Higher-order multipoles

_ 0
=" Im{(x—iy)"} =¥, -(...—inx"'y) = B(y=0)=¥, n[xnlj

Multipole strength: &k = QGZBy = QLPM (n+1)! units:

p 0 p m

n+l

p/q is also called Bp and used to describe the energy of multiply charge ions

Names: dipole, quadrupole, sextupole, octupole, decapole, duodecapole, ...

Higher order multipoles come from
Field errors in magnets
Magnetized materials
From multipole magnets that compensate such erroneous fields

To compensate nonlinear effects of other magnets
To stabilize the motion of many particle systems
To stabilize the nonlinear motion of individual particles
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Midplane-symmetric motion

7= (x,-,2) y\ﬁ\/

ﬁ@ — (p)C’_py’pz)

G$p=FF.p) = §p°=FF°.p%)|7Y
v,B.—v.B, =-v B (x,—y,z)—v.B (x,—y,2) B (x,—y,z)=-B_(x,y,z)
v.B —v.B. =—v.B (x,-y,z)+Vv.B.(x,-y,z) = B,(x,—y,z)= B,(x,y,2)
v.B,—v,.B. = v.B (x,—y,z)+Vv B (x,—y,z) B.(x,—y,z)=—-B_(x,y,z)
W(xa_ya Z) — _l//(xa Vs Z)
Y Im{ e (x +iy)" }: -V Im{ e (x —iy)" }
= W Imle" 2Re{(x+iy)"[]=0 =[3 =0

The discussed multipoles

<F

produce midplane symmetric motion. When the field is rotated by n/2,
i.e &, =7/2n, one speaks of a skew multipole.

EEE Cornell University I u ‘ » Broo k h aven

National Laboratory

Georg.Hoffstaetter@Cornell.edu Graduate Accelerator Physics USPAS summer 2025



Superconducting magnets

Above 2T the field from the bare coils dominate over the magnetization of the iron.
But Cu wires cannot create much filed without iron poles:

5T at 5cm distance from a 3cm wire would require a current density of

= ]2: 12 27er:1389 A
d° d° u, mm

2

Cu can only support about 100A/mm?2.

Superconducting cables routinely allow current densities of 1500A/mm2at 4.6 K
and 6T. Materials used are usually Nb aloys, e.g. NbTi, Nb;Ti or Nb;Sn.

Superconducting magnets are not only used for strong fields but also when there
is no space for iron poles, like inside a particle physics detector.

» ] Brookhaven
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Superconducting cables

Problems: 4

Superconductivity brakes down
for too large fields

Due to the Meissner-Ochsenfeld
effect superconductivity current
only flows on a thin surface
layer.

B.(0)

normal conductive
region

superconductive
region

magnet field

0 temperature T

Remedy: L7

mm
Superconducting cable consists ] |+00nduct0r

of many very thin filaments
(about 10pm).

10 mm

NbTi filaments
(2500 pieces)

Kapton &
glass fibre tape
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Complex scalar magnetic potential of a wire

Straight wire at the origin: v« B=, j = B(r)= ﬂo] _ My (_ J’j

27w = 27r\ x

B(x,y) = Aff’[q 2(_[y_ay]J

2 (r—a) X—a,

Wire at a :

This can be represented by complex multipole coefficients TV

B(x,y)=—V¥ = B +iB,=—(0,+id, )y =20,y

Wa

_i(Wa —W) _ 1ol a2
T (w, W)W, —w) -

220, In(1-52) =20, Im{’z‘—iln( m;}

a
IOO i
— Hol 1\ Ya _ Mol 1 1 ive,
}— P Y (0 L e E

v=l1

B +iB, = =2

v = Im{z—,f
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Air-coil multipoles

