Internal Report DESY M 92–04 Second Revision: September 1999

Notes on Spin Dynamics in Storage Rings

D.P. Barber, K. Heinemann and G. Ripken

Deutsches Elektronen–Synchrotron DESY, Hamburg

Notes on Spin Dynamics in Storage Rings

( Second revision: September 1999 )

D.P. Barber, K. Heinemann and G. Ripken^∗

Abstract

In the following report we present a collection of notes on spin dynamics in storage rings. The spin motion is described in terms of a pair of real canonical spin variables α and β and in four different spin dreibeins. The orbital motion is described by using the canonical variables x, p_x, z, p_z , σ = s − v_0 · t, p_σ = (1/β^2_0) · η with η = ΔE/E_0 of the fully 6–dimensional canonical formalism. Action–angle variables J_k, Φ_k of the linear coupled orbital motion are introduced by a canonical transformation. The equations thus obtained are valid for arbitrary velocity of the particles (below and above transition energy). The general periodic solution for spin motion, the ⃗n–axis, is determined by the method of forced solution. Action–angle variables of spin motion and a dreibein which is a single valued function of the particle coordinates (J_k, Φ_k, s) on an arbitrary particle path are defined and the spin tune as a function of J_k is calculated. Finally, classical spin diffusion caused by radiation processes is investigated and a derivation of the depolarisation time presented.

∗E–mail: mpybar@mail.desy.de, heineman@mail.desy.de, ripken@mail.desy.de.

Contents

1 Introduction 5

2 Spin Motion in a Fixed Coordinate System 5 2.1 Orbital Motion (Lorentz Equation) . . . . . . . . . . . . . . . . . . . . . . . . 6 2.2 Spin Motion (T–BMT Equation) . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2.1 The T–BMT Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2.2 The Spin Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.2.3 Introduction of the Canonical Variables J and ψ . . . . . . . . . . . . . 10 2.3 Transition to a New Dreibein ⃗u_1, ⃗u_2, ⃗u_3 . . . . . . . . . . . . . . . . . . . . . 11 2.4 A Special Dreibein Based on a Solution of the T–BMT Equation . . . . . . . . 14

3 Introduction of Machine Coordinates 16 3.1 Reference Trajectory and Coordinate Frame . . . . . . . . . . . . . . . . . . . 16 3.2 Orbital Motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3.2.1 The Orbital Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3.2.2 Series Expansion of the Orbital Hamiltonian . . . . . . . . . . . . . . . 21 3.3 Spin Motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

4 Introduction of a Periodic Reference Orbit for the Combined Spin–Orbit System 28 4.1 Definition of the 8–Dimensional Closed Orbit . . . . . . . . . . . . . . . . . . . 28 4.2 Transformation of the Orbital Variables . . . . . . . . . . . . . . . . . . . . . . 31 4.2.1 Canonical Transformation . . . . . . . . . . . . . . . . . . . . . . . . . 31 4.2.2 The Linearised Equations of Orbital Motion . . . . . . . . . . . . . . . 32 4.3 Spin Motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

5 The Equations of Spin Motion in the (⃗n_0, ⃗m, ⃗l ) System 37 5.1 Spin Motion in the (⃗n_0, ⃗m, ⃗l ) System . . . . . . . . . . . . . . . . . . . . . . . 37 5.2 The Spin Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 5.3 The Linearised Equations of Spin Motion Combined with the Equations of Orbital Motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 5.3.1 The Spin Motion in Linear Order . . . . . . . . . . . . . . . . . . . . . 42 5.3.2 The Combined Form of Orbital Motion with Linear Spin Motion . . . . 43

6 Calculation of the ⃗n–Axis 47 6.1 Definition of the ⃗n–Axis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 6.2 Perturbation Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 6.2.1 The ⃗n–Axis in 0^{th} Order . . . . . . . . . . . . . . . . . . . . . . . . . . 49 6.2.2 The ⃗n–Axis in Linear Order . . . . . . . . . . . . . . . . . . . . . . . . 50 6.2.3 The ⃗n–Axis at Second Order . . . . . . . . . . . . . . . . . . . . . . . . 53 6.2.4 The ⃗n–Axis at k^{th} Order . . . . . . . . . . . . . . . . . . . . . . . . . . 55

7 Spin Motion in the (⃗n_1, ⃗n_2, ⃗n) System 58 7.1 Introduction of the Dreibein (⃗n_1, ⃗n_2, ⃗n) . . . . . . . . . . . . . . . . . . . . . . 58 7.2 Equations of Motion with Respect to the Dreibein (⃗n_1, ⃗n_2, ⃗n) . . . . . . . . . 62 7.3 Spin Tune on an Arbitrary Orbit . . . . . . . . . . . . . . . . . . . . . . . . . 63 7.4 Action–Angle Variables for Spin Motion on an Arbitrary Orbit . . . . . . . . . 67

8 Calculation of the Depolarisation Time 76 8.1 Depolarisation Degree due to an Orbital Jump . . . . . . . . . . . . . . . . . 77 8.2 Stochastic Behaviour of Spin Motion . . . . . . . . . . . . . . . . . . . . . . . 79 8.3 Depolarisation Time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

9 Summary 82

Acknowledgements 82

Appendix A: The Hamiltonian for Spin Motion 82 A.1 The Spin Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82 A.2 The Equations of Spin Motion . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

Appendix B: The Periodic Spin Frame (⃗n_0, ⃗m,⃗l) along the Closed Orbit 85

Appendix C: Solution of the Equations of Spin Motion 90 C.1 Thin Lens Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 C.2 Integration by Lie Series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

References 93

1 Introduction

In this paper we collect together a number of results and methods useful for studying spin–orbit motion in storage rings.

The starting point of our investigations is the Lorentz equation for orbital motion and the Thomas–BMT (T–BMT) equation for spin motion. These are studied in chapter 2.

Both equations are expressed in machine coordinates within the framework of the fully coupled 6–dimensional description of particle motion by using the variables x, p_x, z, p_z , σ, p_σ = (1/β^2_0 ) · η with η = ΔE/E_0 which allows to handle the external magnetic forces in a consistent canonical manner and which includes consistently and canonically the synchrotron oscillations in the electric fields of the accelerating cavities. This description is summarised in chapter 3. The equations so derived are valid for arbitrary velocity of the particles (below and above transition energy).

In chapter 4 we introduce the 8–dimensional closed orbit for the combined spin–orbit system which leads to the periodic 6–dimensional closed orbit of particle motion and to the periodic orthonormal coordinate system (⃗n_0, ⃗m, ⃗l) for spin motion. In this paper the various systems of orthonormal coordinate vectors used for describing spin will be called “dreibeins”.

In chapter 5 the spin motion is investigated in the (⃗n_0, ⃗m, ⃗l) dreibein by introducing two independent real canonical spin variables α and β.

We are then in a position to calculate the so called ⃗n–axis by the method of forced solution (chapter 6).

The definition of the ⃗n–axis allows now to introduce a new periodic dreibein and action– angle variables for spin motion and to calculate the spin tune as a function of orbital phase space variables (chapter 7).

Finally in chapter 8 the depolarisation time due to stochastic orbital motion is calculated. A summary of the results is presented in chapter 9.

In this paper only the orbit to spin coupling is taken into account and the Stern–Gerlach forces [1] are neglected.

In the First Revision (February 1997) of this paper some minor changes were made to the text. In this Second Revision, some typographical errors are corrected and the argumentation in section 7.4 relating to the construction of the periodic reference vectors (^⃗n_1, ^⃗n_2) is reorganised and improved. Furthermore, figure 1 has been replaced by more explanation in the text.

2 Spin Motion in a Fixed Coordinate System

The starting point of our description of classical spin motion in storage rings will be the T–BMT equation [2, 3] combined with the Lorentz equation.

2.1 Orbital Motion (Lorentz Equation)

The equation of motion for a relativistic non–radiating charged particle in an electromagnetic field, the Lorentz equation, is: e · ⃗ε + e c · ˙⃗r × ⃗B = d dt ( E c^2 · ˙⃗r ) (2.1)

with E = m_0c^2 √ 1 − (˙⃗r)^2/c^2

= γ · m_0c^2 (2.2)

(energy of the particle) and the following definitions:

• e = charge of the particle ;

• m_0 = rest mass of the particle ;

• c = velocity of light;

• ⃗ε = electric field;

• ⃗B = magnetic field ;

• ⃗r = radius vector of the particle;

• γ = E/m_0c^2.

Equation (2.1) can be written in canonical form d dt X_1 = + ∂H ∂p_x ; d dt P_1 = − ∂H ∂X_1 ; (2.3a) d dt X_2 = + ∂H ∂P_2 ; d dt P_2 = − ∂H ∂X_2 ; (2.3b) d dt X_3 = + ∂H ∂P_3 ; d dt P_3 = − ∂H ∂X_3 (2.3c)

using the Hamiltonian:

Ĥ(X_1, X_2, X_3; P_1, P_2, P_3; t) = c · { ⃗π^2 + m^2_0c^2 }_{1/2} + eϕ (2.4)

with ⃗π = ⃗P − e c ⃗A ≡ m_0γ ˙⃗r (kinetic momentum vector) (2.5) where X_1, X_2, X_3 and P_1, P_2, P_3 are canonical orbital position and momentum variables in a fixed Cartesian coordinate system (⃗e_1, ⃗e_2, ⃗e_3) and where ⃗A and ϕ are the vector and scalar potentials from which the electric field ⃗ϵ and the magnetic field ⃗B are derived as ⃗ϵ = −grad ϕ − 1 c ∂ ⃗A ∂t ; (2.6a) ⃗B = curl ⃗A . (2.6b)

2.2 Spin Motion (T–BMT Equation)

2.2.1 The T–BMT Equation

The equation of relativistic classical spin motion, the T–BMT equation, reads as [2, 3]: d dt ⃗ξ = ⃗Ω_0 × ⃗ξ (2.7a)

with

⃗Ω_0 = e m_0c · [ − ( 1 γ + a ) · ⃗B + aγ 1 + γ · 1 c^2 · (˙⃗r ⃗B) · ˙⃗r + ( a + 1 1 + γ ) ˙⃗r × ⃗ε c ] (2.7b)

and where ⃗r and ⃗P (the canonical orbital position and momentum variables) are determined by the Lorentz equation.

The following abbreviations have been used:

• ⃗ξ = classical spin angular momentum vector in the rest frame of the particle, of length 1 ;

• a = (g − 2)/2 (0.00116 for electrons, 1.793 for protons) and quantifies the anomalous spin g factor .

In terms of the three unit cartesian coordinate vectors in the fixed laboratory frame, ⃗e_1, ⃗e_2, ⃗e_3 we can write ⃗r, ⃗P , ⃗Ω_0 and ⃗ξ as:

⃗r = X_1 · ⃗e_1 + X_2 · ⃗e_2 + X_3 · ⃗e_3 ; (2.8a) ⃗P = P_1 · ⃗e_1 + P_2 · ⃗e_2 + P_3 · ⃗e_3 ; (2.8b) ⃗Ω_0 = Ω_1 · ⃗e_1 + Ω_2 · ⃗e_2 + Ω_3 · ⃗e_3 ; (2.8c) ⃗ξ = ξ_1 · ⃗e_1 + ξ_2 · ⃗e_2 + ξ_3 · ⃗e_3 . (2.8d)

It follows from eqn. (2.7a) that for two spins ⃗ξ_1 and ⃗ξ_2 the scalar product ⃗ξ_1(t) · ⃗ξ_2(t)

is a constant of motion: d dt ( ⃗ξ_1(t) · ⃗ξ_2(t) ) = 0 ;

=⇒ ⃗ξ_1(t) · ⃗ξ_2(t) = const i.e. the modulus of ⃗ξ and the angle between ⃗ξ_1 and ⃗ξ_2 are invariants: |⃗ξ(t)| = const ; (2.9a) ≮ (⃗ξ_1(t), ⃗ξ_2(t)) = const . (2.9b) Introducing the matrix:

Ω_0 =

0 −Ω_3 Ω_2 Ω_3 0 −Ω_1 −Ω_2 Ω_1 0

(2.10a)

the T–BMT equation (2.7a) can also be written as: d dt ξ_1 ξ_2 ξ_3

= Ω_0 ξ_1 ξ_2 ξ_3

. (2.10b)

As may be seen from eqn. (2.9a), the components ξ_1, ξ_2, ξ_3 of the spin vector ⃗ξ are not independent, since they fulfil the condition: ξ^2_1 + ξ^2 + ξ^2_3 = 1 .

Eliminating the variable ξ_3:

ξ_3 = √ 1 − ξ^2_1 − ξ^2 , we get a pair of nonlinear coupled differential equations:

d dt ξ_1(t) = Ω_2 · √ 1 − ξ^2_1 − ξ^2 − Ω_3 · ξ_2 ; (2.11a) d dt ξ_2(t) = Ω_3 · ξ_1 − Ω_1 · √ 1 − ξ^2_1 − ξ^2 . (2.11b)

2.2.2 The Spin Hamiltonian

Introducing a pair of independent spin variables α and β by the equations:

ξ_1 = α · √ 1 − 1 4 (α^2 + β^2) ; (2.12a)

ξ_2 = β · √ 1 − 1 4 (α^2 + β^2) ; (2.12b)

=⇒ ξ_3 = √ 1 − ξ^2_1 − ξ^2 = 1 − 1 2 ( α^2 + β^2 ) (2.12c) or (inverting (2.12a, b)):

α = + √ 2 1 + ξ_3

· ξ_1 ; (2.13a)

β = + √ 2 1 + ξ_3

· ξ_2 (2.13b)

the T–BMT equation (2.7a) can also be written in canonical form: d dt α = + ∂H_{spin} ∂β ; (2.14a) d dt β = − ∂H_{spin} ∂α (2.14b) if we define the spin Hamiltonian H_{spin} as: H_{spin}(α, β; s) = Ω_1 · ξ_1 + Ω_2 · ξ_2 + Ω_3 · ξ_3

= √ 1 − 1 4 (α^2 + β^2) · [Ω_1 · α + Ω_2 · β] + [ 1 − 1 2 ( α^2 + β^2 )] · Ω_3 (2.15) (see Appendix A and Ref. [1]).

We then obtain from (2.14) and (2.15) the relations: d dt α = + −β 4 √ 1 − 1 4 (α^2 + β^2)

· [Ω_1 · α + Ω_2 · β]

+ √ 1 − 1 4 (α^2 + β^2) · Ω_2 − β · Ω_3 ; (2.16a) d dt β = − −α 4 √ 1 − 1 4 (α^2 + β^2)

· [Ω_1 · α + Ω_2 · β]

− √ 1 − 1 4 (α^2 + β^2) · Ω_1 + α · Ω_3 (2.16b)

which are equivalent with eqn. (2.7a) (see Appendix A).

2.2.3 Introduction of the Canonical Variables J and ψ Alternatively may introduce a second pair of canonical spin variables (J, ψ) via the relations [4]: α = √ 2 (1 − J) · cos ψ ; (2.17a) β = √ 2 (1 − J) · sin ψ . (2.17b) From this definition we have: β α = tan ψ ; (2.18a) J = 1 − 1 2 ( α^2 + β^2 ) (2.18b) and ξ_1 = α · √ 1 − 1 4 (α^2 + β^2) = √ 2 (1 − J) cos ψ · √ 1 − 1 2 (1 − J) = √ 1 − J^2 · cos ψ ; (2.19a)

ξ_2 = β · √ 1 − 1 4 (α^2 + β^2) = √ 1 − J^2 · sin ψ ; (2.19b)

ξ_3 = 1 − 1 2 ( α^2 + β^2 ) = J . (2.19c)

The transformation α, β =⇒ ψ, J can be obtained from the generating function F_1(α, ψ) = 1 2 α^2 · tan ψ − ψ. (2.20) The transformation formulae are then:

β = + ∂F_1 ∂α = α · tan ψ ; (2.21a) J = − ∂F_1 ∂ψ = − 1 2 α^2 · ( 1 + tan^2 ψ ) + 1 = − 1 2 α^2 · ( 1 + β^2 α^2 ) + 1 = − 1 2 ( α^2 + β^2 ) + 1 ; (2.21b) H_{spin} −→ K_{spin}(ψ, J) = H_{spin} + ∂F_1 ∂s = H_{spin} = Ω_1 · ξ_1 + Ω_2 · ξ_2 + Ω_3 · ξ_3 = √ 1 − J^2 · [Ω_1 · cos ψ + Ω_2 · sin ψ] + Ω_3 · J , (2.21c) and one sees that (2.21a, b) lead back to eqn. (2.18a, b). Thus ψ, J are indeed canonical variables [5].

2.3 Transition to a New Dreibein ⃗u_1, ⃗u_2, ⃗u_3

We now consider the transformation [4]: ⃗e_1, ⃗e_2, ⃗e_3 −→ ⃗u_1, ⃗u_2, ⃗u_3 with d dt ⃗u_k(t) = ⃗U (t) × ⃗u_k(t) =⇒ ⃗U = 1 2 3∑ k=1 ⃗u_k × d dt ⃗u_k (2.22) and ⃗ξ = ξ_1 · ⃗e_1 + ξ_2 · ⃗e_2 + ξ_3 · ⃗e_3 = ξ̃_1 · ⃗u_1 + ξ̃_2 · ⃗u_2 + ξ̃_3 · ⃗u_3 . (2.23)

From (2.7a), (2.22) and (2.23) we obtain: d dt ⃗ξ =^3∑ k=1 ⃗e_k × d dt ξ_k = ⃗Ω_0 × ⃗ξ = 3∑ k=1 ξ̃_k · d dt ⃗u_k + 3∑ k=1 ⃗u_k · d dt ξ̃_k

= 3∑ k=1 ξ̃_k · [ ⃗U × ⃗u_k ] + 3∑ k=1 ⃗u_k · d dt ξ̃_k and thus 3∑ k=1 ⃗u_k · d dt ξ̃_k = ⃗Ω_0 × ⃗ξ −^3∑ k=1 ξ̃_k · [ ⃗U × ⃗u_k ]

= ⃗Ω_0 × ⃗ξ − ⃗U × 3∑ k=1 ξ̃_k ⃗u_k = ⃗Ω_0 × ⃗ξ − ⃗U × ⃗ξ = [ ⃗Ω_0 − ⃗U ] × ⃗ξ . (2.24) Therefore in the new dreibein the equation of spin motion is: =⇒ d dt ξ̃_k = ⃗u_k · {[ ⃗Ω_0 − ⃗U ] × ⃗ξ } . Writing: ξ̃_1 = α̃ · √ 1 − 1 4 ( α̃^2 + β̃^2 ) ; (2.25a)

ξ̃_2 = β̃ · √ 1 − 1 4 ( α̃^2 + β̃^2 ) ; (2.25b) ξ̃_3 = 1 − 1 2 ( α̃^2 + β̃^2 ) (2.25c) and ⃗Ω_0 = Ω̃_1 · ⃗u_1 + Ω̃_2 · ⃗u_2 + Ω̃_3 · ⃗u_3 ; (2.26a) ⃗U = Ũ_1 · ⃗u_1 + Ũ_2 · ⃗u_2 + Ũ_3 · ⃗u_3 (2.26b) the new Hamiltonian reads as:

H̃_{spin} = [ Ω̃_1 − Ũ_1 ] · ξ̃_1 + [ Ω̃_2 − Ũ_2 ] · ξ̃_2 + [ Ω̃_3 − Ũ_3 ] · ξ̃_3

= √ 1 − 1 4 ( α̃^2 + β̃^2 ) {[ Ω̃_1 − Ũ_1 ] · α̃ + [ Ω̃_2 − Ũ_2 ] · β̃ }

+ [ Ω̃_3 − Ũ_3 ] · [ 1 − 1 2 ( α̃^2 + β̃^2 )] . (2.27)

It follows that: d dt α̃ = + ∂H̃_{spin} ∂β̃ = + −β̃ 4 √ 1 − 1 4 ( α̃^2 + β̃^2 ) · {[ Ω̃_1 − Ũ_1 ] · α̃ + [ Ω̃_2 − Ũ_2 ] · β̃ }

+ √ 1 − 1 4 ( α̃^2 + β̃^2 ) · [ Ω̃_2 − Ũ_2 ] − β̃ · [ Ω̃_3 − Ũ_3 ] ; (2.28a) d dt β̃ = −∂ H̃_{spin} ∂α̃ = − −α̃ 4 √ 1 − 1 4 ( α̃^2 + β̃^2 ) · {[ Ω̃_1 − Ũ_1 ] · α̃ + [ Ω̃_2 − Ũ_2 ] · β̃ }

− √ 1 − 1 4 ( α̃^2 + β̃^2 ) · [ Ω̃_1 − Ũ_1 ] + α̃ · [ Ω̃_3 − Ũ_3 ] . (2.28b)

Introducing ( as in eqn. (2.17) or (2.19) ) the spin variables (J̃, ψ̃) via the relations:

α̃ = √ 2 (1 − J̃) · cos ψ̃ ; (2.29a) β̃ = √ 2 (1 − J̃) · sin ψ̃ (2.29b) or ξ̃_1 = √ 1 − J̃^2 · cos ψ̃ ; (2.30a)

ξ̃_2 = √ 1 − J̃^2 · sin ψ̃ ; (2.30b)

ξ̃_3 = J̃ (2.30c) we get: K̃_{spin}(J̃, ψ̃) = √ 1 − J̃^2 · {[ Ω̃_1 − Ũ_1 ] cos ψ̃ + [ Ω̃_2 − Ũ_2 ] sin ψ̃ } + [ Ω̃_3 − Ũ_3 ] · J̃ (2.31) and d dt ψ̃ = + ∂ ∂J̃ K̃_{spin}(J̃, ψ̃) = − J̃ √ 1 − J̃^2 · {[ Ω̃_1 − Ũ_1 ] cos ψ̃ + [ Ω̃_2 − Ũ_2 ] sin ψ̃ } + [ Ω̃_3 − Ũ_3 ] ; (2.32a) d dt J̃ = − ∂ ∂ψ̃ K̃_{spin}(J̃, ψ̃) = √ 1 − J̃^2 · { − [ Ω̃_1 − Ũ_1 ] sin ψ̃ + [ Ω̃_2 − Ũ_2 ] cos ψ̃ } . (2.32b)

2.4 A Special Dreibein Based on a Solution of the T–BMT Equation

Equation (2.29a, b) represents the most general form of spin motion in an arbitrary rotating dreibein (⃗u_1(t), ⃗u_2(t), ⃗u_3(t)) .

