The Invariant Spin Field and the Amplitude Dependent Spin Tune in High Energy Accelerators

D.P.Barber1, G.H.Hoffstätter2 and M.Vogt1 1: DESY, 2: TU–Darmstadt

Introduction

Spin motion in magnetic fields is determined by the T–BMT equation dŜ(t) dt = −q mγ [ (1 + Gγ) ⃗B_⊥ + (1 + G) ⃗B_‖ ] × Ŝ(t) . Once the orbital equation of motion is solved (here: linear in ⃗z) ⃗z_f = T (θ_f , θ_i) ⃗z_i the T–BMT solution is given by

Ŝ_f = R(θ_f , θ_i; ⃗z_i) Ŝ_i

with the flow R ∈ SO(3). The invariant spin field n̂–axis is a function n̂ : R^6 × [0, 2π[→ S_3 which is invariant under the T–BMT flow.

n̂(⃗z_f , θ_f ) = R(θ_f , θ_i; ⃗z_i) n̂(⃗z_i, θ_i) n̂(⃗z, θ + 2π) = n̂(⃗z, θ) . The n̂–axis defines a spin action I ≡ Ŝ(θ; ⃗z_i, Ŝ_i) · n̂(⃗z, θ) = const. for constant parameters of the T–BMT equation. We can find a rotating coordinate system [1] (û_1(⃗z, θ), û_2(⃗z, θ), n̂(⃗z, θ)) such that spin motion in these coordinates is just

Ŝ(θ) = √ 1 − I^2 ℜ { (û_1 + iû_2) e^{i(ν( ⃗J )θ+ϕ0)} } + In̂ , where ν( ⃗J ) is the amplitude dependent spin tune. The spin motion is maximally perturbed close to the depolarizing resonances ν( ⃗J ) = k + k_xQ_x + k_yQ_y + k_sQ_s .

On the closed orbit (⃗z ≡ ⃗0) the n̂–axis n̂(⃗0, θ) ≡ n̂_0(θ) is the eigenvector for eigenvalue 1 of the one turn spin map R(θ + 2π, θ;⃗0). The closed orbit spin tune ν_0 is just the rotation around n̂_0 divided by 2π which is Gγ in case of an unperturbed flat ring without solenoids and snakes. The beam polarization at a given azimuth θ is given by (⃗z = ⃗z( ⃗J, ⃗Ψ)) ⃗P = ∫ (R^+)^3 d ⃗J ρ( ⃗J ) ⟨n̂⟩_{⃗Ψ} ⟨I⟩_{⃗Ψ} . We define the static polarization limit as P_{lim}( ⃗J, θ) ≡ ‖ ‖ ‖ ⟨ n̂( ⃗J, ⃗Ψ, θ) ⟩ ⃗Ψ ‖ ‖ ‖ .

HERA{p

The HERA p–e^±–collider has 4 experimental areas (E,S,W,N). At S (ZEUS) and N (H1) the proton beam is brought to collision with the lepton beam, in E the p–beam passes through the HERMES detector which only uses the e^±–beam and in the W region the halo of the p–beam can provide protons for the fixed target experiment HERA– B. We use the ‘96 luminosity and separation optics with β^∗_x/β^∗_y = 7m/.7m at S, N, 20m/2m at E and 37m/37m at W for the luminosity optics and S, N increased to 10m/1m for the separation optics. HERA–p is not a flat ring since the proton beam is bent down to the level of HERA–e and back at the E,S and N straight sections. Therefore even neglecting closed orbit distortions n̂_0 is energy dependent and generally ν_o ≠ Gγ. As a first step the vertical bend sections have to be compensated with radial ‘flattening’ snakes at their symmetry points.

Sketch of HERA–p with 6 vertical bend sections compensated with ‘flattening snakes’ and 4 additional Siberian Snakes. A longitudinal snake in straight section E and three radial snakes in S, W and N. All calculations refer to this scheme.

Even for a totally flat model of HERA–p the resonances are strong.

ϵ

reference momentum / GeV/c

The linear intrinsic resonance strengths for a flat model of HERA–p and for a vertical emittance of 20 π mm mrad which corresponds to about 2 σ of the rms. beam size.

Stroboscopic Averaging

In the code SPRINT the n̂–axis is obtained by stroboscopic averaging [2]

⃗f_N (⃗z, θ) = 1 + N−1∑ i=1 i∏ j=1 R(θ + 2π, θ, T^{−j}⃗z) Ŝ_0

n̂(⃗z, θ) = lim_{N→∞} ⃗f_N ‖ ⃗f_N ‖ . Once the n̂–axis is computed for one fixed (⃗z_0, θ_0) the invariant torus ⃗J = const. can be filled with n̂–axes by tracking.

P_{lim}

reference momentum / GeV/c

The static polarization limit P_{lim} in the energy region around 804 GeV which is densely populated with strong depolarizing resonances. The vertical emittance is 20 π mm mrad.