Creating a multipole be created by an arrangement of wires: “y

| #0011 Jive, dI
Y =|>2--e do,

v 2r v g do,

The Multipole coefficient ¥, is the Fourier

po dl
vav deg’
A |
dl z zZ spacers

o« cos(¢p,) Y
d(Pa (pa l

2> V¥, 6,4 - + - +

- ; - :

- L

coefficient of the angular charge distribution

Ideal multipole Approximate multipole
Cornell University I,Suls o Brookhaven
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Real Air-coil multipoles

comel LHC dipole

- - -
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Special super-conducting Air-coil magnets

Accuracy Al

. b

F / RHIC Siberian
iy Snake dipole
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The comoving coordinate system

r = R(S) +xe.(s)+ ye,(s)

‘dﬁ‘ =ds
é, =< R(s)
o

The time dependence of a particle’ s
motion is often not as interesting as the
trajectory along the accelerator length “s”.
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The 4-dimensional equation of motion

—r—f(,dtrt)

3 dimensional ODE of 2"d order can be changed to a
6 dimensional ODE of 15 order:

a1 3 c A
dtr_

my P~ T2 o P Lo~ L .
j p —(mc) iZ: Z f) Z:(I_’:,
S D=F(,p,t)

If the force does not depend on time, as in a typical beam line magnet, the

energy is conserved so that one can reduce the dimension to 5. The
equation of motion is then autonomous.

Furthermore, the time dependence is often not as interesting as the
trajectory along the accelerator length “s”. Using “s” as the
independent variable reduces the dimensions to 4. The equation of
motion is then no longer autonomous.

T~ i - e — -
Cornell University I,S” ‘ s Brookhaven ds z= fZ(Z’ S) 2 Z= ('x9 y’ px) py)
et el
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6D equation of motion

1 ”

Usually one prefers to compute the trajectory as a function of “s™ along the
accelerator even when the energy is not conserved, as when
accelerating cavities are in the accelerator.

Then the energy “E” and the time “t” at which a particle arrives at the
cavities are important. And the equations become 6 dimensional again:

—Z_f(Z S) Ez(xayapxapya_taE)

But: z = (r,p) is an especially suitable variable, since it is a phase space
vector so that its equation of motion comes from a Hamiltonian, or by
variation principle from a Lagrangian.

o :px)'c+py)'/+pss" —H(r,p,t) ]dt =0 = Hamiltonian motion

o) p.x+p y—Ht+p, (x,y, px,py,t,H)]ds =(0 = Hamiltonian motion

The new canonical coordinates are: z =(x,y, p,,p,,—t,E) with E=H

The new Hamiltonian is: K=-p (zZ,s)
Cornell Universit I n'] Brookhaven ’ ’
Tzi y “" 11 ® National Laboratory
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6D phase space motion

Using a reference momentum py and a reference time t:

z=(x,a,y,b,7,0)
E-E 2 E
R S ()
Po Po E, Yo Po

Usually pg is the design momentum of the beam
And t, is the time at which the bunch center is at “s”.

x' = 5p K} {x':a“K/poa a'=—(3xK/p0
* —

p, =—0,K| " |V'=0,K/p,, b'=-0,K/p,
—t'= 0,K = 1'= %85K/E0=5§K/p0 New Hamiltonian:
E'=-0.K = &=-40.K§ =-0.K/p, | H=K/p,

y ] Brookhaven
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The matrix solution of linear equations of motions

Linear equation of motion: z'=F(s)z | = Z(s) = M(s) Z,

Matrix solution of the starting condition Z(0) =z,

? = Mbend (L4 )Mdriﬂ (L3 )Mquad (Lz )]\_4 drift (L1 )2 0
: z= Mdn’ﬂ (L3 )Mquad (Lz )Mdriﬁ (L1 )2 0
I

<@

\

\

z =M i (L))Z, 20
Z= —quad (L )lu drift (L )ZO
Cornell University I’” ] BFDthaVEn
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Simplest example: motion through an empty drift