If we require that ⃗u_3(t) is a solution of the T–BMT equation, then α̃ = β̃ = 0 must be a solution of eqn. (2.29a, b).

Equation (2.29a, b) then leads to: [ Ω̃_1 − Ũ_1 ] = 0 ; (2.33a) [ Ω̃_2 − Ũ_2 ] = 0 (2.33b) and thus: d dt α̃ = −β̃ · [ Ω̃_3 − Ũ_3 ] ; (2.34a) d dt β̃ = +α̃ · [ Ω̃_3 − Ũ_3 ] (2.34b) or d dt (α̃ + i β̃) = i [ Ω̃_3 − Ũ_3 ] · (α̃ + i β̃) (2.35)

=⇒ [ α̃(t) + i β̃(t) ] = [ α̃(t_0) + i β̃(t_0) ] · e i · ∫_t 0 dt^′ · [ Ω̃_3(t′) − Ũ_3(t′) ] , (2.36) i.e. an arbitrary spin ⃗ξ precesses around the ⃗u_3–axis. This result is in agreement with eqn. (2.9a, b).

Equations (2.32a, b) take the form: d dt ψ̃ = [ Ω̃_3 − Ũ_3 ] ; (2.37a) d dt J̃ = 0 . (2.37b)

Choosing Ũ_3(t) = Ω̃_3(t) − 2π L Q_{rot} , (2.38) where Q_{rot} denotes an arbitrary constant number, the precession becomes uniform with respect to the dreibein (⃗u_1(t), ⃗u_2(t), ⃗u_3(t)) and from eqns. (2.37a, b) we get: d dt ψ̃ = 2π L Q_{rot} ; (2.39a) d dt J̃ = 0 , (2.39b)

i.e. ψ̃ and J̃ become action–angle variables for the spin Hamiltonian.

Remarks:

1) We will use these results in chapter 7 to define action–angle variables for spin motion in storage rings, where we shall introduce a special dreibein (⃗n_1, ⃗n_2, ⃗n) for an arbitrary orbit reflecting the periodicity properties of the orbit. By construction this dreibein is unique except at spin orbit resonances.

2) The results of sections 2.2, 2.3 and 2.4 remain valid if we introduce the arc length s of the design orbit as independent variable (chapter 3) instead of the time t and if we change the coordinate system (⃗e_1, ⃗e_2, ⃗e_3) by orthogonal coordinate transformations, since the structure of the T–BMT equation (2.7a) is unaffected by these procedures [1].

3 Introduction of Machine Coordinates

3.1 Reference Trajectory and Coordinate Frame

The position vector ⃗r of the spin particle in eqns. (2.1) and (2.7) refers to a fixed coordinate system with the coordinates X_1, X_2 and X_3. However, in accelerator physics, it is useful to describe the motion in terms of the natural coordinates x, z, s in a suitable curvilinear coordinate system by introducing as usual [6]:

a) the closed design orbit (a piecewise flat path of a particle with constant energy E_0) which will in the following be described by the vector ⃗r_0(s) where s is the length along this ideal orbit;

b) an orthogonal coordinate system accompanying the particles which travels along the design orbit and comprises [7]:

the unit tangent vector ⃗e_s(s) = d ds ⃗r_0(s) ≡ ⃗r_0^′(s) ;

a unit vector ⃗e_x(s) perpendicular to ⃗e_s in the horizontal plane

and the unit vector ⃗e_z(s) = ⃗e_s(s) × ⃗e_x(s) .

The Serret–Fresnet formulae for the orthonormal triad (⃗e_s, ⃗e_x, ⃗e_z ) read as: d ds ⃗e_x(s) = +K_x(s) · ⃗e_s(s) ; (3.1a) d ds ⃗e_z(s) = +K_z (s) · ⃗e_s(s) ; (3.1b) d ds ⃗e_s(s) = −K_x(s) · ⃗e_x(s) − K_z (s) · ⃗e_z(s) (3.1c)

with the assumption that

K_x(s) · K_z (s) = 0

(piecewise no torsion) and where K_x(s), K_z (s) designate the curvatures in the x–direction and in the z–direction respectively.

In this natural coordinate system an arbitrary orbit vector ⃗r (s) can be written in the form ⃗r (x, z, s) = ⃗r_0(s) + x(s) · ⃗e_x(s) + z(s) · ⃗e_z(s) . (3.2) Note that the sign of K_x(s) and K_z (s) is fixed by eqns. (3.1).

3.2 Orbital Motion

3.2.1 The Orbital Hamiltonian

The variables x and z in eqn. (3.2) describe the amplitude of transverse motion. In order to describe also the longitudinal motion (synchrotron oscillations) we have to introduce two additional small and oscillating variables σ and p_σ [1] with σ = s − v_0 · t (3.3) and p_σ = 1 β^2_0

· η (3.4)

where v_0 and η are given by

v_0 = design speed = cβ_0 ; β_0 = 1 − ( m_0c^2 E_0

)_2

and η = ΔE E_0

. (3.5)

The variable σ denotes the delay in arrival time at position s of a particle and is the longitudinal separation of the particle from the centre of the bunch. The quantity η is the energy deviation of the particle.

Using this complete set of variables we are in a position to provide an analytical description for the orbital motion by a simultaneous treatment of longitudinal and transverse oscillations.

Starting then from the orbital Hamiltonian (2.4) for the motion of a charged particle in an electromagnetic field and introducing the length s along the design orbit as the independent variable (instead of the time t), we can construct the Hamiltonian of the orbital motion with respect to the new variables x, z, σ by a succession of canonical transformations and a scale transformation [8, 9, 1].

Choosing a gauge with ϕ = 0 (e.g. Coulomb gauge) we then obtain:

H(x, p_x, z, p_z , σ, p_σ ; s) = p_σ − (1 + η̂) · [1 + K_x · x + K_z · z] × { 1 − (p_x −^e_{p0·c} A_x)^2 + (p_z −^e_{p0·c} A_z )^2

(1 + η̂)^2 }_{1/2}

− [1 + K_x · x + K_z · z] · e p_0 · c

A_s (3.6) with η̂ defined by:

(1 + η̂) = 1 β_0 √ (1 + η)^2 − ( m_0c^2 E_0

)^2 = 1 β_0 · p · c E_0 = p p_0

; (3.7a)

η̂ = p p_0

− 1 = p − p_0 p_0 = Δp p_0

(3.7b)

(p = m_0γv) .

The corresponding canonical equations read as : d ds x = + ∂H ∂p_x ; d ds p_x = − ∂H ∂x ; (3.8a) d ds z = + ∂H ∂p_z ; d ds p_z = − ∂H ∂z ; (3.8b) d ds σ = + ∂H ∂p_σ ; d ds p_σ = − ∂H ∂σ (3.8c)

or, using a matrix form: d ds ⃗y = −S · ∂H ∂⃗y (3.9)

with

⃗y^T = (x, p_x, z, p_z , σ, p_σ ) (3.10)

where the matrix S is given by

S = S_2 0 0 0 S_2 0 0 0 S_2

; S_2 = ( 0 −1 +1 0 ) . (3.11)

In order to utilise this Hamiltonian, the electric field ⃗ϵ and the magnetic field ⃗B or the corresponding vector potential, ⃗A = ⃗A(x, z, s), (3.12) for the cavities and for commonly occurring types of accelerator magnets must be given. Once ⃗A is known the fields ⃗ε and ⃗B may be found using the relations (2.6a, b). Expressed in the variables x, z, s, σ, eqns. (2.6a, b) become (with ϕ = 0):

⃗ε = β_0 · ∂ ∂σ ⃗A (3.13) and B_x = 1 (1 + K_x · x + K_z · z) · { ∂ ∂z [(1 + K_x · x + K_z · z) · A_s] − ∂ ∂s A_z } ; (3.14a)

B_z = 1 (1 + K_x · x + K_z · z) · { ∂ ∂s A_x − ∂ ∂x [(1 + K_x · x + K_z · z) · A_s] } ; (3.14b)

B_s = ∂ ∂x A_z − ∂ ∂z A_x . (3.14c)

We assume that the ring consists of bending magnets, quadrupoles, skew quadrupoles, solenoids, cavities and dipoles. Then the vector potential ⃗A can be written as [10] : e p_0 · c

A_s = − 1 2 [1 + K_x · x + K_z · z] + 1 2 g · (z^2 − x^2) + N · xz − 1 β^2_0 · L 2π · h · eV (s) E_0

· cos [ h · 2π L · σ + φ ]

+ e p_0 · c

· (ΔB_x · z − ΔB_z · x) ; (3.15a) e p_0 · c A_x = −H · z ; e p_0 · c

A_z = +H · x (3.15b)

(h = harmonic number) with the following abbreviations: g = e p_0 · c · ( ∂B_z ∂x ) x=z=0 ; (3.16a) N = 1 2 · e p_0 · c · ( ∂B_x ∂x − ∂B_z ∂z ) x=z=0 ; (3.16b) H = 1 2 · e p_0 · c

· B_s(0, 0, s) ; (3.16c)

K_x = + e p_0 · c

· B_z (0, 0, s) ; K_z = − e p_0 · c

· B_x(0, 0, s) . (3.16d)

In detail, one has:

a) g ≠ 0; N = K_x = K_z = H = V = ΔB_x = ΔB_z = 0 : quadrupole; b) N ≠ 0; g = K_x = K_z = H = V = ΔB_x = ΔB_z = 0 : skew quadrupole; c) K^2_x + K^2_z ≠ 0; g = N = H = V = ΔB_x = ΔB_z = 0 : bending magnet; d) H ≠ 0; g = N = K_x = K_z = V = ΔB_x = ΔB_z = 0 : solenoid; e) V ≠ 0; g = K_x = K_z = N = H = ΔB_x = ΔB_z = 0 : cavity; f) ΔB^2_x + ΔB^2_z ≠ 0; g = K_x = K_z = N = H = V = 0 : dipole.

Thus the Hamiltonian (3.6) takes the form:

H(x, p_x, z, p_z , σ, p_σ; s) = p_σ − (1 + η̂) · [1 + K_x · x + K_z · z] × { 1 − [p_x + H · z]^2 + [p_z − H · x]^2 (1 + η̂)^2 }_{1/2}

+ 1 2 · [1 + K_x · x + K_z · z]^2 − 1 2 · g · (z^2 − x^2) − N · xz + 1 β^2_0 · L 2π · h · eV (s) E_0

· cos [ h · 2π L · σ + φ ] . − e p_0 · c

· (ΔB_x · z − ΔB_z · x) . (3.17)

Furthermore, for the magnetic field ⃗B we get: e E_0

B_x = β_0 [ −K_z + e p_0 · c

ΔB_x + (N − H^′) · x + g · z ] ; (3.18a) e E_0

B_z = β_0 [ +K_x + e p_0 · c

ΔB_z − (N + H^′) · z + g · x ] ; (3.18b) e E_0

B_s = β_0 · 2H (3.18c)

and for the electric field ⃗ϵ we have:

ϵ_s = V (s) sin [ h · 2π L · σ + φ ]

= V (s) sin φ + σ(s) · h · 2π L · V (s) cos φ + · · · ; (3.19a) ϵ_x = ϵ_z = 0 (3.19b)

(see eqns. (3.13), (3.14) and (3.15) ).

Remark:

Equation (3.17) is valid only for protons. For electrons we need the extra term in the Hamiltonian H_{rad} = 1 β^2_0

· C_1 · [K^2_x + K^2_z ] · σ (3.20) ( where C_1 = 2 3 e^2 γ^4_0 E_0 )

(for v_0 ≈ c) in order to describe the energy loss by radiation in the bending magnets [7, 11]. In this case, the cavity phase φ in (3.15a) and (3.17) is determined by the need to replace the energy radiated in the bending magnets. Thus: ∫_{s0 +L} s_0 ds · eV (s) · sin φ average energy uptake in the cavities ; = ∫_{s0 +L} s_0

ds · E_0 · C_1 · [K^2_x + K^2_z ] .

average energy loss due to radiation

(3.21)

Note, that the H_{rad} term only accounts for the average energy loss. Deviations from this average due to stochastic radiation effects and damping introduce non–symplectic terms into the equation of motion.

For proton storage rings, where radiation effects can be neglected, one has:

sin φ = 0 =⇒ φ = 0, π (3.22)

(no average energy gain in the cavities) and the choice for φ is determined by the stability condition for synchrotron motion [9, 10]:

φ = 0 above “transition” ;

φ = π below “transition” .

3.2.2 Series Expansion of the Orbital Hamiltonian

Since |p_x + H · z| ≪ 1 ; |p_z − H · x| ≪ 1 the square root [ 1 − [p_x + H · z]^2 + [p_z − H · x]^2

(1 + η̂)^2 ]_{1/2}

in (3.17) may be expanded in a series : [ 1 − [p_x + H · z]^2 + [p_z − H · x]^2 (1 + η̂)^2 ]_{1/2} =

1 − 1 2 · [p_x + H · z]^2 + [p_z − H · x]^2 (1 + η̂)^2

+ ... (3.23)

and the same can be done with the term

L 2π · h · eV (s) E_0 cos [ h · 2π L · σ + φ ]

resulting from the cavity field : L 2π · h · eV (s) E_0 cos [ h · 2π L · σ + φ ] = L 2π · h · eV (s) E_0 cos φ − σ · eV (s) E_0 sin φ − 1 2 σ^2 · h · 2π L · eV (s) E_0 cos φ + · · · . (3.24)

Furthermore, for the quantity η̂ ≡ f(η) one obtains from eqn. (3.7a) : η̂ ≡ f(η) = f(0) + f^′(0) · η + f^{′′}(0) · 1 2 η^2 + · · · = 1 β^2_0 · η − 1 β^4_0 · γ^2_0 · 1 2 η^2 + · · ·

= p_σ − 1 γ^2_0 · 1 2 p^2_σ ± · · · . (3.25)

Thus in practice the orbital motion can be conveniently calculated to various orders of approximation.

From (3.7b) and (3.25) we obtain to the first order: p_σ ≈ Δp p_0 . If we wish to obtain a symplectic linearised treatment of synchro–betatron motion we expand the Hamiltonian up to second order in the orbit variables x, p_x, z, p_z , σ, p_σ . Then we obtain from (3.17) and (3.20): H = 1 2 · 1 γ^2_0

· p^2_σ − [K_x · x + K_z · z] · p_σ + 1 2 · { [p_x + H · z]^2 + [p_z − H · x]^2 }

+ 1 2 · { [K^2_x + g] · x^2 + [K^2_z − g] · z^2 − 2N · xz }

− 1 2 · 1 β^2_0

· σ^2 · eV (s) E_0 · h · 2π L · cos φ − 1 β^2_0 · σ · eV (s) E_0

· sin φ + 1 β^2_0

· C_1 · [K^2_x + K^2_z ] · σ − e p_0 · c

· (ΔB_x · z − ΔB_z · x) (3.26)

(constant terms in the Hamiltonian with no influence in the motion have been dropped).

The Hamiltonian (3.26) now leads to the (linearised) canonical equations : d ds x = p_x + H · z ; (3.27a) d ds p_x = −[K^2_x + g] · x + N · z + K_x · p_σ +[p_z − H · x] · H − e p_0 · c

ΔB_z ; (3.27b) d ds z = p_z − H · x ; (3.27c) d ds p_z = −[K^2_z − g] · z + N · x + K_z · p_σ −[p_x + H · z] · H + e p_0 · c

ΔB_x ; (3.27d) d ds σ = 1 γ^2_0

· p_σ − [K_x · x + K_z · z] ; (3.27e) d ds p_σ = 1 β^2_0 · σ · eV (s) E_0 · h · 2π L · cos φ + 1 β^2_0 · eV (s) E_0 · sin φ − 1 β^2_0

· C_1 · [K^2_x + K^2_z ] (3.27f)

or in matrix form: d ds ⃗y = A · ⃗y + ⃗c_0 + ⃗c_1 (3.28)

with

A = 0 1 H 0 0 0 −[K^2_x + g + H^2] 0 N H 0 K_x −H 0 0 1 0 0 N −H [K^2_z − g + H^2] 0 0 K_z −K_x 0 −K_z 0 0 1/γ^2_0 0 0 0 0^1_{β20} ·^{eV (s)}_{E0} ·^{2πh}_L cos φ_0 0

(3.29)

and ⃗y^T = (x, p_x, z, p_z , σ, p_σ ) ; (3.30a)

⃗c^T_0 = 1 β^2_0 · (0, 0, 0, 0, 0, eV E_0 sin φ − C_1 · [K^2_x + K^2_z ] ) ; (3.30b)

⃗c^T_1 = β_0 · (0, − e E_0

ΔB_z, 0 + e E_0

ΔB_x, 0, 0) . (3.30c)

Note that the linear transverse oscillations (eqns. (3.27a - d)) and the longitudinal motion (eqns. (3.27e, f)) are coupled by the term −[K_x · x + K_z · z] (3.31) appearing in (3.27e) which depends on the curvature of the orbit in the bending magnets.