The Amplitude Dependent Spin Tune

Traditionally there has been some ambiguity in the definition the n̂–axis and of the spin tune. Sometimes the attempt is made to generalize the concept of the n̂_0–axis and ν_0 on the closed orbit to synchro–betatron trajectories by trying to obtain n̂ as the real unit eigenvector of the one turn spin map û_R(⃗z, θ) = R(θ + 2π, θ; ⃗z)û_R(⃗z, θ) . The spin tune is then correspondingly and mistakenly defined as the one turn rotation ν_R( ⃗J, ⃗Ψ) around û_R(⃗z, θ).

The vector function û_R(⃗z) evaluated on the invariant ellipse with 40 π mm mrad vertical emittance at 805 GeV plotted on the unit sphere.

The vector function û_R(⃗z) evaluated for one ⃗z_0 and tracked on the same invariant ellipse and for the same energy (green) as the n̂–axis (red). The plot shows that û_R is not an invariant under the T–BMT flow !

However the correct definition of the spin tune is the rotation around n̂ w.r.t. the (û_1, û_2, n̂) frame. û_1 and û_2 are periodic in θ and perform a complicated rotation around n̂ to keep the spin phase advance linear in θ. In SPRINT the pseudo spin tune ν̃( ⃗J, ⃗Ψ) with respect to a basis (ũ_1, ũ_2, n̂) with some periodic ũ_1, ũ_2 is computed and then averaged ν( ⃗J ) = ⟨ ν̃( ⃗J, ⃗Ψ) ⟩ ⃗Ψ .

The pseudo tune spin tune ν̃ vs. the normalized vertical phase Ψ_y/2π. The energy is 805 GeV and the vertical emittance is 35 π mm mrad.

Using the code SPRINT we scanned P_{lim}, ν and the phase average of ν_R over the vertical emittance at 805 GeV. The static polarization limit has a pronounced local minimum around 27 π and as expected the spin tune crosses the resonance ν = 2Q_y in that region. (Note that the phase averaging failed for |ν − 2Q_y| < 10^{−4}.) However ν_R crosses the resonance at a maximum of polarization rather than a minimum, demonstrating that ν_R has no connection with the resonance structure.

vertical emittance / π mm mrad

Blue line : P_{lim}(J_y) green points : ν(J_y) brown line : ν_0 = 1/2 magenta line : 2Q_y

Green points : ν(J_y) blue points : ⟨ν_R⟩(J_y) red line : 2Q_y

The Anti{Damping Method

Since the spin action is an adiabatic invariant we can start with Ŝ_i ‖ n̂_0 on the closed orbit (⃗z_i = ⃗0) and then track particle and spin while slowly increasing the amplitude. As long as the motion stays adiabatic I ≈ 1 and therefore Ŝ_f ≈ n̂(⃗z_f , θ_f ).

Ŝ · n̂_0

vert. emittance / π mm mrad

The component parallel to n̂_0 of a spin on the antidamped orbit. The motion stays adiabatic, ie. the spin is almost parallel to its local n̂–axis until the resonance 2Q_y is crossed (around 27 π mm mrad).

The locus of the invariant spin field as computed with stroboscopic averaging or anti– damping on the 20 π mm mrad ellipse in the vertical phase space plane for 805 GeV plotted on the unit sphere.

The locus of the anti– damped spin (green) on the unit sphere after crossing the resonance around 27 π mm mrad. Note that the spin is ‘partially flipped’ since it precesses around n̂ (red) and I < 0.

Acceleration

The change of I under variation of the Lorentz–γ of the synchronous particle (γ_0) is d dθ I = Ŝ_{γ0}(θ) · ∂n̂(⃗z_{γ0}(θ), θ; γ_0) ∂γ_0 dγ_0(θ) dθ . If the spin rotates around n̂ fast enough compared to the rate of change of the n̂–axis , then the total change of I is small. However when accelerating through energy regions with strong resonances the tilt of the n̂–axis with energy leads to polarization losses.

I_i

reference momentum / GeV/c

An energy ramp simulation with 8 particles equally spaced on the invariant torus with all three emittances equal to 1.5 times the rms. value of the beam width/energy spread. All particles start with I = 1 at 785 GeV. At different stages in the resonant region around 804 GeV their projections on n̂ drop and start violently oscillating in [−1, 1]. From roughly 804 GeV onwards the ‘beam’–average of I is 0.

Conclusion

• the concept of the invariant spin field and the spin tune is the key to understand the spin dynamics in high energy proton accelerators • in the code SPRINT the n̂–axis can be computed using stroboscopic averaging and anti–damping of the orbital amplitudes • the amplitude dependent spin tune can be calculated in SPRINT • adiabatic invariance of the spin action is violated at resonance crossing

References

[1] K.Yokoya, DESY preprint DESY 86–057 (1986)

[2] K.Heinemann, G.H.Hoffstätter, Phys. Rev. E54, 4240 (1996)