=0 = x"=0 = a=x",a'=0
Linear solution:

x(8) = x, + X8
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Significance of the Hamiltonian

The equations of motion can be determined by one function:

“x =0, H(Z,s), 4p,=-0H(,s),

~ . 0 1
#Z=J0H(Z,s)=F(z,s) with J=diag(J,), J2=(1 Oj

The force has a Hamiltonian Jacobi Matrix:

A linear force: F(Z,5)=F(s)-Z
The Jacobi Matrix of a linear force:  F'(s)
The general Jacobi Matrix : F.=0 or F = (éﬁT)T

ij z

s

Hamiltonian Matrices: El+lET =(
Prove : E_j — 8szi = 8Zle.k82kH =J, GkajH = F=JDH

S— T T 4T
(&9 Comell University I’s” 1] >y Brookhaven FJ+JF =JDJH+JD J H=0
A4 4 B

National Laboratory
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Hamiltonian = Symplectic Flow

The flow of a Hamiltonian equation of motion has a symplectic Jacobi Matrix

The flow or transport map: zZ(s) = 1\7[(S, Z,)

A linear flow: z(s)=M(s)- z,

The Jacobi Matrix of a linear flow: M ()

The general Jacobi Matrix : M,-j = @ZOjM,- or M = (éOMT )T

K=
Cornell University ,su ‘ o Brookhaven
CLE AN

J is a solution. Since this is a linear ODE , K = J is the unique solution.
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Symplectic Flow = Hamiltonian

For every symplectic transport map there is a Hamilton function

The flow or transport map: Z(S) — M(S, 5’0)
. (2 o) — d Af(c =

Force vector: h(z,s)=—-J [g M(s, ZO)LO: A G

Since then: zZ= Jh(z,s)

There is a Hamilton function H with: }_{ — OH

If and only if: 82.}11. =0.h, = h= h
AMIM =-MJLM'

MJIM' =] = (¢7=— = T=d=
s M =-JM

hoM =—J< M —

Cornell University I,su ‘ o Brookhaven
CLE AN
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Phase space densities in 2D

Phase space trajectories move on surfaces of constant energy

upx
ot 4:-JPH = 4713H
X

H(x, p_ ) =const

A phase space volume does not change when it is transported by
Hamiltonian motion.

Pt At |Z | The distance d of lines with equal energy

Wé}[ IS proportional to 1/ | éH |OC| Z |_1
\ X

At|Z

\) ] d * At | Z |= const
H(x, p_)=const

4 Cornell University I,Suls o Brookhaven
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Liouville’s Theorem

A phase space volume does not change when it is transported by
Hamiltonian motion.  z(s) =M (s)-z, with det[M(s)]=+1

V e

Volume = V' = ”d”q = ”
v v

Hamiltonian Motion V=V,

d"z, = ”‘j\_l‘d"ZO = ”d”ZO =V
2 Vo

&
&z,

But Hamiltonian requires symplecticity, which is
() Cornell University Ihnl'.s » Brookhaven mUCh more than JUSt det[M(S)] - +1
QLU

o,
5
AT
N\
Oy

National Laboratory
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Symplectic representations

Hamiltonian

Z2'=JOH(Z,s)

Generating Functions

|

\ 4

Symplectic transport map

A

(B> By) =—J O E(G>Gy»5)

[not shown in these notes]

Cornell University I hu ] o Brookhaven
° Q.U H N

National Laboratory

X
Q5%

\ 4

MJIJM' =J
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Eigenvalues of symplectic matrices

For matrices with real coefficients:
If there is an eigenvector and eigenvalue: Mv = /Iv
then the complex conjugates are also elgenvector and eigenvalue: Mv = /’LZ.VZ.