3.3 Spin Motion

Introducing again the arc length s of the design orbit as independent variable and using the relationship: d dt = ds dt · d ds = ṡ · d ds (3.32)

the T–BMT equation (2.7a) becomes: d ds ⃗ξ = 1 ṡ · (⃗Ω_0 × ⃗ξ) . (3.33)

Representing the spin vector ⃗ξ in the form ⃗ξ = ξ_s · ⃗e_s + ξ_x · ⃗e_x + ξ_z · ⃗e_z (3.34)

and using eqn. (3.1) we have: d ds ⃗ξ = ξ^′_s · ⃗e_s + ξ^′_x · ⃗e_x + ξ^′_z · ⃗e_z + ξ_x · d ds ⃗e_x + ξ_s · d ds ⃗e_s + ξ_z · d ds ⃗e_z = ξ^′_s · ⃗e_s + ξ^′_x · ⃗e_x + ξ^′_z · ⃗e_z − ξ_s · (K_x · ⃗e_x + K_x · ⃗e_z) + ξ_x · K_x⃗e_s + ξ_z · K_z⃗e_s = ξ^′_s · ⃗e_s + ξ^′_x · ⃗e_x + ξ^′_z · ⃗e_z − ⃗ξ × (K_z · ⃗e_x − K_x · ⃗e_z ) (3.35) so that eqn. (3.33) can be rewritten as:

ξ^′_s · ⃗e_s + ξ^′_x · ⃗e_x + ξ^′_z · ⃗e_z = ⃗Ω × ⃗ξ (3.36a) with ⃗Ω = 1 ṡ · ⃗Ω_0 − K_z · ⃗e_x + K_x · ⃗e_z . (3.36b)

In order to get the components Ω_s, Ω_x, Ω_z of the vector ⃗Ω: ⃗Ω = Ω_1 · ⃗e_1 + Ω_2 · ⃗e_2 + Ω_3 · ⃗e_3

= Ω_s · ⃗e_s + Ω_x · ⃗e_x + Ω_z · ⃗e_z with respect to the triad (⃗e_s, ⃗e_x, ⃗e_z) we use the relations: d dt ⃗r = ṡ · d ds ⃗r = ṡ · {[1 + K_x · x + K_z · z] · ⃗e_s + x^′ · ⃗e_x + z^′ · ⃗e_z } (3.37) where the quantities x^′ and z^′ are given by (see (3.17) ) :

x^′ ≡ ∂H ∂p_x = [1 + K_x · x + K_z · z] × { (1 + η̂)^2 − (p_x + H · z)^2 − (p_z − H · x)^2 }_{−1/2} · (p_x + H · z) ; (3.38a) z^′ ≡ ∂H ∂p_z = [1 + K_x · x + K_z · z] × { (1 + η̂)^2 − (p_x + H · z)^2 − (p_z − H · x)^2 }_{−1/2} · (p_z − H · x) (3.38b)

and where the term ṡ can be obtained from the relation: ∂H ∂p_σ ≡ σ^′ = 1 − v_0 · d ds t(s) = 1 − v_0 · 1 ṡ =⇒ ṡ = v_0 1 − ∂H ∂p_σ = v_0 [1 + K_x · x + K_z · z] · 1 1 + η × { (1 + η̂)^2 − (p_x + H · z)^2 − (p_z − H · x)^2 }_{1/2}

= v_0 [1 + K_x · x + K_z · z] · 1 + η̂ 1 + η × { 1 − (p_x + H · z)^2 + (p_z − H · x)^2 (1 + η̂)^2 }_{1/2} . (3.39)

Furthermore, for the quantities (˙⃗r ⃗B) and ˙⃗r × ⃗ε appearing in eqn. (2.7b) we get:

(˙⃗r ⃗B) = ṡ · {[1 + K_x · x + K_z · z] · B_s + x^′ · B_x + z^′ · B_z} ; (3.40a) ˙⃗r × ⃗ε = ṡ · {z^′ · ⃗e_x − x^′ · ⃗e_z } · ε_s . (3.40b) Thus eqn. (3.36b) leads to:

Ω_s = 1 ṡ · Ω_{0s} ; (3.41a)

Ω_x = 1 ṡ · Ω_{0x} − K_z ; (3.41b)

Ω_z = 1 ṡ · Ω_{0z} + K_x (3.41c)

with

Ω_{0s} = e m_0c · { − ( 1 γ + a ) · B_s + aγ 1 + γ · 1 c^2 · (˙⃗r ⃗B) · ṡ [1 + K_x · x + K_z · z] } ; (3.42a)

Ω_{0x} = e m_0c · { − ( 1 γ + a ) · B_x + aγ 1 + γ · 1 c^2 · (˙⃗r ⃗B) · ṡ ∂H ∂p_x (3.42b) + ( a + 1 1 + γ ) ṡ c · ε_s · ∂H ∂p_z } ;

Ω_{0z} = e m_0c · { − ( 1 γ + a ) · B_z + aγ 1 + γ · 1 c^2 · (˙⃗r ⃗B) · ṡ ∂H ∂p_z (3.42c) − ( a + 1 1 + γ ) ṡ c · ε_s · ∂H ∂p_x } .

Writing for the term ( 1 1 + γ ) appearing in eqn. (3.42): 1 1 + γ = 1 (1 + γ_0) + γ_0 · η = 1 1 + γ_0 · [ 1 − γ_0 1 + γ_0 · η ] + · · ·

and taking into account eqns. (3.18), (3.19), (3.23), (3.25) and (3.37 - 40), the precession vector ⃗Ω reads in linear approximation as:

Ω_s = −2H · (1 + a)

+2H · (1 + a) · p_σ

−β^2_0 · p_x · aγ^2_0 1 + γ_0 [ K_z − e p_0 · c · ΔB_x ]

+β^2_0 · p_z · aγ^2_0 1 + γ_0 [ K_x + e p_0 · c · ΔB_z ] ; (3.43a)

Ω_x = K_z · aγ_0 − (1 + aγ_0) · e p_0 · c ΔB_x −(1 + aγ_0) · [(N − H^′) · x − (K^2_z − g) · z]

+ aγ^2_0 1 + γ_0

· 2H · β^2_0 · [p_x + H · z]

+ [ aγ_0 + γ_0 1 + γ_0 ] · eV (s) E_0 sin φ · p_z

− [ 1 + 1 + aγ_0 γ^2_0 − 1 ] · ( K_z − e p_0 · c ΔB_x ) · β^2_0 · p_σ ; (3.43b)

Ω_z = −K_x · aγ_0 − (1 + aγ_0) · e p_0 · c ΔB_z +(1 + aγ_0) · [(N + H^′) · z − (K^2_x + g) · x]

+ aγ^2_0 1 + γ_0

· 2H · β^2_0 · [p_z − H · x]

− [ aγ_0 + γ_0 1 + γ_0 ] · eV (s) E_0 sin φ · p_x

+ [ 1 + 1 + aγ_0 γ^2_0 − 1 ] · ( K_x + e p_0 · c ΔB_z ) · β^2_0 · p_σ (3.43c)

(no solenoid field in the bending magnets and in the cavities =⇒ K_x · H = K_z · H = 0 ; V · H = 0).

4 Introduction of a Periodic Reference Orbit for the Combined Spin–Orbit System

As can be seen from (3.26) and (3.43), the series expansion for H contains terms linear in the orbital coordinates x, p_x, z, p_z , σ, p_σ and ⃗Ω contains terms independent of the orbital coordinates. These and the linear terms can be eliminated by introducing a new reference orbit for the combined spin–orbit system (8-dimensional closed orbit).

4.1 Definition of the 8–Dimensional Closed Orbit

We begin by defining the 8–dimensional closed orbit: ( ⃗y_0(s), ⃗ξ_0(s) ) containing a periodic orbital part ⃗y^T_0 = (x_0, p_{x0}; z_0, p_{z0}; σ_0, p_{σ0}), with ⃗y_0(s + L) = ⃗y_0(s) (4.1a) and a spin part ⃗ξ_0(s) which defines a periodic spin vector ⃗ξ_0(s) = ξ_{0s} · ⃗e_s + ξ_{0x} · ⃗e_x + ξ_{0z} · ⃗e_z with ⃗ξ_0(s + L) = ⃗ξ_0(s) (4.1b) whereby the equations of motion read as: d ds ⃗y_0 = −S · ∂ ∂⃗y_0 H(⃗y_0; s) ; (4.2a) ⃗e_s · d ds ξ_{0s} + ⃗e_x · d ds ξ_{0x} + ⃗e_z · d ds ξ_{0z} = ⃗Ω^{(0)} × ⃗ξ_0 (4.2b) (see eqns. (3.9) and (3.36a) ) with ⃗Ω^{(0)} ≡ ⃗Ω(⃗y_0, s) (4.3) and S is given by eqn. (3.11). Thus ( ⃗y_0(s), ⃗ξ_0(s) ) is a periodic solution of the combined equations (3.9) and (3.36) of spin–orbit motion.

The components of the precession vector ⃗Ω^{(0)} are given by (eqns. (3.43a, b, c) ):

Ω^{(0)}_s = −2H · (1 + a)

+2H · (1 + a) · p_{σ0}

−β^2_0 · p_{x0} · aγ^2_0 1 + γ_0 [ K_z − e p_0 · c · ΔB_x ]

+β^2_0 · p_{z0} · aγ^2_0 1 + γ_0 [ K_x + e p_0 · c · ΔB_z ] ; (4.4a)

Ω^{(0)}_x = K_z · aγ_0 − (1 + aγ_0) · e p_0 · c ΔB_x −(1 + aγ_0) · [ (N − H^′) · x_0 − (K^2_z − g) · z_0 ]

+ aγ^2_0 1 + γ_0

· 2H · β^2_0 · [p_{x0} + H · z_0]

+ [ aγ_0 + γ_0 1 + γ_0 ] · eV (s) E_0 sin φ · p_{z0}

− [ 1 + 1 + aγ_0 γ^2_0 − 1 ] · ( K_z − e p_0 · c ΔB_x ) · β^2_0 · p_{σ0} ; (4.4b)

Ω^{(0)}_z = −K_x · aγ_0 − (1 + aγ_0) · e p_0 · c ΔB_z +(1 + aγ_0) · [ (N + H^′) · z_0 − (K^2_x + g) · x_0 ]

+ aγ^2_0 1 + γ_0

· 2H · β^2_0 · [p_{z0} − H · x_0]

− [ aγ_0 + γ_0 1 + γ_0 ] · eV (s) E_0 sin φ · p_{x0}

+ [ 1 + 1 + aγ_0 γ^2_0 − 1 ] · ( K_x + e p_0 · c ΔB_z ) · β^2_0 · p_{σ0} . (4.4c)

With the help of this precession vector ⃗Ω^{(0)}(s) = Ω^{(0)}_s · ⃗e_s + Ω^{(0)}_x · ⃗e_x + Ω^{(0)}_z · ⃗e_z (4.5)

which describes the spin motion along the closed orbit ⃗y_0(s) we can construct a suitable periodic reference frame for spin [ ⃗n_0(s + L), ⃗m(s + L), ⃗l(s + L) ] = [ ⃗n_0(s), ⃗m(s), ⃗l(s) ] (see Appendix B and Refs. [1, 12]) with

⃗n_0 = ⃗ξ_0/|⃗ξ_0| ; (4.6a) ⃗n_0(s) ⊥ ⃗m(s) ⊥ ⃗l(s) ; (4.6b) ⃗n_0(s) = ⃗m(s) × ⃗l(s) ; (4.6c) |⃗n_0(s)| = |⃗m(s)| = |⃗l(s)| = 1 (4.6d) and ⃗e_s · d ds n_{0s} + ⃗e_x · d ds n_{0x} + ⃗e_z · d ds n_{0z} = ⃗Ω^{(0)} × ⃗n_0(s) ; (4.7a) ⃗e_s · d ds m_s + ⃗e_x · d ds m_x + ⃗e_z · d ds m_z = ⃗Ω^{(0)} × ⃗m(s) + ⃗l (s) · d ds ψ_{spin}(s) ; (4.7b) ⃗e_s · d ds l_s + ⃗e_x · d ds l_x + ⃗e_z · d ds l_z = ⃗Ω^{(0)} × ⃗l (s) − ⃗m(s) · d ds ψ_{spin}(s) (4.7c) and ψ_{spin}(s + L) − ψ_{spin}(s) = 2π · Q_{spin} (4.8) in which the unit spin vector ⃗ξ may be represented as ⃗ξ = √ 1 − ξ^2_m − ξ^2_l · ⃗n_0 + ξ_m · ⃗m + ξ_l · ⃗l . (4.9)

With the condition (B.16b), spins on the closed orbit precess at the constant rate ψ^′_{spin} with respect to (⃗m, ⃗l). Furthermore, J = ⃗ξ · ⃗n_0 is constant. Thus with (B.16b) and the corresponding orthonormal vectors (⃗m, ⃗l) we can consider (J, ψ_{spin}) to be action–angle variables for motion on the closed orbit. As explained in Appendix B, the spin frequency Q_{spin} is arbitrary up to an integer. There is a different (⃗m, ⃗l) pair corresponding to each integer part.

In the case that Q_{spin} is an integer (the fractional part is zero) not only ⃗n_0 but also ⃗m_0 and ⃗l_0 are periodic solutions of the T–BMT equation. Thus in this case the (⃗n_0 ⃗m_0 ⃗l_0) dreibein is not unique. Alternatively we can note that (3 × 3) spin transfer matrix on the closed orbit becomes a unit matrix with degenerate eigenvectors. Given one choice of (⃗n_0 ⃗m_0 ⃗l_0) or (⃗n_0 ⃗m⃗l), equally valid dreibeins can then be generated by arbitrary orthogonal transformations.

The vector ⃗n_0 obeys the T–BMT equation, but off resonance (⃗m, ⃗l) are not T–BMT solutions. On resonance this distinction is lost.

4.2 Transformation of the Orbital Variables

4.2.1 Canonical Transformation

The orbit vector ⃗y(s) can now be separated into two components ⃗y(s) = ⃗y_0(s) + ~⃗y(s) , (4.10) where the vector ~⃗y(s) describes the synchro–betatron oscillations about the new closed equilibrium trajectory ⃗y_0(s) .

The transformation ⃗y =⇒ ~⃗y (4.11) can be obtained from the generating function

F_2(x, p̃_x; z, p̃_z ; σ, p̃_σ; s) = (x − x_0) · (p̃_x + p_{x0}) + (z − z_0) · (p̃_z + p_{z0}) +(σ − σ_0) · (p̃_σ + p_{σ0}) + f(s) . (4.12) The transformation equations read as:

p_x = ∂F_2 ∂x = p̃_x + p_{x0} ; x̃ = ∂F_2 ∂p̃_x = x − x_0 ; (4.13a)

p_z = ∂F_2 ∂z = p̃_z + p_{z0} ; x̃ = ∂F_2 ∂p̃_x = x − x_0 ; (4.13b)

p_σ = ∂F_2 ∂σ = p̃_σ + p_{σ0} ; σ̃ = ∂F_2 ∂p̃_σ = σ − σ_0 (4.13c)

which reproduce the defining equation (4.10) for ~⃗y .

The term f(s) in eqn. (4.12) is an arbitrary function. Choosing f(s) such that d ds f(s) = x_0(s) · d ds p_{x0}(s) + z_0(s) · d ds p_{z0}(s) + σ_0(s) · d ds p_{σ0}(s)

we furthermore have: ∂F_2 ∂s = − dx_0 ds · p_x + dp_{x0} ds · x − dz_0 ds · p_z + dp_{z0} ds · z − dσ_0 ds · p_σ + dp_{σ0} ds · σ

= −p_x · ( ∂H ∂p_x ) ⃗y=⃗y_0 − x · ( ∂H ∂x ) ⃗y=⃗y_0 −p_z · ( ∂H ∂p_z ) ⃗y=⃗y_0 − z · ( ∂H ∂z ) ⃗y=⃗y_0 −p_σ · ( ∂H ∂p_σ ) ⃗y=⃗y_0 − σ · ( ∂H ∂σ ) ⃗y=⃗y_0 = −⃗y · ( ∂H ∂⃗y ) ⃗y=⃗y_0

and therefore H −→ H̃ ≡ H + ∂F_2 ∂s = H − ⃗y · ( ∂H ∂⃗y ) ⃗y=⃗y_0 . (4.14)

4.2.2 The Linearised Equations of Orbital Motion

The orbital Hamiltonian H̃ in the linear case (see eqn. (3.26) ) takes the form : H̃(x̃, z̃, σ̃; p̃_x, p̃_z , p̃_σ; s)

= 1 2 · 1 γ^2_0

· p̃^2_σ − [K_x · x̃ + K_z · z̃] · p̃_σ + 1 2 · { [p̃_x + H · z̃]^2 + [p̃_z − H · x̃]^2 }

+ 1 2 · {[ K^2_x + g ] · x̃^2 + [ K^2_z − g ] · z̃^2 − 2N · x̃z̃ }

− 1 2 σ̃^2 · 1 β^2_0 · eV (s) E_0 · h · 2π L · cos φ . (4.15)

The corresponding canonical equations read as: d ds ~⃗y = A (s) · ~⃗y (4.16)

with A given by (3.29).

Due to the linearity of the equations of motion (4.16) the solution may be written in the form:

~⃗y (s) = M (s, s_0) ~⃗y (s_0)

which defines the transfer matrix M(s, s_0) .

Since the variables x̃, z̃, σ̃; p̃_x, p̃_z , p̃_σ are canonical, the transfer matrix is symplectic [13] :

M^T (s, s_0) · S · M(s, s_0) = S . (4.17)

The symplecticity condition (4.17) ensures that the transfer matrix , M (s, s_0) , contains complete information about the stability of the (linear) synchro–betatron oscillations.

As a result of this condition, we are able to introduce action–angle variables for the orbital motion.

To do that we remark, that the orbit vector ~⃗y can be represented as a linear combination of the (normalised) eigenvectors ⃗v_{±k}(s) (k = I, II, III) of the revolution matrix M(s + L, s) and may thus be written as: ~⃗y (s) = ∑ k=I,II,III {A_k · ⃗v_k (s) + A_{−k} · ⃗v_{−k} (s)} (4.18) with M (s + L , s) ⃗v_μ(s) = e−i · 2πQ^μ · ⃗v_μ(s) ; (4.19a) Q_{−k} = −Q_k ; (k = I, II, III) (4.19b) and ⃗v^+_k (s) · S · ⃗v_k(s) = −⃗v^+_{−k}(s) · S · ⃗v_{−k} (s) = i ; ⃗v^+_μ (s) · S · ⃗v_ν (s) = 0 otherwise

(4.20)

whereby we have assumed, that the stability condition: Q_μ real number (4.21) is satisfied.

Note that the eigenvectors ⃗v_μ(s) represent special solutions of the equation of motion (4.16):

⃗v_μ(s) = M(s, s_0) ⃗v_μ(s_0) . If we put ⃗v_μ(s) = ⃗v̂_μ(s) · e−i · 2πQ^μ · (s/L) (4.22a) we obtain from (4.19):

⃗v̂_μ(s + L) = ⃗v̂_μ(s) . (4.22b) Equation (4.22) is a statement of the Floquet theorem : vectors ⃗v_μ(s) are special solutions of the equations of motion (4.16) which can be expressed as the product of a periodic function ⃗v̂_μ(s) and a harmonic function e−i · 2πQ^μ · (s/L) . The “Floquet vectors” ⃗v̂_μ(s) fulfil the same relationships as the eigenvectors ⃗v_μ(s): ⃗v̂^+_k (s) · S · ⃗v̂_k(s) = −⃗v̂^+_{−k}(s) · S · ⃗v̂_{−k}(s) = i ; ⃗v̂^+_μ (s) · S · ⃗v̂_ν (s) = 0 otherwise .

(4.23)

Using these results we are now able to introduce a new set of canonical variables. For this we write for the coefficients A_k, A_{−k} (k = I, II, III) in eqn. (4.18) :

A_k = √ J_k · e−i[Φ^k − 2πQ^k · s/L] ; (4.24a) A_{−k} = √ J_k · e+i[Φ^k − 2πQ^k · s/L] . (4.24b) Then eqn. (4.18) takes the form: ~⃗y(s) = ∑ k=I,II,III √ J_k · { ⃗v̂_k(s) · e−iΦk + ⃗v̂_{−k} (s) · e+iΦk } . (4.25)

From (4.25) we now have: ∂~⃗y ∂Φ_k = −i · √ J_k · { ⃗v̂_k(s) · e−iΦk − ⃗v̂_{−k} (s) · e+iΦk } ; (4.26a) ∂~⃗y ∂J_k = + 1 2 √ J_k · { ⃗v̂_k(s) · e−iΦk + ⃗v̂_{−k} (s) · e+iΦk } . (4.26b)

Taking into account the relations (4.23) one obtains the equations [14]: ∂~⃗y^T ∂J_k · S · ∂~⃗y ∂Φ_l = − ∂~⃗y^T ∂Φ_l · S · ∂~⃗y ∂J_k = δ_{kl} ; (4.27a) ∂~⃗y^T ∂J_k · S · ∂~⃗y ∂J_l = ∂~⃗y^T ∂Φ_k · S · ∂~⃗y ∂Φ_l = 0 (4.27b)

which can be combined into the matrix form J^T · S · J = S (4.28) where J signifies the Jacobian matrix J = ( ∂~⃗y ∂Φ_I , ∂~⃗y ∂J_I , ∂ ~⃗y ∂Φ_{II} , ∂~⃗y ∂J_{II} , ∂~⃗y ∂Φ_{III} , ∂~⃗y ∂J_{III} ) (4.29)

being a 6 × 6–matrix just written as a row of column vectors (∂⃗y/∂Φ_I ) etc.

Equation (4.28) proves that eqn. (4.25) represents a canonical transformation x̃, p̃_x, z̃, p̃_z , σ̃, p̃_σ −→ Φ_I , J_I , Φ_{II} , J_{II} , Φ_{III} , J_{III} (4.30) and that Φ_k, J_k (k = I, II, III) are indeed canonical variables which can now be interpreted as action–angle variables since dJ_k ds = 0 ; (4.31a) dΦ_k ds = 2π L Q_k . (4.31b)

The way to find the Hamiltonian in terms of J_k , Φ_k is explained in Ref. [14].

The orbit vector ~⃗y(s) in (4.25) is thus an explicit function of the canonical variables J_k and Φ_k and of the longitudinal variable s, via the eigenvectors, ⃗v_k(s).

