝜶
𝜷

𝜷

𝒙
𝒙′

𝒙𝒏±
𝒂𝒏± =

Δ𝜗. <𝜷

𝟐𝒔𝒊𝒏(𝝁𝟐)

𝒄𝒐𝒔(
𝝁
𝟐
)

±𝒔𝒊𝒏(
𝝁
𝟐)

Δ𝜗. C𝛽

𝒙𝒏(𝒔) =
Δ𝜗. 𝜷<𝜷

𝟐𝒔𝒊𝒏(𝝁𝟐)
𝒄𝒐𝒔(

𝝁
𝟐
− |𝝍 − 𝝍𝒌|)

𝒙𝒏±
𝒂𝒏± =

Δ𝜗. <𝜷

𝟐𝒔𝒊𝒏(𝝁𝟐)
𝒄𝒐𝒔

𝝁
𝟐 − |𝝍 − 𝝍𝒌|)

…



Georg.Hoffstaetter@Cornell.edu               Graduate Accelerator Physics            USPAS summer 2025

0

)(

)cos()()(

new
co

old
co

1

old
co

new
co

old
co

2sin2
old
co

new
co

2

=Þ-=D

D+=

D+=

--D+=

-

å

å

xxO

Oxx

Osx

sxsx

k
kmkm

k
mkkmm

km





J

J

J

yyJ µbb
µ

When the closed orbit                  is measured at beam position monitors 
(BPMs, index m) and is influenced by corrector magnets (index k), then the 
monitor readings before and after changing the kick angles created in the 
correctors by         are related by

)(old
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kJD

It is often better not to try to correct the
closed orbit at the the BPMs to zero in this way since
1. computation of the inverse can be numerically unstable, so that small errors in the 

old closed orbit measurement lead to a large error in the corrector coil settings.
2. A zero orbit at all BPMs can be a bad orbit inbetween BPMs

)(co sx

Closed orbit correction in periodic accelerators
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The periodic orbit for particles with relative 
energy deviation d is

)0()(with)()0()( 0 hhhh 
=+= LLDML

)()]0(1[)0(

)()0()0(

1
0

0

LDM

LDM





--=

ß

+=

h

hh

Particles with energy deviation d oscillates 
around this periodic orbit.
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Poincare Section

Periodic dispersion