For symplectic matrices:
If there are eigenvectors and eigenvalues: Mv, = Av, with J = MTl]\_l

then ¥/ JV =V M JMV =AAV IV, = Vi, JV,(A4A—1)=

Therefore 117]- is orthogonal to all eigenvectors with eigenvalues that are
not 1/ A .. Since it cannot be orthogonal to all eigenvectors, there is at least

b . .

one eigenvector with eigenvalue] / 4 .
/ Four dimensions: o

Two dimensions: 4, is eigenvalue s ‘ :

Then]/ }Lj and ;{’j‘_ are eigenvalues /

L=lA=4 = |I] \«0 / 'S
N N

i onal Labora [~ o’/

5
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Time of flight from symplecticity
M, 0 D
M = 7" 1 M, is in SU(6) and therefore MJMTZJ
0" 0 1
M4l4 _D 6 M4T f 6 14 0 0
T"J, -M, 110" 1 0|=[0 0
0 -1 0| D" M, 1] {0 -1 0
MJ M, MJT-D 0] (J, 0 0
T"J,M, +D" 0 1l=l0 0 1
0" -1 0] L0 -1 0
N N : . M . .=
T— —14A_4;1D It is sufflc.;|ent to (.:ompute the 4D map 4 4, the Dispersion D
and the time of flight term M56
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The drift

Note that in nonlinear expansion x'# a

a
0
Y _ b so that the drift does not have a linear
b' 0 transport map even though x(s) = x, + x(')S
- 0 is completely linear.
o' 0
X X, +s8a, 1 s
a a 0 1 Q Q
+sb 1 s
Y _ Yo 0 |_ 0 0 |z
b b, 0 1
1 0
T TO O O
- B 0 1

Cornell University I,s” ‘ o Brookhaven
CLE AN

National Laboratory

4
s

Georg.Hoffstaetter@Cornell.edu Graduate Accelerator Physics USPAS summer 2025



The quadrupole

x'"'=-xk
y'= yk

cos(vk s) - sin(vk s) 0
M, =|" ksinWks) cos(\k s) -

0 cosh(vk s)  —=sinh(\/k s)
) Jk sinh(Wks)  cosh(k s)

As for a drift, the energy does not change, i.e. § = §,.
The time of flight only depends on energy, i.e. T = 15 + M56 6.

For k<0 one has to take into account that
cos(\/% s)= cosh(\/m s), sin(\/% S)=1i sinh(\/m S)
cosh(\/% s)= cos(\/m s), sinh(\/z s)=1i sin(\/w S)

EEE Cornell University I u ‘ » Broo k h aven
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Variation of constants

7 =1(Z,s)

—

Z =L(s)Z+ Af(f,s) Field errors, nonlinear fields, etc can lead to Aj?(f,s)

2y =L()Z, = Z,()=M(s)Z,, with M (5)d=L(s)M(s)a

2()=M(s)a(s) = Z(s)=M (s)a+M(s)d (s)=L(s)Z +Af(Z,5)
a(s)=Z,+ jz\_r (DA (Z(5),5)ds

2(s) = M(s>{zo +[ M7 68 EG).) dﬁ}

_ ZH (s)+ J’ M(s— §) Af (2 (§),§) d8 Perturbations are propagatec’:l
: fromstos

Cornell University I,Suls » NB rookhaven

ational Laboratory
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The dipole equation of motion

' d
Off energy particle b — dx’ =@ds/p=¢(1——p)
d p p
=ds/p
n_ 1dp _1dpE o 11
> X = p pdEp pB25
. K , 1 x' =
X +xic2—ﬂ—26 with k= or a’:—K2x+%6

X

Xy K =0 o (x,) _ < cos(ks) isin(;cs)> (x(’)) — M(s) (x(’))