4.3 Spin Motion

In analogy to the separation of the oscillation amplitude ⃗y into two parts we can divide the precession vector ⃗Ω (see eqn. (3.36b) ) into two components by writing: ⃗Ω (⃗y) = ⃗Ω^{(0)} + ⃗ω (4.32)

with ⃗ω ≡ ⃗Ω − ⃗Ω^{(0)} = ⃗ω (⃗ỹ) . (4.33) Writing ⃗ω = ω_s · ⃗e_s + ω_x · ⃗e_x + ω_z · ⃗e_z (4.34) we obtain from eqns. (3.43a, b, c) for the linearised components ω_s, ω_x, ω_z , of the vector ⃗ω : ω_s = +2H · (1 + a) · p̃_σ

−β^2_0 · p̃_x · aγ^2_0 1 + γ_0 [ K_z − e p_0 · c ΔB_x ]

+β^2_0 · p̃_z · aγ^2_0 1 + γ_0 [ K_x + e p_0 · c ΔB_z ] ; (4.35a)

ω_x = −(1 + aγ_0) · [ (N − H^′) · x̃ − (K^2_z − g) · z̃ ]

+ aγ^2_0 1 + γ_0

· 2H · β^2_0 · [p̃_x + H · z̃]

+ 1 β^2_0 · [ aγ_0 + γ_0 1 + γ_0 ] · eV (s) E_0 sin φ · p̃_z

− [ 1 + 1 + aγ_0 γ^2_0 − 1 ] · ( K_z − e p_0 · c ΔB_x ) · β^2_0 · p̃_σ ; (4.35b)

ω_z = +(1 + aγ_0) · [ (N + H^′) · z̃ − (K^2_x + g) · x̃ ]

+ aγ^2_0 1 + γ_0

· 2H · β^2_0 · [p̃_z − H · x̃]

− 1 β^2_0 · [ aγ_0 + γ_0 1 + γ_0 ] · eV (s) E_0 sin φ · p̃_x

+ [ 1 + 1 + aγ_0 γ^2_0 − 1 ] · ( K_x + e p_0 · c ΔB_z ) · β^2_0 · p̃_σ . (4.35c)

Furthermore, the vector ω_s ω_x ω_z with the linearised components ω_s, ω_x, ω_z can be written as:

ω_s ω_x ω_z = F_{(3×6)} · x̃ p̃_x z̃ p̃_z σ̃ p̃_σ (4.36)

with

F_{12} = −a(γ_0 − 1) · [ K_z − e p_0 · c · ΔB_x ] ;

F_{14} = +a(γ_0 − 1) · [ K_x + e p_0 · c · ΔB_z ] ; F_{16} = +2H · (1 + a) ;

F_{21} = −(1 + aγ_0) · (N − H^′) ;

F_{22} = +a(γ_0 − 1) · 2H ;

F_{23} = +(1 + aγ_0) · (K^2_z − g) + 2a(γ_0 − 1) · H^2 ;

F_{24} = [ aγ_0 + γ_0 1 + γ_0 ] · e E_0

V (s) sin φ ;

F_{26} = − [ 1 + a γ_0 ] · ( K_z − e p_0 · c ΔB_x ) ; F_{31} = −(1 + aγ_0) · (K^2_x + g) − 2a(γ_0 − 1) · H^2 ;

F_{32} = − [ aγ_0 + γ_0 1 + γ_0 ] · e E_0

V (s) sin φ ;

F_{33} = +(1 + aγ_0) · (N + H^′) ;

F_{34} = +a(γ_0 − 1) · 2H ;

F_{36} = + [ 1 + a γ_0 ] · ( K_x + e p_0 · c ΔB_z ) ; F_{ik} = 0 otherwise . (4.37)

The precession vector ⃗ω describes the spin motion in the (⃗n_0, ⃗m, ⃗l ) spin frame, as shall be shown in the next chapter.

5 The Equations of Spin Motion in the (⃗n_0, ⃗m, ⃗l ) System

5.1 Spin Motion in the (⃗n_0, ⃗m, ⃗l ) System

By eqns. (2.8) and (4.9) we have: ⃗ξ = ξ_s · ⃗e_s + ξ_x · ⃗e_x + ξ_z · ⃗e_z = ξ_n · ⃗n_0 + ξ_m · ⃗m + ξ_l · ⃗l , (5.1)

which we rewrite as: ξ_n ξ_m ξ_l = ⃗n_0 ⃗e_s ⃗n_0 ⃗e_x ⃗n_0 ⃗e_z ⃗m ⃗e_s ⃗m ⃗e_x ⃗m ⃗e_z ⃗l ⃗e_s ⃗l ⃗e_x ⃗l ⃗e_z ξ_s ξ_x ξ_z ; (5.2a)

ξ_s ξ_x ξ_z = ⃗n_0 ⃗e_s ⃗m ⃗e_s ⃗l ⃗e_s ⃗n_0 ⃗e_x ⃗m ⃗e_x ⃗l ⃗e_x ⃗n_0 ⃗e_z ⃗m ⃗e_z ⃗l ⃗e_z ξ_n ξ_m ξ_l . (5.2b)

The equations of motion for spin in the (⃗e_x, ⃗e_z, ⃗e_s) system read in matrix form as (see eqn. (3.36) ):

d ds ξ_s ξ_x ξ_z = Ω ξ_s ξ_x ξ_z (5.3)

and (see eqns. (4.7a, b, c) ):

d ds ⃗n_0 ⃗e_s ⃗n_0 ⃗e_x ⃗n_0 ⃗e_z = Ω^{(0)} ⃗n_0 ⃗e_s ⃗n_0 ⃗e_x ⃗n_0 ⃗e_z ;

d ds ⃗m ⃗e_s ⃗m ⃗e_x ⃗m ⃗e_z = Ω^{(0)} ⃗m ⃗e_s ⃗m ⃗e_x ⃗m ⃗e_z + ψ^′_{spin}(s) · ⃗l ⃗e_s ⃗l ⃗e_x ⃗l ⃗e_z ;

d ds ⃗l ⃗e_s ⃗l ⃗e_x ⃗l ⃗e_z = Ω^{(0)} ⃗l ⃗e_s ⃗l ⃗e_x ⃗l ⃗e_z − ψ^′_{spin}(s) · ⃗m ⃗e_s ⃗m ⃗e_x ⃗m ⃗e_z

=⇒ d ds ⃗n_0 ⃗e_s ⃗n_0 ⃗e_x ⃗n_0 ⃗e_z ⃗m ⃗e_s ⃗m ⃗e_x ⃗m ⃗e_z ⃗l ⃗e_s ⃗l ⃗e_x ⃗l ⃗e_z = ⃗n_0 ⃗e_s ⃗n_0 ⃗e_x ⃗n_0 ⃗e_z ⃗m ⃗e_s ⃗m ⃗e_x ⃗m ⃗e_z ⃗l ⃗e_s ⃗l ⃗e_x ⃗l ⃗e_z [Ω^{(0)}]^T

+ 0 0 0 ⃗l ⃗e_s ⃗l ⃗e_x ⃗l ⃗e_z −⃗m ⃗e_s −⃗m ⃗e_x −⃗m ⃗e_z · ψ^′_{spin}(s) (5.4)

with Ω ≡ 0 −Ω_z Ω_x Ω_z 0 −Ω_s −Ω_x Ω_s 0

= Ω^{(0)} + ω . (5.5)

From (5.2), (5.3) and (5.4) we obtain:

d ds ξ_n ξ_m ξ_l = ⃗n_0 ⃗e_s ⃗n_0 ⃗e_x ⃗n_0 ⃗e_z ⃗m ⃗e_s ⃗m ⃗e_x ⃗m ⃗e_z ⃗l ⃗e_s ⃗l ⃗e_x ⃗l ⃗e_z [Ω^{(0)}]^T +

0 0 0 ⃗l ⃗e_s ⃗l ⃗e_x ⃗l ⃗e_z −⃗m ⃗e_s −⃗m⃗e_x −⃗m ⃗e_z · ψ^′_{spin}(s) ξ_s ξ_x ξ_z + ⃗n_0 ⃗e_s ⃗n_0 ⃗e_x ⃗n_0 ⃗e_z ⃗m ⃗e_s ⃗m ⃗e_x ⃗m ⃗e_z ⃗l ⃗e_s ⃗l ⃗e_x ⃗l ⃗e_z Ω ξ_s ξ_x ξ_z (5.6)

or (since [Ω^{(0)}]^T = −Ω^{(0)} and Ω − Ω^{(0)} = ω) : d ds ξ_n ξ_m ξ_l

= ⃗n_0 ⃗e_s ⃗n_0 ⃗e_x ⃗n_0 ⃗e_z ⃗m ⃗e_s ⃗m ⃗e_x ⃗m ⃗e_z ⃗l ⃗e_s ⃗l ⃗e_x ⃗l ⃗e_z ω + 0 0 0 ⃗l ⃗e_s ⃗l ⃗e_x ⃗l ⃗e_z −⃗m ⃗e_s −⃗m ⃗e_x −⃗m ⃗e_z · ψ^′_{spin}(s) ξ_s ξ_x ξ_z

= ⃗n_0 ⃗e_s ⃗n_0 ⃗e_x ⃗n_0 ⃗e_z ⃗m ⃗e_s ⃗m ⃗e_x ⃗m ⃗e_z ⃗l ⃗e_s ⃗l ⃗e_x ⃗l ⃗e_z 0 −ω_z ω_x ω_z 0 −ω_s −ω_x ω_s 0 ξ_s ξ_x ξ_z +ψ^′_{spin}(s) · 0 0 0 ⃗l ⃗e_s ⃗l ⃗e_x ⃗l ⃗e_z −⃗m ⃗e_s −⃗m ⃗e_x −⃗m ⃗e_z ⃗n_0 ⃗e_s ⃗m ⃗e_s ⃗l ⃗e_s ⃗n_0 ⃗e_x ⃗m ⃗e_x ⃗l ⃗e_x ⃗n_0 ⃗e_z ⃗m ⃗e_z ⃗l ⃗e_z ξ_n ξ_m ξ_l

= ⃗n_0 ⃗e_s ⃗n_0 ⃗e_x ⃗n_0 ⃗e_z ⃗m ⃗e_s ⃗m ⃗e_x ⃗m ⃗e_z ⃗l ⃗e_s ⃗l ⃗e_x ⃗l ⃗e_z −ω_z ξ_x + ω_xξ_z +ω_z ξ_s − ω_sξ_z −ω_xξ_s + ω_sξ_x + ψ^′_{spin}(s) · 0 0 0 0 0 1 0 −1 0 ξ_n ξ_m ξ_l

= ⃗n_0 ⃗e_s ⃗n_0 ⃗e_x ⃗n_0 ⃗e_z ⃗m ⃗e_s ⃗m ⃗e_x ⃗m ⃗e_z ⃗l ⃗e_s ⃗l ⃗e_x ⃗l ⃗e_z · ω_s ω_x ω_z × ξ_s ξ_x ξ_z + ψ^′_{spin}(s) · 0 +ξ_l −ξ_m = ω_n ω_m ω_l × ξ_n ξ_m ξ_l + ψ^′_{spin}(s) · 0 +ξ_l −ξ_m = ω_m ξ_l − ω_l ξ_m ω_l ξ_n − ω_n ξ_l ω_n ξ_m − ω_m ξ_n + ψ^′_{spin}(s) · 0 +ξ_l −ξ_m

= (⃗m · ⃗ω) · ξ_l − (⃗l · ⃗ω) · ξ_m (⃗l · ⃗ω) · ξ_n − (⃗n_0 · ⃗ω) · ξ_l (⃗n_0 · ⃗ω) · ξ_m − (⃗m · ⃗ω) · ξ_n + ψ^′_{spin}(s) · 0 +ξ_l −ξ_m (5.7)

with ⃗ω = ω_s · ⃗e_s + ω_x · ⃗e_x + ω_z · ⃗e_z = ω_n · ⃗n_0 + ω_m · ⃗m + ω_l · ⃗l . (5.8)

Using the notation:

Ω̂ =

0 −Ω̂_l Ω̂_m Ω̂_l 0 −Ω̂_n −Ω̂_m Ω̂_n 0

(5.9) with Ω̂_n = (⃗n_0 · ⃗ω) − ψ^′_{spin} ; (5.10a) Ω̂_m = (⃗m · ⃗ω) ; (5.10b) Ω̂_l = (⃗l · ⃗ω) (5.10c)

eqn. (5.7) can be rewritten in matrix form as: d ds ξ_n ξ_m ξ_l = Ω̂ ξ_n ξ_m ξ_l . (5.11)

Equation (5.11) may be solved by methods as described in Appendix C.

5.2 The Spin Hamiltonian

As described in section 2.2.2, we now introduce canonical spin variables α and β for the spin vector ⃗ξ: ⃗ξ = ξ_n · ⃗n_0 + ξ_m · ⃗m + ξ_l · ⃗l by the relations:

ξ_n = 1 − 1 2 ( α^2 + β^2 ) ; (5.12a)

ξ_m = α · √ 1 − 1 4 (α^2 + β^2) ; (5.12b)

ξ_l = β · √ 1 − 1 4 (α^2 + β^2) ; (5.12c)

=⇒ α = + √ 2 1 + ξ_n

· ξ_m ;

β = + √ 2 1 + ξ_n · ξ_l . (5.13)

If the orbit vector ~⃗y(s) is known, we then can calculate the spin motion from the equations: d ds α = + ∂H_{spin} ∂β ; (5.14a) d ds β = − ∂H_{spin} ∂α (5.14b) which may be rewritten by using the notation ⃗ζ = ( α β )

as: d ds ⃗ζ = −S_2 · d d⃗ζ H_{spin} . (5.15) The spin Hamiltonian H_{spin} reads (see eqns. (2.15), (5.10) and (5.11) ) as:

H_{spin}(α, β; s) = − 1 2 ( α^2 + β^2 ) , α · √ 1 − 1 4 (α^2 + β^2), β · √ 1 − 1 4 (α^2 + β^2)

× n_{os}(s) n_{0x}(s) n_{oz} (s) m_s(s) m_x(s) m_z (s) l_s(s) l_x(s) l_z (s) ω_s(s) ω_x(s) ω_z (s) + 1 2 ( α^2 + β^2 ) · d ds ψ_{spin}(s) (5.16)

with [1] ω_s ω_x ω_z = F_{(3×6)} · ~⃗y (5.17) or H_{spin}(α, β; s)

= √ 1 − 1 4 (α^2 + β^2) · (α, β) ( m_s(s) m_x(s) m_z (s) l_s(s) l_x(s) l_z (s) ) · F_{(3×6)}(s) · ~⃗y(s)

+ 1 2 ( α^2 + β^2 ) · { d ds ψ_{spin}(s) − (n_{0s}(s), n_{0x}(s), n_{0z} (s)) · F_{(3×6)}(s) · ~⃗y(s) }

= F (α, β) · (β, −α) · G_0 · ~⃗y(s)

+ 1 2 ( α^2 + β^2 ) · { d ds ψ_{spin}(s) − g(s) } (5.18)

with

G_0(s) = ( l_s(s) l_x(s) l_z (s) −m_s(s) −m_x(s) −m_z (s) ) · F_{(3×6)}(s) ; (5.19a) g(s) = (n_{0s}, n_{0x}, n_{0z} ) · F_{(3×6)}(s) · ~⃗y(s) ; (5.19b)

F (α, β) = √ 1 − 1 4 (α^2 + β^2) = ∞∑ n=0 ( 1/2 n ) · (−1)^n · [ 1 4 ( α^2 + β^2 )]^n

= 1 − 1 8 ( α^2 + β^2 ) + · · · . (5.19c)

From (5.14) and (5.18) we obtain the equation of spin motion in the form: d ds ⃗ζ = ∂ ∂β [ β · F (α, β) ] 0 0 ∂ ∂α [ α · F (α, β) ] · G_0(s) · ~⃗y (s)

+D_0(s) · ⃗ζ + g(s) · ( 0 +1 −1 0 ) · ⃗ζ (5.20)

with

D_0(s) = ( 0 +ψ^′_{spin}(s) −ψ^′_{spin}(s) 0 ) . (5.21)

5.3 The Linearised Equations of Spin Motion Combined with the Equations of Orbital Motion

5.3.1 The Spin Motion in Linear Order

To prepare for later investigations we consider in particular the linear order of spin motion: α ≪ 1, β ≪ 1 =⇒ F (α, β) = 1 which leads to the Hamiltonian : H_{spin}(α, β; s) = (α, β) · ( m_s(s) m_x(s) m_z (s) l_s(s) l_x(s) l_z(s) ) ω_s ω_x ω_z + 1 2 [ α^2 + β^2 ] · d ds ψ_{spin}(s) . (5.22)

The corresponding canonical equations for α and β read (see eqn. (5.20)) : d ds ⃗ζ = G_0(s) · ⃗y (s) + D_0(s) · ⃗ζ . (5.23)

Here the matrix G_0 describes the linear spin–orbit coupling and the function ψ_{spin}(s), appearing in D_0(s), designates the spin phase function.

In this form the relation (5.23) is the basic equation for spin motion used in the computer program SLIM [15, 7]. We have thus derived the SLIM formalism from canonical equations based on a polynomial expansion of a spin Hamiltonian.

Remark:

The first order approximation of eqn. (5.7) in the limit |ξ_m| ≪ 1 ; |ξ_l| ≪ 1 ; |ξ_n| ≈ 1 takes the form:

α^′ = +(⃗l · ⃗ω) + β ψ^′_{spin} ; (5.24a) β^′ = −(⃗m · ⃗ω) − α ψ^′_{spin} (5.24b) with

ξ_m ≡ α ; (5.25a) ξ_l ≡ β . (5.25b)

This is equivalent to eqn. (5.23).

5.3.2 The Combined Form of Orbital Motion with Linear Spin Motion By combining the orbital part ~⃗y and the spin part ⃗ζ into an 8–dimensional vector as first done by A. Chao [15]: ⃗u = ( ~⃗y ⃗ζ ) (5.26)

we can rewrite the orbital equation (4.16) and the spin equation (5.23) in a compact matrix notation as follows: d ds ⃗u = Â · ⃗u (5.27) with Â = ( A 0 G_0 D_0 ) . (5.28)

Since eqn. (5.27) is linear and homogeneous, the solution can be written in the form: ⃗u(s) = M̂(s, s_0) · ⃗u(s_0) (5.29) which defines the 8–dimensional transfer matrix M̂(s, s_0) of spin–orbit motion.

By eqn. (5.27), M̂ (s, s_0) is determined by the differential equation d ds M̂ (s, s_0) = Â(s) · M̂ (s, s_0) ; (5.30a) M̂ (s_0, s_0) = 1 . (5.30b) If we write M̂ as M̂ = ( M 0 G D ) (5.31)

we obtain from eqn. (5.30) [16]: d ds ( M 0 G D ) = ( A 0 G_0 D_0 ) ( M 0 G D ) (5.32a) = ( AM 0 G_0M + D_0G D_0D )

and ( M (s_0, s_0) 0 G(s_0, s_0) D(s_0, s_0) ) = 1 (5.32b) or I) d ds M (s, s_0) = A(s) · M (s, s_0) ; M(s_0, s_0) = 1 ; (5.33) (M (s, s_0)= transfer matrix for the orbit) ; II) d ds D(s, s_0) = D_0(s) · D(s, s_0) ; D(s_0, s_0) = 1

⇒ D (s, s_0) = ( cos [ψ_{spin}(s) − ψ_{spin}(s_0)] sin [ψ_{spin}(s) − ψ_{spin}(s_0)] − sin [ψ_{spin}(s) − ψ_{spin}(s_0)] cos [ψ(s)_{spin} − ψ_{spin}(s_0)] ) ; (5.34)

III) d ds G(s, s_0) = G_0(s) · M(s, s_0) + D_0(s) · G(s, s_0) ; G(s_0, s_0) = 0 ⇒ G(s, s_0) = D(s, s_0) · ∫_s s_0

ds̃ · D(s_0, s̃) · G_0(s̃) · M (s̃, s_0) = ∫_s s_0

ds̃ · D(s, s̃) · G_0(s̃) · M (s̃, s_0) . (5.35) By eqns. (5.33 - 35) the transfer matrix M̂ (s, s_0) is determined in a unique way. In particular, one finds the following expressions for the revolution matrix M̂ (s_0 + L, s_0): M̂ (s_0 + L, s_0) = ( M(s_0 + L, s_0) 0 G(s_0 + L, s_0) D(s_0 + L, s_0) ) (5.36) with D(s_0 + L, s_0) = ( cos [2πQ_{spin}] sin [2πQ_{spin}] − sin [2πQ_{spin}] cos [2πQ_{spin}] ) (5.37) where the quantity Q_{spin} defines the (linear) spin tune on the closed orbit ( see eqn. (4.8) ).

The eigenvectors of the whole 8–dimensional revolution matrix M̂(s_0 + L, s_0) for spin and orbit which are defined by M̂(s_0 + L, s_0) · ⃗q_μ = λ̂_μ · ⃗q_μ (5.38) can now be written in the form: ⃗q_k(s_0) = ( ⃗v_k(s_0) ⃗w_k(s_0) ) ; ⃗q_{−k} (s_0) = [⃗q_k(s_0)]^∗ (5.39a) for k = I, II, III and ⃗q_{IV} (s_0) = ( ⃗0_6(s_0) ⃗w_{IV} (s_0) ) ; ⃗q_{−IV} (s_0) = [⃗q_{IV} (s_0)]^∗ (5.39b) for k = IV .

By combining eqns. (5.38), (5.39), (5.36), (5.37) and (4.19) we obtain for the 2–dimensional vectors ⃗w_k(s_0) (k = I, II, III) and ⃗w_{IV} (s_0): G (s + L, s) ⃗v_k(s) + D (s + L, s) ⃗w_k (s) = λ_k · ⃗w_k(s) =⇒ ⃗w_k(s_0) = − [ D(s_0 + L, s_0) − λ̂_k ]_{−1} · G(s_0 + L, s_0) · ⃗v_k(s_0) (5.40a) for k = I, II, III ;

⃗w_{IV} (s_0) = 1 √ 2 · ( 1 −i ) · e−i ψ^{spin}(s^0) (5.40b)

for k = IV and ⃗w_{−k}(s_0) = [⃗w_k(s_0)]^∗ ; (k = I, II, III, IV ) (5.41) (⃗v_k(s_0) being defined in (4.19a)).

The corresponding eigenvalues are λ̂_k = λ_k = e−i · 2πQk ; (k = I, II, III) (5.42a) and λ̂_{IV} = e−i · 2πQIV with Q_{IV} = Q_{spin} . (5.42b) For the the eigenvectors ⃗q_μ(s) of the transfer matrix M̂(s + L, s) (initial position s): M̂(s + L, s) · ⃗q_μ(s) = λ̂_μ(s) · ⃗q_μ(s) (5.43) we also have:

⃗q_μ(s) = M̂(s, s_0) ⃗q_μ(s_0) ≡ ( ⃗v_k(s) ⃗w_k(s) ) . (5.44) In particular we get ⃗q_{IV} (s) = ( ⃗0_6 ⃗w_{IV} (s) ) ; ⃗q_{−IV} (s) = [⃗q_{IV} (s)]^∗ (5.45a) with

⃗w_{IV} (s) = D(s, s_0) ⃗w_{IV} (s_0) = 1 √ 2 · ( 1 −i ) · e−i ψ^{spin}(s) ; ⃗w_{−IV} (s) = [ ⃗w_{IV} (s)]^∗. (5.45b) The eigenvalues are independent of s:

λ̂_μ(s) = λ̂_μ(s_0) . (5.46) As may be seen by (5.31) and (5.35), the solution of eqn. (5.23) can be written as:

⃗ζ (s) = D (s, s_0) · ⃗ζ (s_0) + ∫_s s_0

ds̃ · D (s, s̃) · G_0(s̃) · M (s̃, s_0) · ⃗y(s_0) = D (s, s_0) · { ⃗ζ (s_0) + ∫_s s_0

ds̃ · D (s_0, s̃) · G_0(s̃) · M (s̃, s_0) · ⃗y(s_0) } . (5.47)

Remark:

Note, that the components ⃗w_k in eqn. (5.44) ⃗w_k(s) = − [D (s + L, s) − λ_k · 1]^{−1} · G (s + L, s) ⃗v_k(s) = − [D (s + L, s) − λ_k · 1]^{−1} · ∫_{s+L} s ds̃ · D (s + L, s̃) · G_0(s̃) · ⃗v_k(s̃) (5.48) for (k = I, II, III) are solutions of eqn. (5.23) with ⃗y(s) = ⃗v_k(s): d ds ⃗w_k(s) = − [D (s + L, s) − λ_k · 1]^{−1} · ∫_{s+L} s ds̃ · d ds D (s + L, s̃) · G_0(s̃) · ⃗v_k(s̃) − [D (s + L, s) − λ_k · 1]^{−1} · D (s + L, s + L) · G_0(s + L) · ⃗v_k(s + L) + [D (s + L, s) − λ_k · 1]^{−1} · D (s + L, s) · G_0(s) · ⃗v_k(s)

= − [D (s + L, s) − λ_k · 1]^{−1} · ∫_{s+L} s ds̃ · D_0(s) · D (s + L, s̃) · G_0(s̃) · ⃗v_k(s̃) − [D (s + L, s) − λ_k · 1]^{−1} · 1 · G_0(s) · λ_k⃗v_k(s) + [D (s + L, s) − λ_k · 1]^{−1} · D (s + L, s) · G_0(s) · ⃗v_k(s) = D_0(s) · ⃗w_k(s) + [D (s + L, s) − λ_k · 1]^{−1} · [D (s + L, s) − λ_k · 1] · G_0(s) · ⃗v_k(s) = D_0(s) · ⃗w_k(s) + G_0(s) · ⃗v_k(s) .

This result is in agreement with the definition of ⃗w_k(s) by eqn. (5.44), i.e. the spin–orbit vector ⃗q_μ(s) defined by (5.44) is a solution of eqn. (5.27), which represents the combined form of spin–orbit motion.

6 Calculation of the ⃗n–Axis

We are now in a position to calculate the so–called ⃗n–axis [17, 4] which represents a special solution of the T–BMT equation on the 6–dimensional particle orbit having the same periodicity properties as the particle orbit, namely: ⃗n(J_I , J_{II} , J_{III} , Φ_I , Φ_{II} , Φ_{III} , s) = ⃗n(J_I , J_{II} , J_{III} , Φ_I + 2π, Φ_{II} , Φ_{III} , s) = ⃗n(J_I , J_{II} , J_{III} , Φ_I , Φ_{II} + 2π, Φ_{III} , s) = ⃗n(J_I , J_{II} , J_{III} , Φ_I , Φ_{II} , Φ_{III} + 2π, s) = ⃗n(J_I , J_{II} , J_{III} , Φ_I , Φ_{II} , Φ_{III} , s + L) (6.1)

where the variables J_k and Φ_k (k = I, II, III) are the action–angle variables of the orbital motion [12].

The ⃗n–axis is the key object in the definition of combined action–angle variables for spin and orbit on arbitrary orbits and for describing spin kinematics in electron storage rings [4, 17, 18].

6.1 Definition of the ⃗n–Axis

In order to obtain the ⃗n–axis, we introduce a damping term −γ · ⃗ζ with γ > 0 on the r.h.s. of eqn. (5.14) for spin motion: d ds ⃗ζ = −S_2 · d d⃗ζ H_{spin} − γ · ⃗ζ . (6.2)

Denoting then the solution of eqn. (6.2) by

⃗ζ = ⃗F (⃗ζ_0, γ; s) (6.3)

with ⃗ζ_0 ≡ ⃗ζ (s_0) ,

the ⃗n–axis is calculated from the relation:

⃗n (s) = lim_{0<γ→0} lim_{s0→−∞} ⃗F (⃗ζ_0, γ; s) . (6.4)

Thus we are using the fact that the asymptotic forced solution of a damped oscillator has the periodicity of the driving force [19]. In this case the driving force is the vector ⃗ω which has the periodicity (6.1) and we introduced the damping via the term γ · ⃗ζ. By subsequently allowing γ ·⃗ζ to approach zero we recover the solution to the T–BMT equation with the desired periodicity properties.

6.2 Perturbation Theory

The ⃗n–axis shall now be determined in a perturbation theory. Using (4.18) we write eqn. (5.19b) in the form: g(s) = ∑ k=I,II,III {A_k · g_k (s) + A_{−k} · g_{−k} (s)} (6.5)

with g_μ(s) = (n_{0s}(s), n_{0x}(s), n_{0z} (s)) · F_{(3×6)} · ⃗v_μ(s). (6.6) Then we consider the (small) coefficients A_{±k} as perturbation parameters which lead to a perturbation series for the spin vector ⃗ζ:

⃗ζ = ⃗ζ^{(0)} + ⃗ζ^{(1)} + ⃗ζ^{(2)} + · · · + ⃗ζ^{(N )} + · · · . (6.7) The different orders of the ⃗n–axis may then be constructed in a systematic manner using the method of forced solution as described by eqns. (6.2 - 4).

6.2.1 The ⃗n–Axis in 0^{th} Order

From eqns. (5.20) and (6.2) we have: d ds ⃗ζ^{(0)} = D_0(s) · ⃗ζ^{(0)} − γ · ⃗ζ^{(0)} . (6.8) with the solution :

⃗ζ^{(0)} (s) = e−γ · (s − s0) · D (s, s_0) · ⃗ζ^{(0)} (s_0) and with D (s, s_0) given by (5.34).

The forced solution is:

⃗n^{(0)} (s) = lim_{0<γ→0} lim_{s0 →−∞} e−γ · (s − s^0) · D (s, s_0) · ⃗ζ^{(0)} (s_0) = 0 , (6.9) i.e. the ⃗n–axis coincides with ⃗n_0 in 0^{th} order.

Note, that ⃗n^{(0)}(s) satisfies the periodicity condition (6.1).

6.2.2 The ⃗n–Axis in Linear Order In first order we obtain from (5.20) and (6.2): d ds ⃗ζ^{(1)} = G_0(s) · ~⃗y (s) + D_0(s) · ⃗ζ^{(1)} − γ · ⃗ζ^{(1)} . (6.10) The solution of eqn. (6.10) reads as:

⃗ζ^{(1)} (s) = e−γ · (s − s0) · D (s, s_0)

× { ⃗ζ^{(1)} (s_0) + ∫_s s_0

ds̃ · D (s_0, s̃) · G_0(s̃) · ~⃗y(s̃) · e+γ · (s̃ − s^0) } . and the forced solution is:

⃗n^{(1)} (s) = lim_{0<γ→0} lim_{s0 →−∞} e−γ · (s − s^0) · D (s, s_0) × { ⃗ζ^{(1)} (s_0) + ∫_s s_0

ds̃ · D (s_0, s̃) · G_0(s̃) · ~⃗y(s̃) · e+γ · (s̃ − s^0) }

= lim_{0<γ→0} ∫_s −∞ ds̃ · D (s, s̃) · G_0(s̃) · ~⃗y(s̃) · e+γ · s̃

= lim_{0<γ→0} ∞∑ n=0 ∫_{s−n·L} s−(n+1)·L ds̃ · D (s, s̃) · G_0(s̃) · 6∑ μ=1 A_μ ⃗v_μ(s̃) · e+γ · s̃

= lim_{0<γ→0} ∞∑ n=0 ∫_{s+L} s ds^′ · D (s, s^′) · D (s^′, s^′ − [n + 1] L) · G_0(s^′ − [n + 1] L)

× 6∑ μ=1 A_μ ⃗v_μ (s^′ − [n + 1] L) · e+γ · (s^′ − [n + 1] L)

= lim_{0<γ→0} ∞∑ n=0 ∫_{s+L} s ds^′ · D (s, s^′) · D^{n+1} (s + L, s) · G_0(s^′)

× 6∑ μ=1 A_μ ⃗v_μ(s^′) · λ^{−(n+1)}_μ · e−(n + 1) · γL

= lim_{0<γ→0} 6∑ μ=1 A_μ ∞∑ n=0 D^{n+1} (s + L, s) · λ^{−(n+1)}_μ · e−(n + 1) · γL × ∫_{s+L} s ds^′ · D (s, s^′) · G_0(s^′) · ⃗v_μ(s^′)

= 6∑ μ=1 A_μ · lim_{0<γ→0} [ 1 − λ^{−1}_μ · e−γL · D (s + L, s) ]_{−1} · λ^{−1}_μ · e−γL · D (s + L, s)

× ∫_{s+L} s ds^′ · D (s, s^′) · G_0(s^′) · ⃗v_μ(s^′) = 6∑ μ=1 A_μ · [λ_μ · 1 − D (s + L, s)]^{−1} × ∫_{s+L} s ds̃ · D (s + L, s̃) · G_0(s̃) · ⃗v_μ(s̃) = 6∑ μ=1 A_μ · ⃗w_μ(s) (6.11) (see also Ref. [20]) whereby eqn. (5.48) and the following relations have been used: D (s^′, s^′ − [n + 1] L) = D^{(n+1)} (s^′ + L, s^′) = D^{(n+1)} (s + L, s) ;

G_0(s^′ − [n + 1] L) = G_0(s^′) ; ⃗v_μ(s^′ − [n + 1] L) = λ^{−(n+1)}_μ · ⃗v_μ(s^′) ;

D (s, s^′) · D^{(n+1)} (s + L, s) = D^{(n+1)} (s + L, s) · D (s, s^′) ; ∞∑ n=0 D^n (s + L, s) · λ^{−n}_μ · e−n · γL = [ 1 − λ^{−1}_μ · e−γL · D (s + L, s) ]_{−1} .

Equation (6.11) can also be written in the form: ⃗n^{(1)} (s) = 6∑ μ=1 Â_μ · ^⃗w_μ(s) (6.12) with ⃗ŵ_μ(s) = e+i · 2πQμ · (s/L) · ⃗w_μ(s) (6.13) and Â_μ = e−i · 2πQμ · (s/L) · A_μ = √ J_μ · e−iΦ^μ = Â_μ(J_μ, Φ_μ) . (6.14)

It follows from (6.12) that ⃗n^{(1)}(s) satisfies the periodicity condition (6.1) since ⃗ŵ_μ(s + L) = ⃗ŵ_μ(s) (6.15) and Â_μ(J_μ, Φ_μ + 2π) = Â_μ(J_μ, Φ_μ) . (6.16)

Remark:

If we transform the rotation matrix D(s + L, s) D (s + L, s) = ( cos [2π Q_{spin}] sin [2π Q_{spin}] − sin [2π Q_{spin}] cos [2π Q_{spin}] )

into principle axes:

U^{−1} · D (s + L, s) · U = J ; D (s + L, s) = U · J · U^{−1} ; (6.17a)

U = ( 1 1 i −i ) ; (6.17b)

J = e+i · 2πQ^{spin} 0 0 e−i · 2πQ^{spin} (6.17c)

the vector ⃗w_k can be put into the form: ⃗w_k(s) = − [ U · J · U^{−1} − e−i · 2πQ^k · 1 ]_{−1} · G (s + L, s) ⃗v_k(s)

= −U · [ J − e−i · 2πQ^k · 1 ]_{−1} · U^{−1} · G (s + L, s) ⃗v_k(s)

= U · i 2 sin π[Q_k + Q_{spin}] · e+iπ[Q^k − Q^{spin}] 0 0 i 2 sin π[Q_k − Q_{spin}] · e+iπ[Q^k + Q^{spin}] ×U^{−1} · G (s + L, s) ⃗v_k(s) . This equation shows that the components of ⃗w_k become infinitely large for Q_k ± Q_{spin} −→ integer .

6.2.3 The ⃗n–Axis at Second Order

d ds ⃗ζ^{(2)} = D_0(s) · ⃗ζ^{(2)} + ( 0 +1 −1 0 ) · g(s) · ⃗n^{(1)}(s) − γ · ⃗ζ^{(2)} (6.18) with ⃗n^{(1)}(s) = ∑ k=I, II, III {A_k · ⃗w_k(s) + A_{−k} · ⃗w_{−k}(s)} = ∑ μ A_μ · ⃗w_μ(s) (6.19) and g(s) = ∑ μ A_μ · g_μ(s) ; (6.20a) g_μ(s) = (n_s(s), n_x(s), n_z (s)) · F_{(3×6)}(s) · ⃗v_μ(s) . (6.20b) The solution of eqn. (6.18) ⃗ζ^{(2)}(s) ≡ ⃗F^{(2)} (⃗ζ^{(2)}_0 , γ; s) reads as:

⃗F^{(2)} (⃗ζ^{(2)}_0 , γ; s) = e−γ · (s − s0) · D (s, s_0) · ⃗ζ^{(2)} (s_0) +e−γ · (s − s^0) · D (s, s_0)

× ∫_s s_0 ds̃ · D (s_0, s̃) · ( 0 +1 −1 0 ) · g(s̃) · ⃗n^{(1)}(s̃) · e+γ · (s̃ − s^0) The forced solution is:

⃗n^{(2)}(s) = lim_{0<γ→0} lim_{s0 →−∞} ⃗F^{(2)} (⃗ζ^{(2)}_0 , γ; s)

= lim_{0<γ→0} ∫_s −∞ ds̃ · D (s, s̃) · ( 0 +1 −1 0 ) · g(s̃) · ⃗n^{(1)}(s̃) · e+γ · s̃

= ∑ μ_1 ∑ μ_2

A_{μ1} A_{μ2} · lim_{0<γ→0} ∫_s −∞ ds̃ · D (s, s̃) · ( 0 +1 −1 0 ) · g_{μ1} (s̃) · ⃗w_{μ2} (s̃) · e+γ · s̃

= ∑ μ_1 ∑ μ_2

A_{μ1} A_{μ2} · lim_{0<γ→0} ∞∑ n=0 ∫_{s−n·L} s−(n+1)·L ds̃ · D (s, s̃)

× ( 0 +1 −1 0 ) · g_{μ1} (s̃) · ⃗w_{μ2} (s̃) · e+γ · s̃

= ∑ μ_1 ∑ μ_2

A_{μ1} A_{μ2} · lim_{0<γ→0} ∞∑ n=0 ∫_{s+L} s ds^′ · D (s, s^′) · D (s^′, s^′ − [n + 1] L)

× ( 0 +1 −1 0 ) · g_{μ1} (s^′ − [n + 1] L) · ⃗w_{μ2} (s^′ − [n + 1] L) ×e+γ · (s^′ − [n + 1] L)

= ∑ μ_1 ∑ μ_2

A_{μ1} A_{μ2} · lim_{0<γ→0} ∞∑ n=0 ∫_{s+L} s ds^′ · D (s, s^′) · D^{n+1} (s + L, s)

× ( 0 +1 −1 0 ) · λ^{−(n+1)} μ_1 gμ1 (s ′) · λ^{−(n+1)} μ_2 ⃗wμ2 (s ′) ×e+γ · (s^′ − [n + 1] L)

= ∑ μ_1 ∑ μ_2

A_{μ1} A_{μ2} · lim_{0<γ→0} ∞∑ n=0 D^{n+1} (s + L, s) · λ^{−(n+1)}_{μ1} · λ^{−(n+1)}_{μ2} · e−(n + 1) · γL

× ∫_{s+L} s ds^′ · D (s, s^′) · ( 0 +1 −1 0 ) · g_{μ1} (s^′) · ⃗w_{μ2} (s^′) · e+γ · s^′

= ∑ μ_1 ∑ μ_2

A_{μ1} A_{μ2} · lim_{0<γ→0} [ 1 − λ^{−1}_{μ1} · λ^{−1}_{μ2} · e−γL · D (s + L, s) ]_{−1}

×λ^{−1}_{μ1} · λ^{−1}_{μ2} · e−γL · D (s + L, s)

× ∫_{s+L} s ds^′ · D (s, s^′) · ( 0 +1 −1 0 ) · g_{μ1} (s^′) · ⃗w_{μ2} (s^′) = ∑ μ_1 ∑ μ_2

A_{μ1} A_{μ2} · [λ_{μ1} λ_{μ2} · 1 − D (s + L, s)]^{−1}

× ∫_{s+L} s ds^′ · g_{μ1} (s^′) · D (s + L, s^′) · ( 0 +1 −1 0 ) · ⃗w_{μ2} (s^′) . (6.21)

Clearly the components of ⃗n^{(2)} become infinitely large when Q_{μ1} + Q_{μ2} = integer + Q_{spin} .

(For the general resonance relation see eqn. (6.27) ). 6.2.4 The ⃗n–Axis at k^{th} Order

For an arbitrary (the k^{th}) order we can in general write: d ds ⃗ζ^{(k)} = D_0(s) · ⃗ζ^{(k)} + ∑ μ_1,μ_2,···,μ_k A_{μ1} A_{μ2} · · · A_{μk} · ⃗K^{( k)}_{μ1 μ2 ···μk} (s) − γ · ⃗ζ^{(k)} , (6.22) whereby the term ⃗K^{( k)}_{μ1 μ2···μk} (s) depends on ⃗n^{(ν)} for ν < k.

For instance we have:

⃗K^{(0)} = 0 ; (6.23a)

⃗K^{(1)}_μ = G_0(s) · ⃗v_μ(s) ; (6.23b)

⃗K^{(2)}_{μ1 μ2} = ( 0 +1 −1 0 ) · ⃗w_{μ1} (s) · (n_s, n_x, n_z ) · F_{(3×6)}(s) ⃗v_{μ2} (s) . (6.23c)

(see eqns. (6.8), (6.10), (6.18) ). The general form of ⃗K^{( k)}_{μ1 μ2 ···μk} (s) may be found from eqn. (5.20) by iteration.

Assumption: ⃗K^{( k)}_{μ1 μ2 ···μk} (s + L) = λ_{μ1} λ_{μ2} · · · λ_{μk} · ⃗K^{( k)}_{μ1 μ2···μk} (s) . (6.24) This relation is fulfilled for k = 0, 1, 2 as may be seen from eqn. (6.23a, b, c), and in the following shall be proved by induction.