—k sin(ks) cos(ks)
x Xoy _ (° 0 *(ZsinGes) 4 & 5 _ (=1 = cos(is)) 1
_ — _ K _ = e _[-(1-— 4
(x') M(s) (x(’)) = Jo M(s—{) (,ﬁ(S) d¢ = fo (K )d(ﬁz 6= (}c ).32 o)
4 Cornell University !s']l:s s Brookhaven

cos(ks) sin(ks)
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The dipole transport matrix
: . ds
" ‘ . (p + x)
ds
r— _X1E _ _x1 _ K
2= e p B? g2
cos(ks)  Lsin(ks) 0 x '[l—cos(ks)]
—ksin(ks) cos(ks) 0 sin(k )
1
M = 0 0
0
—sin(x's) & '[cos(k s)—1] 1« '[sin(k s)—sk] | e—
0 0 0 1
‘ _ s
forf=1) M56 = —Kf M16dS
0

(e
&
b

f

(=); Cornell University Iguls
: I

Brookhaven
al Laboratory
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The combined function bend

xX'=—x(k°+k)+ 0k
H/_J

M 0 0D . K | Options:
- - YW=yk , v'=—Kkx For k>0:
M= 0 M, 0 focusing in x, defocusing in y.
T 0 M. For k<0, K<0:
defocusing in x, focusing in y.
M = cos(NK s)  fesin(vK s) For k<0, K>0:
| =VKsin(WK s)  cos(VK ) weak focusing in both planes.

M., ZK cosh(+/k s) ﬁsinh(\/z S)J

Jk sinh(\k s)  cosh(k s) s
P £[1- cos(rs) M, = _KJO Mids
= sin(vK 5) 0 1

T from symplecticity

al Laboratory
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Thin lens approximation

n n
> >

Z(s)=M(5)Z, =D(3)D " (5)M(s)D™ ($)D(3)Z,

Drift: M (s)=D" ()M (s)D™'($) =1

National Laboratory

Cornell University I 5”[8 o Brookhaven
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The thin lens quadrupole

Brcmkhaven
f Somelibiivesly \h"l’b ) al Laboratory
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M uad x 0 1 \—+ksin(vks) cos(~ks) \O 1
oo bospbo=op b= boos
z{o 1]{—1@ J[O ljz(o 1]["“ ”kf]

Weak t limit: in 10
eak magnet limit: | [f¢ << M;};adx(s) [ . J




The thin lens dipole

cos(ks)  Lsin(ks) 0 x '[l—cos(ks)]
—xsin(ks) cos(ks) -0 sin(k )
1
M= 0 0
0
—sin(x's) & '[cos(xs)—1] 0 1 0
0 0 a 0 1
Weak magnet limit: x5 <<'1
1 0O 0 O
MO ()= DM,y D~ L0 RS
S)= -5 —3)~
—— bend,x7 = 2/ bend,x7 = 2 —Ks O 1 O
0 0 0 1
Cornell University s‘l.b )BrDDIkthavterJ
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The thin lens combined function bend

e i ) Ol
]

S
Il

~ o [

fa) |§ fa)

Weak magnet limit: ks << 1

cos(\/E s) %sin(\/f s) . 1 0
Mx — . K Mthm _
—\/Esm(\/f s) cos(\/E s) - —Ks J

M = cosh(+/k ) j;sinh(\/zs)j Ayt kl (l)j
s

" \Vksinh(\Vks)  cosh(Vk s)

B £[1- cos(rs) 5:(0)
sm(rs) K-S
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Edge focusing

Horizontal focusing with Ax'= —x

B, =9,B,

ytan(g)=0 B
y=0

y'=20.B, ‘yzoy tan(&)

i ‘yzO ytan(¢)

Top view :

Fringe field has a horizontal
field component!

-—
— —

tan( &)
o,

tan(¢&)
Ay':J.y"dS =<1 B ytan(g) =y

Py 0 1 0 0 0

Quadrupole effect with _ ) 0 0
— ,0 —
tan(& zZ= z
kl = (&) 0O 0 1 of°

£ tan(¢)
p "] O O P 1
Cornell University !{h”l.& o NBart‘i(c:l]nglkLI;b?r\a/t?)Sm
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