From eqn. (6.22) we obtain: d ds ⃗ζ^{(k)} = D_0(s) · ⃗ζ^{(k)} + ∑ μ_1 ,μ_2,···,μ_k A_{μ1} A_{μ2} · · · A_{μk} · ⃗K^{( k)}_{μ1 μ2···μk} (s) − γ · ⃗ζ^{(k)} . (6.25)

The solution of eqn. (6.25) ⃗ζ^{(k)} ≡ ⃗F^{(k)} (⃗ζ^{(k)}_0 , γ; s) reads as:

⃗ζ^{(1)} (s) = e−γ · (s − s0) · D (s, s_0)

× { ⃗ζ^{(k)} (s_0) + ∫_s s_0 ds̃ · D (s_0, s̃) · ∑ μ_1 ,μ_2,···,μ_k A_{μ1} A_{μ2} · · · A_{μk} · ⃗K^{( k)}_{μ1 μ2 ···μk} (s) · e+γ · (s̃ − s^0) } .

The forced solution is:

⃗n^{(k)} = lim_{0<γ→0} lim_{s0 →−∞} ⃗F^{(k)} (⃗ζ^{(k)}_0 , γ; s) = lim_{0<γ→0} ∫_s −∞ ds̃ · D (s, s̃) · ∑ μ_1,μ_2,···,μ_k A_{μ1} A_{μ2} · · · A_{μk} · ⃗K^{( k)}_{μ1 μ2 ···μk} (s) · e+γ · s̃ = ∑ μ_1,μ_2,···μ_k A_{μ1} A_{μ2} · · · A_{μk} · lim_{0<γ→0} ∫_s −∞ ds̃ · D (s, s̃) · ⃗K^{( k)}_{μ1 μ2···μk} (s̃) · e+γ · s̃ = ∑ μ_1,μ_2,···μ_k A_{μ1} A_{μ2} · · · A_{μk} · lim_{0<γ→0} ∞∑ n=0 ∫_{s−n·L} s−(n+1)·L ds̃ · D (s, s̃) · ⃗K^{( k)}_{μ1 μ2···μk} (s̃) · e+γ · s̃ = ∑ μ_1,μ_2,···μ_k A_{μ1} A_{μ2} · · · A_{μk} · lim_{0<γ→0} ∞∑ n=0 ∫_{s+L} s ds^′ · D (s, s^′) · D (s^′, s^′ − [n + 1] L) × ⃗K^{( k)}_{μ1 μ2 ···μk} (s^′ − [n + 1] L) · e+γ · (s^′ − [n + 1] L) = ∑ μ_1,μ_2,···μ_k A_{μ1} A_{μ2} · · · A_{μk} · lim_{0<γ→0} ∞∑ n=0 ∫_{s+L} s ds^′ · D (s, s^′) · D^{n+1} (s + L, s) × [ λ^{−(n+1)} μ_1 λ −(n+1) μ_2 · · · λ −(n+1) μ_k ] · ⃗K^{( k)}_{μ1 μ2 ···μk} (s^′) · e+γ · (s^′ − [n + 1] L) = ∑ μ_1,μ_2,···μ_k A_{μ1} A_{μ2} · · · A_{μk} · lim_{0<γ→0} ∞∑ n=0 D^{n+1} (s + L, s) · [ λ^{−(n+1)} μ_1 λ −(n+1) μ_2 · · · λ −(n+1) μ_k ]

× e−(n + 1) · γL · ∫_{s+L} s ds^′ · D (s, s^′) · ⃗K^{( k)}_{μ1 μ2 ···μk} (s^′) · e+γ · s^′ = ∑ μ_1,μ_2,···μ_k A_{μ1} A_{μ2} · · · A_{μk} · lim_{0<γ→0} [ 1 − (λ_{μ1} λ_{μ2} · · · λ_{μk} )^{−1} · e−γL · D (s + L, s) ]_{−1}

× (λ_{μ1} λ_{μ2} · · · λ_{μk} )^{−1} · e−γL · D (s + L, s) · ∫_{s+L} s ds^′ · D (s, s^′) · ⃗K^{( k)}_{μ1 μ2 ···μk} (s^′) = ∑ μ_1,μ_2,···μ_k A_{μ1} A_{μ2} · · · A_{μk} · [λ_{μ1} λ_{μ2} · · · λ_{μk} · 1 − D (s + L, s)]^{−1} × ∫_{s+L} s ds^′ · ⃗K^{( k)}_{μ1 μ2 ···μk} (s^′) . (6.26) Transforming the rotation matrix D (s + L, s) into principle axis (see eqns. (6.17a, b, c) ), one can easily show that the term [λ_{μ1} λ_{μ2} · · · λ_{μk} · 1 − D (s + L, s)]^{−1} in (6.26) becomes infinite for Q_{μ1} + Q_{μ2} + · · · + Q_{μk} = integer + Q_{spin} . (6.27) Finally we remark that the vector ⃗n^{(k)} in (6.26) obeys the periodicity relation (6.1): ⃗n^{(k)}(J_I , J_{II} , J_{III} , Φ_I , Φ_{II} , Φ_{III} , s) = ⃗n^{(k)}(J_I , J_{II} , J_{III} , Φ_I + 2π, Φ_{II} , Φ_{III} , s) = ⃗n^{(k)}(J_I , J_{II} , J_{III} , Φ_I , Φ_{II} + 2π, Φ_{III} , s) = ⃗n^{(k)}(J_I , J_{II} , J_{III} , Φ_I , Φ_{II} , Φ_{III} + 2π, s) = ⃗n^{(k)}(J_I , J_{II} , J_{III} , Φ_I , Φ_{II} , Φ_{III} , s + L) (6.28)

as may be seen by using eqns. (6.14), (6.16) and (6.24).

With the help of (6.26) and (6.24) we now can prove that the relation (6.24) is also fulfilled for the next order (k + 1). It follows then that eqn. (6.24) and thus also the periodicity condition (6.28) is valid for all orders of ⃗n(s).

Remarks:

1) In this paper we have used the canonical variables α and β to calculate the ⃗n–axis. It is also possible to work with the components ξ_n, ξ_m and ξ_l of the spin vector ⃗ξ by using an iterative technique applied to equations of spin motion as represented in the form of eqn. (2.10). This is essentially the method used in the SMILE formalism introduced by S. Mane [18]. It is also possible to calculate ⃗n iteratively in terms of (ξ_m, ξ_l) by expanding eqn. (4.9) [21].

2) The vector ⃗n is unique except at spin–orbit resonances and in the neighbourhood of resonances ⃗n depends very sensitively on the phase space position. These statements are non– perturbative and are analogous to the lack of uniqueness of ⃗n_0 on the closed orbit (see section 4.2.1 and 7.3). However, when calculating ⃗n perturbatively, we find that the components (α̃, β̃) diverge at resonances. This is the perturbative manifestation of the instability and non–uniqueness that would be found in a non–perturbative calculation.

3) As a result of the periodicity relations (6.1), the ⃗n–axis can be expanded into a Fourier series: ⃗n (J_I , J_{II} , J_{III} , Φ_I , Φ_{II} , Φ_{III} ; s) = ∑ m_1, m_2 , m_3 , q ⃗N_{m1 m2m3 q} (J_k) ×e−i {m^1 Φ^I (s̃) + m^2 Φ^{II} (s̃) + m^3 Φ^{III} (s̃) + q · 2π (s̃/L)} . (6.29)

Using the ansatz (6.29), we obtain an alternative method to determine the ⃗n–axis by solving the equation of spin motion (5.14). (See also Ref. [4]).

4) The solution (6.26) diverges not only at the resonance (6.27), but also at the resonances that were found at lower order.

7 Spin Motion in the (⃗n_1, ⃗n_2, ⃗n) System

7.1 Introduction of the Dreibein (⃗n_1, ⃗n_2, ⃗n)

In this section we demonstrate how to use the ⃗n–axis to construct a special dreibein (⃗n_1, ⃗n_2, ⃗n) on an arbitrary 6–dimensional orbit.

In the following we shall introduce a compact matrix notation by rewriting an arbitrary vector ⃗A = A_n · ⃗n_0 + A_m · ⃗m + A_l · ⃗l as a column vector with components A_n, A_m, A_l:

A_n · ⃗n_0 + A_m · ⃗m + A_l · ⃗l ≡ A_n A_m A_l and defining the derivative of a column vector with respect to the arc length s as the derivative of the corresponding components A_i but not of the unit vectors: d ds A_n A_m A_l ≡ ⃗n_0 · d ds A_n + ⃗m · d ds A_m + ⃗l · d ds A_l .

In particular we then have:

⃗m ≡ 0 1 0 ; ⃗l ≡ 0 0 1 and thus in this notation: d ds ⃗m = d ds ⃗l = 0 . Furthermore we construct the unit vectors ⃗n_1 and ⃗n_2 as:

⃗n_1 ≡ (⃗n_1 ⃗n_0) (⃗n_1 ⃗m) (⃗n_1 ⃗l) = ⃗n × ⃗m |⃗n × ⃗m| ; (7.1a)

⃗n_2 ≡ (⃗n_2 ⃗n_0) (⃗n_2 ⃗m) (⃗n_2 ⃗l) = ⃗n × ⃗n_1

= ⃗n × [⃗n × ⃗m] |⃗n × ⃗m| = ⃗n · (⃗n ⃗m) − ⃗m |⃗n × ⃗m| ; (7.1b)

=⇒ ⃗n_1 × ⃗n_2 = ⃗n . By construction ⃗n_1 and ⃗n_2 obey the same periodicity condition (6.1) as ⃗n and form a mutually orthogonal set^1 .

Since d ds ⃗a(s) |⃗a(s)| = ⃗a^′ |⃗a| − ⃗a |⃗a|^2 · d ds √ ⃗a^2 = ⃗a^′ |⃗a| − ⃗a |⃗a|^2 · ⃗a · ⃗a^′ |⃗a| = ⃗a^′ · (⃗a⃗a) − ⃗a · (⃗a⃗a^′) |⃗a|^3 = ⃗a × [⃗a^′ × ⃗a] |⃗a|^3 we obtain with ⃗a = ⃗n × ⃗m (7.2) and (⃗a/|⃗a|) ≡ ⃗n_1: d ds ⃗n_1 =

⃗n_1 × [⃗a^′ × ⃗n_1] |⃗a| = ⃗n_1 × {( ⃗m × [ ⃗n × ^⃗Ω ]) × ⃗n_1 } |⃗a| , where ^⃗Ω is the spin precession vector in the (⃗n_0, ⃗m, ⃗l ) frame.

Writing { ⃗n_1 × [ ⃗m × (⃗n × ^⃗Ω) ]} = A · ⃗n + B · ⃗n_1 + C · ⃗n_2 1For ⃗n = ⃗n_0 we have ⃗n_1 = ⃗l and ⃗n_2 = − ⃗m.

=⇒ |⃗a| · d ds ⃗n_1 = {A · ⃗n + B · ⃗n_1 + C · ⃗n_2} × ⃗n_1 = {A · ⃗n + C · ⃗n_2} × ⃗n_1 = +A · ⃗n_2 − C · ⃗n it follows that:

A = ⃗n · { ⃗n_1 × [ ⃗m × (⃗n × ^⃗Ω) ]}

= [ ⃗m × (⃗n × ^⃗Ω) ] · (⃗n × ⃗n_1) = [ ⃗m × (⃗n × ^⃗Ω) ] · ⃗n_2 = (⃗n × ^⃗Ω) · (⃗n_2 × ⃗m) = ^⃗Ω · [⃗n × (⃗m × ⃗n_2] = ^⃗Ω { ⃗m · (⃗n ⃗n_2) − ⃗n_2 · (⃗n ⃗m)} = −(^⃗Ω ⃗n_2) · (⃗n ⃗m) ;

C = ⃗n_2 · { ⃗n_1 × [ ⃗m × (⃗n × ^⃗Ω) ]}

= [ ⃗m × (⃗n × ^⃗Ω) ] · (⃗n_2 × ⃗n_1) = [ ⃗m × (⃗n × ^⃗Ω ] · (−⃗n) = −(⃗n × ^⃗Ω) · (⃗n × ⃗m) = −(⃗n × ^⃗Ω) · |⃗a| · ⃗n_1 = −|⃗a| · ^⃗Ω · (⃗n_1 × ⃗n) ; = +|⃗a| · (^⃗Ω ⃗n_2) and thus: d ds ⃗n_1 = { A |⃗a| · ⃗n + C |⃗a| · ⃗n_2 } × ⃗n_1 = { A |⃗a| · ⃗n + (^⃗Ω ⃗n_2) } × ⃗n_1 . (7.2a)

Furthermore we get: d ds ⃗n_2 = d ds (⃗n × ⃗n_1)

= d⃗n ds × ⃗n_1 + ⃗n × d⃗n_1 ds = [ ^⃗Ω × ⃗n ] × ⃗n_1 + ⃗n × [ A |⃗a| · ⃗n_2 − C |⃗a| · ⃗n ]

= (^⃗Ω ⃗n_1) · ⃗n − (⃗n_1 ⃗n) · ^⃗Ω + A |⃗a| · ⃗n × ⃗n_2 = (^⃗Ω ⃗n_1) · ⃗n + A |⃗a| · ⃗n × ⃗n_2 = { A |⃗a| · ⃗n + (^⃗Ω ⃗n_1) · ⃗n_1 } × ⃗n_2 (7.2b) and d ds ⃗n = ^⃗Ω × ⃗n = { (^⃗Ω ⃗n) · ⃗n + (^⃗Ω ⃗n_1) · ⃗n_1 + (^⃗Ω ⃗n_2) · ⃗n_2 } × ⃗n = { (^⃗Ω ⃗n_1) · ⃗n_1 + (^⃗Ω ⃗n_2) · ⃗n_2 } × ⃗n . (7.2c)

Using the relation: ⃗x × ⃗x = 0 for an arbitrary vector ⃗x, eqns. (7.2a, b, c) can be gathered in the form: d ds ⃗n = ⃗U × ⃗n ; d ds ⃗n_1 = ⃗U × ⃗n_1 ; d ds ⃗n_2 = ⃗U × ⃗n_2

(7.3)

with ⃗U = A |⃗a| · ⃗n + (^⃗Ω ⃗n_1) · ⃗n_1 + (^⃗Ω ⃗n_2) · ⃗n_2 . (7.4)

We can obtain the same expression for ⃗U by calculating^1_2

∑_3

k=1 ⃗n_k ×^d_{ds} ⃗n_k with ⃗n_3 ≡ ⃗n [4, 1].

7.2 Equations of Motion with Respect to the Dreibein (⃗n_1, ⃗n_2, ⃗n)

In the following we use the formalism of sections (2.3, 2.4). Decomposing the spin vector ⃗ξ with respect to the dreibein (⃗n_1, ⃗n_2, ⃗n)

⃗ξ = ξ̃_0 · ⃗n + ξ̃_1 · ⃗n_1 + ξ̃_2 · ⃗n_2 ,

we obtain from eqn. (5.11): d ds ⃗ξ = ^⃗Ω × ⃗ξ = { (^⃗Ω ⃗n) · ⃗n + (^⃗Ω ⃗n_1) · ⃗n_1 + (^⃗Ω ⃗n_2) · ⃗n_2 } × ⃗ξ ;

=⇒ ^⃗Ω × { ξ̃_0 · ⃗n + ξ̃_1 · ⃗n_1 + ξ̃_2 · ⃗n_2 } = dξ̃_0 ds · ⃗n + dξ̃_1 ds · ⃗n_1 + dξ̃_2 ds · ⃗n_2 +ξ̃_0 · d ds ⃗n + ξ̃_1 · d ds ⃗n_1 + ξ̃_2 · d ds ⃗n_2 = dξ̃_0 ds · ⃗n + dξ̃_1 ds · ⃗n_1 + dξ̃_2 ds · ⃗n_2 +⃗U × { ξ̃_0 · ⃗n + ξ̃_1 · ⃗n_1 + ξ̃_2 · ⃗n_2 } ;

=⇒ dξ̃_0 ds · ⃗n + dξ̃_1 ds · ⃗n_1 + dξ̃_2 ds · ⃗n_2 = [ ^⃗Ω − ⃗U ] × ( ξ̃_0 · ⃗n + ξ̃_1 · ⃗n_1 + ξ̃_2 · ⃗n_2 ) . Since ⃗n obeys the T–BMT equation (see eqn. (2.33) ) , the new precession vector [ ^⃗Ω − ⃗U ] is parallel to ⃗n: [ ^⃗Ω − ⃗U ] = k(Φ_k, J_k; s) · ⃗n , and in this frame the spins precess around ⃗n with constant J = ⃗n · ⃗ξ.

Our notation reflects to the fact that Ω, ⃗n_1, ⃗n_2, ⃗n and thus k all depend on

(J_k, Φ_k , s) .

Furthermore k, like Ω, ⃗n, ⃗n_1, ⃗n_2, is periodic in (Φ_k , s).

Then: dξ̃_0 ds · ⃗n + dξ̃_1 ds · ⃗n_1 + dξ̃_2 ds · ⃗n_2 = [k(Φ_k , J_k; s) · ⃗n] × ( ξ̃_0 · ⃗n + ξ̃_1 · ⃗n_1 + ξ̃_2 · ⃗n_2 ) = k(Φ_k , J_k; s) · ( ξ̃_1 · ⃗n_2 − ξ̃_2 · ⃗n_1 )

with (see 2.7b)

k(Φ_k , J_k; s) = (^⃗Ω ⃗n) − A |⃗a| = (^⃗Ω ⃗n) + ⃗n_1 d⃗n_2 ds (7.5)

leads to d ds ξ̃_0 ξ̃_1 ξ̃_2 = 0 −k(Φ_k, J_k ; s) · ξ̃_2 +k(Φ_k, J_k; s) · ξ̃_1

; (7.6)

d ds [ ξ̃_1 + i · ξ̃_2 ] = i k(Φ_k, J_k ; s) · [ ξ̃_1 + i · ξ̃_2 ] ; (7.7) [ ξ̃_1(s) + i · ξ̃_2(s) ] = [ ξ̃_1(s_0) + i · ξ̃_2(s_0) ] · exp { i · ∫_s s_0 ds̃ · k(Φ_k, J_k; s̃) } . (7.8)

The interpretation of (7.5) is obvious: w.r.t. ⃗n_1 and ⃗n_2 the rate of spin precession around ⃗n is composed of the projection of ^⃗Ω onto ⃗n and the rate of rotation of ⃗n_1 and ⃗n_2 around ⃗n.

7.3 Spin Tune on an Arbitrary Orbit

We now define:

Q̂_{spin} = − lim_{N →∞} 1 2πN ∫_{s0+N ·L} s_0

ds̃ · k(Φ_k, J_k; s̃) . (7.9)

The quantity Q̂_{spin} is a measure of the average spin precession frequency in the (⃗n_1, ⃗n_2, ⃗n) frame on an arbitrary orbit. Note, that Q̂_{spin} is independent of the starting point s_0.

On the closed orbit we obtain: ⃗n ≡ ⃗n_0 ; ~⃗y ≡ 0 =⇒ k(Φ_k, J_k; s) = −ψ^′_{spin}(s) and thus:

Q̂_{spin} = − lim_{N →∞} 1 2πN ∫_{s0 +N ·L} s_0 ds̃ · [−ψ^′_{spin}(s̃)] = 1 2πN · {ψ_{spin}(s_0 + N · L) − ψ_{spin}(s_0)}

= ψ_{spin}(s_0 + L) − ψ_{spin}(s_0) 2π ≡ Q_{spin} . (7.10)

Thus our Q̂_{spin} reduces to Q_{spin} on the closed orbit.

For the spin tune shift with respect to the closed orbit: δQ_{spin} = Q̂_{spin} − Q_{spin} (7.11) we get from (7.9) and (7.10): δQ_{spin} = − lim_{N →∞} 1 2πN ∫_{s0 +N ·L} s_0 ds̃ · { k(Φ_k , J_k; s̃) + ψ^′_{spin}(s̃) } . (7.12a) Defining in (7.12):

Δk(Φ_k, J_k ; s) = k(Φ_k, J_k; s) + ψ^′_{spin}(s) (7.12b) which is periodic in Φ_k and s so that:

Δk(Φ_I , Φ_{II} , Φ_{III} ; J_I , J_{II} , J_{III} ; s) = Δk(Φ_I + 2π, Φ_{II} , Φ_{III} ; J_I , J_{II} , J_{III} ; s) = Δk(Φ_I , Φ_{II} + 2π, Φ_{III} ; J_I , J_{II} , J_{III} ; s) = Δk(Φ_I , Φ_{II} , Φ_{III} + 2π; J_I , J_{II} , J_{III} ; s) = Δk(Φ_I , Φ_{II} , Φ_{III} ; J_I , J_{II} , J_{III} ; s + L) we expand Δk as a Fourier expansion:

Δk(Φ_k, J_k; s) = ∑ m_1 , m_2, m_3

R_{m1 m2m3} (J_k; s) · e−i {m^1Φ^I + m^2Φ^{II} + m^3Φ^{III} }, (7.13a) where R_{m1m2 m3} (J_k ; s) = { 1 2π }_3 · ∫_{2π} 0 dΦ_I ∫_{2π} 0 dΦ_{II} ∫_{2π} 0 dΦ_{III} ×Δk(Φ_k, J_k; s) · e+i {m^1Φ^I + m^2Φ^{II} + m^3Φ^{III} } (7.13b) with

R_{m1 m2 m3} (J_k ; s + L) = R_{m1 m2m3} (J_k; s) = ∑ q R_{m1m2 m3 q} (J_k ) · e−i q · 2π (s/L) ; (7.13c)

=⇒ R_{m1 m2m3 q} (J_k) = 1 L ∫_{s0 +L} s_0 ds̃ · R_{m1 m2m3} (J_k; s̃) · e+i q · 2π (s̃/L) ; R_{−m1 ,−m2 ,−m3, −q} (J_k) = [R_{m1m2 m3 q} (J_k )]^∗ .

Then we can in general write: δQ_{spin} = − lim_{N →∞} 1 2πN · ∑ m_1 , m_2, m_3, q ∫_{s0 +N ·L} s_0 ds̃ · R_{m1 m2m3 q} (J_k) ×e−i {m^1Φ^I (s̃) + m^2Φ^{II} (s̃) + m^3Φ^{III} (s̃) + q · 2π (s̃/L)} . (7.14)

Equation (7.14) may be written in the form:

δQ_{spin} = − ∑ m_1 , m_2, m_3, q lim_{N →∞} 1 2πN · N∑ μ=1 ∫_{s0+μ·L} s_0 +(μ−1)·L ds̃ · R_{m1m2 m3 q} (J_k ) ×e−i {m^1 Φ^I (s̃) + m^2 Φ^{II} (s̃) + m^3 Φ^{III} (s̃) + q · 2π (s̃/L)} = − ∑ m_1 , m_2, m_3, q lim_{N →∞} 1 2πN · N∑ μ=1 ∫_{s0+L} s_0 ds^′ · R_{m1 m2m3 q} (J_k) ×e−i m^1 · Φ^I (s^′ + [μ − 1] · L) ×e−i m^2 · Φ^{II} (s^′ + [μ − 1] · L) ×e−i m^3 · Φ^{III} (s^′ + [μ − 1] · L) ×e−i q · (2π/L) (s^′ − [μ − 1] · L) = − ∑ m_1 , m_2, m_3, q lim_{N →∞} 1 2πN · N∑ μ=1 e−2πi · (μ − 1) {m^1 Q^I + m^2 Q^{II} + m^3 Q^{III} + q} × ∫_{s0 +L} s_0

ds^′ · R_{m1 m2 m3 q} (J_k )

×e−i {m^1 Φ^I (s^′) + m^2 Φ^{II} (s^′) + m^3 Φ^{III} (s^′) + q · 2π (s^′/L)}

= − ∑ q lim_{N →∞} 1 2πN N∑ μ=1 e−2πi · (μ − 1) q · ∫_{s0+L} s_0 ds^′ · R_{000q} (J_k) · e−i q · 2π (s^′/L) − ∑ m1 , m2, m3, q m1 ,m2 ,m3 ≠ 0,0,0 lim_{N →∞} 1 2πN · N∑ μ=1 e−2πi · (μ − 1) {m^1 Q^I + m^2 Q^{II} + m^3 Q^{III} + q}

× ∫_{s0 +L} s_0

ds^′ · R_{m1 m2 m3 q} (J_k )

×e−i {m^1 Φ^I (s^′) + m^2 Φ^{II} (s^′) + m^3 Φ^{III} (s^′) + q · 2π (s^′/L)}

= − lim_{N →∞} 1 2πN · N∑ μ=1 ∫_{s0+L} s_0

ds^′ · R_{0000} (J_k)

− ∑ m1 , m2, m3, q m1 ,m2 ,m3 ≠ 0,0,0 lim_{N →∞} 1 2πN · 1 − e−2πi · N · {m^1 Q^I + m^2 Q^{II} + m^3 Q^{III} + q} 1 − e−2πi · {m^1 Q^I + m^2 Q^{II} + m^3 Q^{III} + q} × ∫_{s0 +L} s_0

ds^′ · R_{m1 m2 m3 q} (J_k ) ×e−i {m^1 Φ^I (s^′) + m^2 Φ^{II} (s^′) + m^3 Φ^{III} (s^′) + q · 2π (s^′/L)} = − 1 2π · ∫_{s0 +L} s_0

ds^′ · R_{0000} (J_k) = − L 2π · R_{0000} (J_k) (7.15)

away from the orbital resonance m_1 Q_I + m_2 Q_{II} + m_3 Q_{III} = integer ; (m_1, m_2, m_3, ≠ 0, 0, 0) .

On such a resonance the terms proportional to R_{m1 m2 m3 q} and its conjugate survive the averaging and Q̂_{spin} then depends on the orbit phase. In the following we will consistently exclude the case of orbital resonance since on resonance, Q̂_{spin} is not constant and cannot be used as a tune for action–angle variables of spin [4].

In eqn. (7.15) we have used the relation: Φ_k(s) = Φ_k (s_0) + 2π L Q_k · (s − s_0) (7.16) (see eqn. (4.31b) ). It follows from (7.15) that δQ_{spin} is independent of Φ_k (k = I, II, III): δQ_{spin} = δQ_{spin}(J_k) . (7.17) To get the spin tune shift at first order we replace ⃗n with ⃗n_0 to obtain:

⃗n → ⃗n_0 =⇒ k^{(1)}(Φ_k, J_k; s) = ^⃗Ω ⃗n_0 = (⃗n_0 · ⃗ω) − ψ^′_{spin}(s) (see eqns. (7.5) and (5.10) ) and thus: Δk^{(1)}(Φ_k, J_k; s) = (⃗n_0 · ⃗ω) or taking into account (4.25) and (5.17):

Δk^{(1)}(Φ_k , J_k; s) = ∑ k=I, II, III √ J_k · e−iΦ^k(s̃) · (n_{0s}(s), n_{0x}(s), n_{0z}(s)) F_{(3×6)} ⃗v̂_k (s) (7.18) which leads to:

δQ^{(1)}_{spin} = 0, (7.19) i.e. the spin tune shift vanishes in 1st order.

7.4 Action–Angle Variables for Spin Motion on an Arbitrary Orbit

Since k(J_k, Φ_k ; s) is not constant we now wish to find a new spin coordinate system in which spins precess uniformly and thereby construct action–angle variables for spin on arbitrary orbits. To this end we introduce the variables (J, ψ) by the definition: ξ̃_0 ≡ J ;

ξ̃_1 = √1 − J 2 · cos ψ(s) ; ξ̃_2 = √1 − J 2 · sin ψ(s) .

(7.20)

The spin Hamiltonian describing precession motion around ⃗n ( see eqn. (7.7) ) is: H_{spin} = k(Φ_k , J_k; s) · J (7.21) and the canonical equations of motion are then: d ds ψ = + ∂H_{spin} ∂J = k(Φ_k , J_k; s) ; (7.22a) d ds J = − ∂H_{spin} ∂ψ = 0 . (7.22b) The solution of (7.22a, b) is given by: ψ(s) = ∫_s s_0

ds̃ · k(Φ_k , J_k; s̃) ; (7.23a) J = const . (7.23b) We now employ the canonical transformation ψ; J −→ ψ̂ = −2πQ̂_{spin} · s L ; Ĵ = J . (7.24) based on the generating function F_2(ψ, Ĵ; s) = −Ĵ · { 2π L Q̂_{spin} · s + ∫_s s_0 ds̃ · k(Φ_k , J_k; s̃) } + ψ · Ĵ (7.25) which reads as:

ψ̂ = ∂F^2 ∂J̃ = − 2π L Q̂_{spin} · s − ∫_s s_0

ds̃ · k(Φ_k , J_k; s̃) + ψ = − 2π L Q̂_{spin}(J_k) · s ;

J = ∂F_2 ∂ψ = Ĵ . (7.26)

The new Hamiltonian Ĥ_{spin} = H_{spin} + ∂F^2 ∂s (7.27) is given by: Ĥ_{spin} = H_{spin} + ∂F^2 ∂s = k(Φ_k, J_k ; s) · J − Ĵ · { 2π L Q̂_{spin}(J_k) + k(Φ_k , J_k; s) }

= − 2π L Q̂_{spin}(J_k) · Ĵ . (7.28)

The corresponding canonical equations read as: d ds ψ̂ = +∂ Ĥ_{spin} ∂J̃ = − 2π L Q̂_{spin}(J_k) = const ; (7.29a) d ds Ĵ = −∂ Ĥ_{spin} ∂ψ̃ = 0 . (7.29b)

Thus we now have a spin precession frequency independent of Φ_k and s but dependent on J_k and identical to the average spin tune in the (⃗n_1, ⃗n_2, ⃗n) dreibein. The quantities Ĵ, ψ̂ are our action–angle variables for spin on an arbitrary 6–dimensional orbit.

Associated with these new variables Ĵ, ψ̂ is the new dreibein (^⃗n_1, ^⃗n_2, ⃗n) with (^⃗n_1, ^⃗n_2) given by:

^⃗n_1 = +⃗n_1 · cos χ(s) + ⃗n_2 · sin χ(s) ; ^⃗n_2 = −⃗n_1 · sin χ(s) + ⃗n_2 · cos χ(s) or ^⃗n_1 + i · ^⃗n_2 = [⃗n_1 + i · ⃗n_2] · exp [−i · χ(s)] (7.30a)

where by (7.26)

χ(Φ_k(s), J_k; s) = χ(Φ_k(s_0), J_k; s_0) + ∫_s s_0

ds̃ · k(Φ_k (s̃), J_k; s̃) + 2π L Q̂_{spin} · (s − s_0) = χ(Φ_k(s_0), J_k; s_0) + ∫_s s_0 ds̃ · { k(Φ_k(s̃), J_k; s̃) + 2π L Q̂_{spin} } . (7.30b)

Defining the spin components ξ̂_1, ξ̂_2 with respect to (^⃗n_1, ^⃗n_2) by the relation: ⃗ξ = ξ̃_0 · ⃗n + ξ̂_1 · ^⃗n_1 + ξ̂_2 · ^⃗n_2 we can write: d ds [ ξ̂_1 + i · ξ̂_2 ] = i Ω(J_k) · [ ξ̂_1 + i · ξ̂_2 ] or [ ξ̂_1(s) + i · ξ̂_2(s) ] = [ ξ̂_1(s_0) + i · ξ̂_2(s_0) ] · exp {i Ω(J_k) · (s − s_0)} with Ω(J_k ) = − 2π L · Q̂_{spin} which expresses again the fact that the spins precess uniformly in the new dreibein.

Choosing for simplicity χ(Φ_k(s_0), J_k; s_0) = 0 , in (7.30b) we may write^2: χ(Φ_k(s), J_k ; s) = ∫_s s_0 ds̃ · { k(Φ_k (s̃), J_k; s̃) + 2π L Q̂_{spin} } . (7.31) Further insight into the properties of the new dreibein can be obtained by using (7.12b) and expanding the integrand in (7.31):

Δk̂(Φ_k, J_k ; s) = k(Φ_k, J_k; s) + 2π L Q̂_{spin}(J_k) = Δk(Φ_k, J_k; s) + 2π L δQ_{spin} (J_k ) + [2π L Q_{spin} − ψ^′_{spin}(s) ] (7.32) into a Fourier series:

Δk̂(Φ_I , Φ_{II} , Φ_{III} ; J_I , J_{II} , J_{III} ; s) = Δk̂(Φ_I + 2π, Φ_{II} , Φ_{III} ; J_I , J_{II} , J_{III} ; s) = Δk̂(Φ_I , Φ_{II} + 2π, Φ_{III} ; J_I , J_{II} , J_{III} ; s) = Δk̂(Φ_I , Φ_{II} , Φ_{III} + 2π; J_I , J_{II} , J_{III} ; s) = Δk̂(Φ_I , Φ_{II} , Φ_{III} ; J_I , J_{II} , J_{III} ; s + L) ;

2Note that the proof of the periodicity conditions (7.35) and (7.36) also works for an arbitrary choice of χ(Φ_k(s_0), J_k; s_0).

=⇒ Δk̂(Φ_k , J_k; s) = ∑ m_1 , m_2 , m_3 R̂_{m1m2 m3} (s) · e−i {m1ΦI + m2ΦII + m3ΦIII }; (7.33a)

R̂_{m1 m2 m3} (s) = ( 1 2π )_3 · ∫_{2π} 0 dΦ_I ∫_{2π} 0 dΦ_{II} ∫_{2π} 0 dΦ_{III} · Δk̂(Φ_k , J_k; s)

×e+i {m^1Φ^I (s) + m^2Φ^{II} (s) + m^3Φ^{III} (s)} (7.33b) with R̂_{m1 m2m3} (s + L) = R̂_{m1 m2m3} (s) = ∑ q R̂_{m1m2 m3 q} (J_k) · e−i q · 2π (s/L) ;

=⇒ R̂_{m1 m2m3 q} (J_k) = 1 L ∫_{s0 +L} s_0 ds̃ · R̂_{m1 m2m3} (J_k; s̃) · e+i q · 2π (s̃/L) which leads to:

Δk̂(Φ_k , J_k; s) = ∑ m1, m2 , m3 , q (m1 ,m2 ,m3 ,q) ≠ (0,0,0,0) R̂_{m1 m2m3 q} (J_k)

×e−i {m^1 Φ^I (s) + m^2 Φ^{II} (s) + m^3 Φ^{III} (s) + q · 2π (s̃/L)} . Here we have used the fact that the coefficient R̂_{0000} = 1 L ∫_{s0+L} s_0 ds̃ · ( 1 2π )_3 · ∫_{2π} 0 dΦ_I ∫_{2π} 0 dΦ_{II} ∫_{2π} 0 dΦ_{III} · Δk̂(Φ_k, J_k; s̃) vanishes: R̂_{0000} = 0 as may be derived from eqn. (7.32), since 1 L ∫_{s0+L} s_0 ds̃ · ( 1 2π )_3 · ∫_{2π} 0 dΦ_I ∫_{2π} 0 dΦ_{II} ∫_{2π} 0 dΦ_{III} · Δk(Φ_k, J_k; s̃) = R_{0000} = − 2π L δQ_{spin} (J_k) and 1 L ∫_{s0+L} s_0 ds̃ · [ 2π L Q_{spin} − ψ^′_{spin}(s̃) ] = 0 .

Then, using eqn. (7.16), eqn. (7.31) can be written in the form:

χ(Φ_k, J_k; s) = ∫_s s_0 ds̃ · ∑ m1, m2 , m3 , q m1,m2 ,m3 , q ≠ 0,0,0,0 R̂_{m1m2 m3 q} (J_k )

× e−i {m^1 Φ^I (s̃) + m^2 Φ^{II} (s̃) + m^3 Φ^{III} (s̃) + q · 2π (s̃/L)} = ∑ m1 , m2 , m3, q m1,m2 ,m3 , q ≠ 0,0,0,0 R̂_{m1 m2m3 q} (J_k) · e−i {m1 ΦI (s0) + m2 ΦII (s0) + m3 ΦIII (s0)}

× e2πi · (s^0/L) {m^1 Q^I + m^2 Q^{II} + m^3 Q^{III} } × ∫_s s_0 ds^′ · e−2πi · (s^′/L) {m^1 Q^I + m^2 Q^{II} + m^3 Q^{III} + q } = ∑ m1 , m2 , m3, q m1,m2 ,m3 , q ≠ 0,0,0,0 R̂_{m1 m2m3 q} (J_k) · e−i {m1 ΦI (s0) + m2 ΦII (s0) + m3 ΦIII (s0)}

× e2πi · (s^0/L) {m^1 Q^I + m^2 Q^{II} + m^3 Q^{III} }

× e−2πi · (s^′/L) {m^1 Q^I + m^2 Q^{II} + m^3 Q^{III} + q } −2πi · (1/L) · {m_1 Q_I + m_2 Q_{II} + m_3 Q_{III} + q} s^′=s

s^′=s_0 = ∑ m1 , m2 , m3, q m1,m2 ,m3 , q ≠ 0,0,0,0 R̂_{m1 m2m3 q} (J_k) · e−i {m1 ΦI (s0) + m2 ΦII (s0) + m3 ΦIII (s0)}

× e2πi · (s^0/L) {m^1 Q^I + m^2 Q^{II} + m^3 Q^{III} } −2πi · (1/L) · {m_1 Q_I + m_2 Q_{II} + m_3 Q_{III} + q} × { e−2πi · (s/L) {m^1 Q^I + m^2 Q^{II} + m^3 Q^{III} + q } −e−2πi · (s^0/L) {m^1 Q^I + m^2 Q^{II} + m^3 Q^{III} + q } }

= ∑ m1 , m2 , m3, q m1,m2 ,m3 , q ≠ 0,0,0,0 R̂_{m1 m2m3 q} (J_k) · e−i {m1 ΦI (s) + m2 ΦII (s) + m3 ΦIII (s) + 2πq · s/L}

× 1 −2πi · (1/L) · {m_1 Q_I + m_2 Q_{II} + m_3 Q_{III} + q}

− ∑ m1 , m2, m3, q m1 ,m2 ,m3 , q ≠ 0,0,0,0 R̂_{m1 m2m3 q} (J_k) · e−i {m1 ΦI (s0) + m2 ΦII (s0) + m3 ΦIII (s0) + 2πq · s0/L}

× 1 −2πi · (1/L) · {m_1 Q_I + m_2 Q_{II} + m_3 Q_{III} + q} = ∑ m1 , m2 , m3, q m1,m2 ,m3 , q ≠ 0,0,0,0 R̂_{m1 m2m3 q} (J_k) · e−i {m1 ΦI (s) + m2 ΦII (s) + m3 ΦIII (s) + 2πq · s/L}

× 1 −2πi · (1/L) · {m_1 Q_I + m_2 Q_{II} + m_3 Q_{III} + q} − const. (7.34)

From (7.34) it is clear that χ(Φ_k, J_k; s) fulfils the periodicity conditions χ(J_I , J_{II} , J_{III} , Φ_I , Φ_{II} , Φ_{III} , s) = χ(J_I , J_{II} , J_{III} , Φ_I + 2π, Φ_{II} , Φ_{III} , s) = χ(J_I , J_{II} , J_{III} , Φ_I , Φ_{II} + 2π, Φ_{III} , s) = χ(J_I , J_{II} , J_{III} , Φ_I , Φ_{II} , Φ_{III} + 2π, s) = χ(J_I , J_{II} , J_{III} , Φ_I , Φ_{II} , Φ_{III} , s + L) . (7.35)

Then by (7.30a) we see that ^⃗n_1 and ^⃗n_2 fulfil the same periodicity relations as χ(Φ_k(s), J_k; s) and thus as ⃗n_1 and ⃗n_2 (see eqn. (6.1) ) : ^⃗n_ν (J_I , J_{II} , J_{III} , Φ_I , Φ_{II} , Φ_{III} , s) = ^⃗n_ν (J_I , J_{II} , J_{III} , Φ_I + 2π, Φ_{II} , Φ_{III} , s) = ^⃗n_ν (J_I , J_{II} , J_{III} , Φ_I , Φ_{II} + 2π, Φ_{III} , s) = ^⃗n_ν (J_I , J_{II} , J_{III} , Φ_I , Φ_{II} , Φ_{III} + 2π, s) = ^⃗n_ν (J_I , J_{II} , J_{III} , Φ_I , Φ_{II} , Φ_{III} , s + L) ; (7.36)

with ν = 1, 2 for an arbitrary orbit.

Thus we have found that the dreibein (^⃗n_1, ^⃗n_2, ⃗n) within which spin motion can be described in terms of action–angle variables, is fully periodic in (Φ_k , s). A numerically equivalent construction of (^⃗n_1, ^⃗n_2) was used first in the program SPRINT [22, 23, 24, 25]. The need for a periodic dreibein on arbitrary orbits is discussed in Ref. [4]. Recalling the behaviour of spins on the closed orbit, we note (see section 4.1 and Appendix B ) that in the non–periodic (⃗n_0, ⃗m_0, ⃗l_0) dreibein the spins are stationary, but in the (⃗n_0, ⃗m, ⃗l) dreibein the phase function ψ can be chosen so as to vary linearly in s so that the spins precess at a fixed frequency Q_{spin}. The quantity Q_{spin} is arbitrary up to an integer corresponding to various choices of (⃗m, ⃗l).

Moreover the vectors (⃗m, ⃗l) are periodic in s. The construction that we have just carried out is the generalisation of this to arbitrary integrable orbits. On the closed orbit (^⃗n_1, ^⃗n_2) reduce to (⃗l, −⃗m). From (7.34) it is clear that our construction of the periodic (^⃗n_1, ^⃗n_2) becomes invalid on an orbit resonance

m_1 Q_I + m_2 Q_{II} + m_3 Q_{III} + q = 0 ; (m_1, m_2, m_3, q ≠ 0, 0, 0, 0)

for which R̂_{m1 m2 m3 q} does not vanish. But this case had to be excluded in order to make Q̂_{spin} independent of orbit phase. Away from spin orbit resonances the whole dreibein (^⃗n_1, ^⃗n_2, ⃗n) is a single valued function of the phase space point (J_k, Φ_k , s) and the vectors (⃗n_1, ⃗n_2) and (^⃗n_1, ^⃗n_2) oscillate with respect to each other. In the neighbourhood of an orbital resonance the oscillation amplitude becomes very large.

Remarks:

An alternative way, used in the earlier versions of this paper, to prove the periodicity of (^⃗n_1, ^⃗n_2) is to write (7.30b) in the special form

χ(Φ_k(s̃), J_k; s) = lim_{0<γ→0} lim_{s0 →−∞} ∫_s s_0 ds̃ · { k(Φ_k(s̃), J_k; s̃) + 2π L Q̂_{spin}(J_k) } · e+γ · s̃ = lim_{0<γ→0} ∫_s −∞ ds̃ · { k(Φ_k(s̃), J_k; s̃) + 2π L Q̂_{spin}(J_k) } · e+γ · s̃ . (7.37) by making a special choice of χ(Φ_k, J_k; s_0) and using the method of forced solution.

Then we have:

χ(Φ_k(s), J_k; s + L) = lim_{0<γ→0} ∫_{s+L} −∞ ds̃ · { k(Φ_k (s̃ − L), J_k; s̃) + 2π L Q̂_{spin}(J_k ) } · e+γ · s̃, = lim_{0<γ→0} ∫_s −∞ ds^′ · { k(Φ_k (s^′), J_k; s^′ + L) + 2π L Q̂_{spin}(J_k) } · e+γ · (s^′ + L), = lim_{0<γ→0} ∫_s −∞ ds^′ · { k(Φ_k (s^′), J_k; s^′) + 2π L Q̂_{spin}(J_k) } · e+γ · (s^′ + L) = lim_{0<γ→0} ∫_s −∞ ds^′ · { k(Φ_k (s^′), J_k; s^′) + 2π L Q̂_{spin}(J_k) } · e+γ · s^′ = χ (Φ_k (s), J_k; s) and χ(Φ_k + 2π, J_k; s) = lim_{0<γ→0} ∫_s −∞ ds̃ · { k(Φ_k + 2π, J_k; s̃) + 2π L Q̂_{spin}(J_k) } · e+γ · s̃

= lim_{0<γ→0} ∫_s −∞ ds̃ · { k(Φ_k, J_k; s̃) + 2π L Q̂_{spin}(J_k) } · e+γ · s̃ = χ(Φ_k , J_k; s) , since k(Φ_k (s), J_k; s + L) = k(Φ_k (s), J_k; s) and k(Φ_k + 2π, J_k; s) = k(Φ_k, J_k; s) .

Thus the function χ(Φ_k, J_k; s) indeed obeys the periodicity relation (7.35). Note, that this analysis is not valid on resonances for which R̂_{m1m2 m3 q} does not vanish.

The proof of the periodicity condition (7.35) remains valid, if we use the ansatz:

χ(Φ_k(s), J_k; s) = C + lim_{0<γ→0} ∫_s −∞ ds̃ · { k(Φ_k (s̃), J_k; s̃) + 2π L Q̂_{spin}(J_k ) } · e+γ · s̃ , by introducing an arbitrary additional integration constant C in (7.31). Using C = − lim_{0<γ→0} ∫_{s0} −∞ ds̃ · { k(Φ_k(s̃), J_k ; s̃) + 2π L Q̂_{spin}(J_k) } · e+γ · s̃ we obtain (7.31) again:

χ(Φ_k(s), J_k; s) = lim_{0<γ→0} ∫_s s_0 ds̃ · { k(Φ_k(s̃), J_k; s̃) + 2π L Q̂_{spin}(J_k) } · e+γ · s̃ = ∫_s s_0 ds̃ · { k(Φ_k (s̃), J_k; s̃) + 2π L Q̂_{spin}(J_k ) } . (7.38) 2) Having established the periodic dreibein (^⃗n_1, ^⃗n_2, ⃗n) in which spins precess uniformly, we can construct another dreibein (^⃗n_1, ^⃗n_2, ⃗n) as

^⃗n_1 + i · ^⃗n_2 = [^⃗n_1 + i · ^⃗n_2] × exp {−i [m_1Φ_I (s) + m_2Φ_{II} (s) + m_3Φ_{III} (s) + q · 2π (s/L)]} . (7.39) Since the spins precess at the rate Ω(J_k ) = − 2π L Q̂_{spin} with respect to (^⃗n_1, ^⃗n_2, ⃗n) then they precess at the rate Ω(J_k ) − 2π L [q + m_1 · Q_I + m_2 · Q_{II} + m_3 · Q_{III} ] = − 2π L [ Q̂_{spin} + q + m_1 · Q_I + m_2 · Q_{II} + m_3 · Q_{III} ]

with respect to (^⃗n_1, ^⃗n_2, ⃗n).

By construction (^⃗n_1, ^⃗n_2) is again periodic and the precession rate is uniform. Thus the (^⃗n_1, ^⃗n_2, ⃗n) dreibein has the same status as (^⃗n_1, ^⃗n_2, ⃗n) and is a perfectly valid dreibein. On the resonance,

Q̂_{spin} + q + m_1 · Q_I + m_2 · Q_{II} + m_3 · Q_{III} = 0 , (7.40)

the spins are stationary in the “resonance dreibein” (^⃗n_1, ^⃗n_2, ⃗n) constructed using the

(m_1, m_2, m_3, q).

Thus at resonance these (^⃗n_1, ^⃗n_2, ⃗n) all obey the T–BMT equation and the distinction between ⃗n and (^⃗n_1, ^⃗n_2) is lost. Then at a spin–orbit resonance (7.38) a dreibein can always be found in which spins are stationary and for which the choice of (^⃗n_1, ^⃗n_2, ⃗n) is not unique. This is analogous to the situation with the closed orbit discussed in section 4.1 (see also Ref. [4]).

3) In arriving at action–angle variables for spin, either on the closed orbit or an arbitrary trajectory, we can see an analogy with the case of the construction of action–angle variables for orbital motion. In the latter case the orbital Hamiltonian is s–dependent (section 3.2.1) but the s–dependence can be absorbed by applying an s–dependent canonical transformation involving orbital eigenvectors (section 4.2.2) and the motion from then on is described with respect to a basis of orbital eigenvectors with amplitudes that are written in terms of action– angle variables. Actually, we use the “Floquetized” orbital eigenvectors periodic in s and a uniformly increasing phase function. In the case of spin on the closed orbit we come to action– angle variables by an s–dependent canonical transformation involving a spin phase function ψ increasing linearly in s (section 4.1) and the corresponding s dependent orthonormal pair (⃗m, ⃗l) which is periodic in s. On an arbitrary orbit, we arrive at action–angle variables via a canonical transformation to a dreibein which is periodic in Φ_k as well as in s.

For an analysis of spin–orbit motion and the introduction of spin tune in terms of Floquet theory see [26].

4) To construct (^⃗n_1, ^⃗n_2) we began by using the periodic vector product ⃗n × ⃗m. We could instead have begun with the vector product ⃗n × ⃗e_x or with ⃗n × ⃗v (⃗v=unit particle direction vector) since ⃗e_x is periodic in s and ⃗v is periodic in s and Φ_k. Then we could have calculated k(J_k, Φ_k , s) for these cases and proceeded with the canonical transformation. The resulting various (^⃗n_1, ^⃗n_2) are presumably related by a transformation of the form (7.39).

5) Note that Q̂_{spin} depends on the orbital actions J_k and that an ensemble spans a range of J_k . Thus more than one orbit in an ensemble can in principle be on resonance and some orbits will have no associated unique dreibein i.e. no unique ⃗n–axis.

8 Calculation of the Depolarisation Time

Having determined the ⃗n–axis and investigated the spin motion in the special coordinate system (^⃗n_1, ^⃗n_2, ⃗n) associated with the ⃗n–axis, we are now in a position to study classical spin diffusion and to calculate the depolarisation time.

The spin diffusion is caused by radiation processes which can be characterised by a stochastic differential equation for the orbital coefficients A_k [12, 7]: A^′_k(s) = +i · v^∗_{k5}(s) · √ ω(s) · P(s) ; (8.1a) A^′_{−k} (s) = [A^′_k(s)]^∗ ; (8.1b) (k = I, II, III) with < P(s), P(s^′) > = δ(s − s^′) . (8.2) and ω(s) = (|K_x|^3 + |K_z |^3) · C_2 (8.3) where the coefficient C_2 is given by:

C_2 =

55 · √ 3 48 · C_1 · Λ · γ^2_0 with Λ = h̄ m_0c and C_1 = 2 3 e^2 · γ^4_0 E_0

. (8.4) Equations (8.1a, b) may be written in a combined form as: A^′_μ(s) = +V_μ(s) · √ ω(s) · P(s) (8.5) with V_k (s) = +i · v^∗_{k5}(s) ; (8.6a) V_{−k} (s) = [V_k (s)]^∗ . (8.6b) In the following we shall use the notation: ⃗n = ⃗n (α̂, β̂) = { 1 − 1 2 ( α̂^2 + β̂^2 )} · ⃗n_0 + α̂ √ 1 − 1 4 ( α̂^2 + β̂^2 ) · ⃗m + β̂ √ 1 − 1 4 ( α̂^2 + β̂^2 ) · ⃗l for the ⃗n–axis, denoting the α– and β–component of ⃗n by α̂ and β̂.

8.1 Depolarisation Degree due to an Orbital Jump

We consider the case where at each point in phase space the spins are initially all parallel to the respective ⃗n–axes and that orbital equilibrium characterised by the distribution function W^{(stat)}_{orbit} (J_l, Φ_l): W^{(stat)}_{orbit} (J_l, Φ_l) = 1 (2π)^3 · 1 Ĵ_I · Ĵ_{II} · Ĵ_{III} · e − [ J_I /Ĵ_I + J_{II} /Ĵ_{II} + J_{III} /Ĵ_{III} ] (8.7)

with

Ĵ_k = M^k 2a_k = 1 2α_k · ∫_{s0+L} s_0 ds̃ · |v_{k5}(s̃)|^2 · ω(s̃) ; (k = I, II, III) . (8.8) (see Ref. [12]) has already been established.

After a jump to a new position in phase space

J_k −→ J_k + ΔJ_k ; Φ_k −→ Φ_k + ΔΦ_k

caused by the emission of a photon, the spin of the particle has the direction of the old ⃗n– axis, ⃗n_{old}, characterised by the components α̂ and β̂ but the spin now precesses around the new ⃗n–axis, ⃗n_{new} = ⃗n_{old} + Δ⃗n, with components α̂ + Δα̂, β̂ + Δβ̂ corresponding to the new orbital position. Only the projection of ⃗n_{old} onto ⃗n_{new} survives, since the spin component perpendicular to ⃗n_{new} (= ⃗n(α̂ + Δα̂, β̂ + Δβ̂) ) averages away due to the uniform precession of the spin with respect to the dreibein (^⃗n_1, ^⃗n_2, ⃗n)_{new} . Thus the depolarisation takes place along the latest ⃗n–axis, ⃗n_{new} , and by simple geometrical considerations one finds that the degree of depolarisation due to the jump α̂ −→ α̂ + Δα̂ ; β̂ −→ β̂ + Δβ̂ reads exactly as [27] :

ΔP = 1 2 · |Δ⃗n|^2 . (8.9)

By writing Δ⃗n as Δ⃗n = ∂⃗n ∂α̂ · Δα̂ + ∂⃗n ∂β̂ · Δβ̂ (8.10) with ∂⃗n ∂α̂ = −α̂ · ⃗n_0

+ √ 1 − 1 4 ( α̂^2 + β̂^2 ) − α̂^2 4 · √ 1 − 1 4 ( α̂^2 + β̂^2 ) · ⃗m

− α̂ β̂ 4 · √ 1 − 1 4 ( α̂^2 + β̂^2

) · ⃗l ; (8.11a)

∂⃗n ∂β̂ = −β̂ · ⃗n_0 − α̂ β̂ 4 · √ 1 − 1 4 ( α̂^2 + β̂^2 ) · ⃗m

+ √ 1 − 1 4 ( α̂^2 + β̂^2 ) − β̂2 4 · √ 1 − 1 4 ( α̂^2 + β̂^2 ) · ⃗l . (8.11b)

and putting (8.11a, b) into (8.10), we then obtain:

ΔP = 1 2 ( ∂⃗n ∂α̂ )_2

· Δα̂^2 + 2 ( ∂⃗n ∂α̂ · ∂⃗n ∂β̂ ) · Δα̂ Δβ̂ + ( ∂⃗n ∂β̂ )_2

· Δβ̂^2

(8.12)

with ( ∂⃗n ∂α̂ )_2

= 1 + 1 4 (α̂^2 − β̂^2) + α̂^2 ( α̂^2 + β̂^2 ) 16 · [ 1 −^1_4 ( α̂^2 + β̂^2

)] ; (8.13a) ( ∂⃗n ∂α̂ · ∂⃗n ∂β̂ ) = 1 2 α̂β̂ + α̂β̂ ( α̂^2 + β̂^2 ) 16 · [ 1 −^1_4 ( α̂^2 + β̂^2

)] ; (8.13b) ( ∂⃗n ∂β̂ )_2

= 1 − 1 4 (α̂^2 − β̂^2) + β̂2 ( α̂^2 + β̂^2 ) 16 · [ 1 −^1_4 ( α̂^2 + β̂^2

)] . (8.13c)

8.2 Stochastic Behaviour of Spin Motion

The stochastic behaviour of the orbital motion characterised by eqn. (8.5) is transferred to the spin motion. Thus we have: ( d ds α̂ ) rad = ∑ μ ∂α̂ ∂A_μ · A^′_μ(s) = ∑ μ ∂α̂ ∂Â_μ · ∂Â_μ ∂A_μ · V_μ(s) · √ ω(s) · P(s) = ∑ μ ∂α̂ ∂Â_μ · e−i · 2πQ^μ · s/L · V_μ(s) · √ ω(s) · P(s) = ∑ μ ∂α̂ ∂Â_μ · V̂_μ(s) · √ ω(s) · P(s) = F_1(s) · √ ω(s) · P(s) ; (8.14a) ( d ds β̂ ) rad = F_2(s) · √ ω(s) · P(s) (8.14b)

with F_1(s) = ∑ μ ∂α̂ ∂Â_μ · V̂_μ(s) ; (8.15a)

F_2(s) = ∑ μ ∂β̂ ∂Â_μ · V̂_μ(s) (8.15b) and V̂_μ(s) ≡ e−i · 2πQμ · s/L · V_μ(s) = V̂_μ(s + L) . (8.16) Integration of eqn. (8.14) leads to: [α̂(s_1) − α̂(s_0)]_{rad} = ∫_{s1} s_0

ds̃ · δc(s̃) · F_1(s̃) ; (8.17a) [ β̂(s_1) − β̂(s_0) ] rad = ∫_{s1} s_0

ds̃ · δc(s̃) · F_2(s̃) . (8.17b)

From eqn. (8.17) we obtain: < [α̂(s_0) − α̂(s_1)]_{rad} · [ β̂(s_0) − β̂(s_1) ] rad >

= ∫_{s1} s_0 ds^′ · ∫_{s1} s_0 ds^{′′}· < δc(s^′) δc(s^{′′}) > ·F_1(s^′) · F_2(s^{′′}) = ∫_{s1} s_0 ds^′ · ∫_{s1} s_0

ds^{′′} · ω(s^′) · δ(s^′ − s^{′′}) · F_1(s^′) · F_2(s^{′′}) = ∫_{s1} s_0

ds^′ · ω(s^′) · F_1(s^′) · F_2(s^′) (8.18a) and < ([ α̂(s_0) − α̂_(s_1) ] rad )_2 > = ∫_{s1} s_0

ds^′ · ω(s^′) · F_1(s^′)^2 ; (8.18b) < ([ β̂(s_0) − β̂_(s_1) ] rad )_2 > = ∫_{s1} s_0

ds^′ · ω(s^′) · F_2(s^′)^2 . (8.18c)

8.3 Depolarisation Time

For the stochastic average of ΔP in (8.12) we get, using eqns. (8.18a, b, c) :

< ΔP (J_k , Φ_k; s) > = Δs · 1 2 ω(s)

× ( ∂⃗n ∂α̂ )_2

· F_1(s)^2 + 2 ( ∂⃗n ∂α̂ · ∂⃗n ∂β̂ ) · F_1(s) F_2(s) + ( ∂⃗n ∂β̂ )_2

· F_2(s)^2

. (8.19)

Taking an average of < ΔP (J_k, Φ_k; s) > over one revolution and over the orbital phase space by using the distribution function (8.7), eqn. (8.19) then leads to the characteristic spin depolarisation time τ_D for the diffusion of spins resulting from stochastic orbit motion given by: τ^{−1}_D = c L · ∫_{s+L} s ds̃ · ∫_{2π} 0 dΦ_I ∫_{2π} 0 dΦ_{II} ∫_{2π} 0 dΦ_{III} ∫_∞ 0 dJ_I ∫_∞ 0 dJ_{II} ∫_∞ 0 dJ_{III}

×W^{(stat)}_{orbit} (J_l, Φ_l) · < ΔP (J_k , Φ_k; s) > Δs = c 2L ∫_{s+L} s ds̃ · ω(s̃) · R(s̃) = c 2L ∫_{s0+L} s_0

ds̃ · ω(s̃) · R(s̃) (8.20)

with R(s) = ∫_∞ 0 dJ_I ∫_∞ 0 dJ_{II} ∫_∞ 0 dJ_{III} · e − [ J_I /Ĵ_I + J_{II} /Ĵ_{II} + J_{III} /Ĵ_{III} ] Ĵ_I · Ĵ_{II} · Ĵ_{III}

× 1 (2π)^3 ∫_{2π} 0 dΦ_I ∫_{2π} 0 dΦ_{II} ∫_{2π} 0 dΦ_{III}

× ( ∂⃗n ∂α̂ )_2

· F_1(s)^2 + 2 ( ∂⃗n ∂α̂ · ∂⃗n ∂β̂ ) · F_1(s) F_2(s) + ( ∂⃗n ∂β̂ )_2

· F_2(s)^2

= R(s + L) . (8.21)

Taking into account the 1st order relations: ( α̂^{(1)}(s) β̂(1)(s) ) = ∑ μ Â_μ · ^⃗w_μ (s) ; (8.22)

( F^{(1)}_1 (s) F^{(1)}_1 (s) ) = ∑ μ ^⃗w_μ (s) · V̂_μ = ∑ μ ⃗w_μ (s) · V_μ = i · ∑ k=I, II, III { ⃗w_k · v^∗_{k5} + compl.conj.} = −2 · ℑm ∑ k=I, II, III ⃗w_k · i v^∗_{k5} (8.23)

(see eqns. (6.11) and (8.15) ) the depolarisation rate τ_D^{−1} reads as:

τ^{−1}_D = 2 · c L ∫_{s0 +L} s_0 ds̃ · ω(s̃) · 2∑ μ=1 ℑm ∑ k=I, II, III [v^∗_{k5}(s̃) · w_{kμ}(s̃)] 2 . (8.24)

This result has already been derived in a different manner by A. Chao [15]) (see also Refs. [7, 12] ), and serves as the basis of various schemes for maximising the polarisation [16, 28, 29, 30, 31, 32, 33].

In the same way higher orders of τ_D may be obtained by using eqns. (6.26) and (8.15).

Remark:

Note that since ∫_{2π} 0 dΦ_k · (A_k)^μ (A_{−k})^ν = 0 for μ + ν ≠ 0

(with A_k given by eqn. (4.24) ), many terms of the integral (8.21) vanish. Only terms containing even balanced products of A_k’s such as A_kA_{−k} remain [18].

9 Summary

We have investigated a number of aspects of spin dynamics in storage rings on the basis of the T–BMT equation.

The orbital motion was described in terms of the fully coupled 6–dimensional formalism with the canonical variables x, p_x, z, p_z , σ, p_σ = (1/β^2_0 ) · η.

Orbital action–angle variables in linear approximation were introduced via a canonical transformation taking into account all kinds of coupling (synchro–betatron coupling and coupling of the betatron oscillations by skew quadrupoles and solenoids).

In addition to the wellknown orbital variables x, p_x, z, p_z , σ, p_σ of the fully coupled 6–dimensional formalism we defined the canonical spin variables α and β which were used to determine the ⃗n–axis by the method of forced solution.

In order to describe spin motion, various coordinate systems were introduced, characterised by the triad (⃗e_x, ⃗e_z, ⃗e_s), and the dreibeins (⃗n_0, ⃗m, ⃗l) (⃗n_1, ⃗n_2, ⃗n) and (^⃗n_1, ^⃗n_2, ⃗n).

With respect to the dreibein (^⃗n_1, ^⃗n_2, ⃗n) we were then able to define action–angle variables of spin motion on an arbitrary particle path characterised by the orbital variables J_k, Φ_k and to calculate the spin tune as a function of J_k .

The dreibein (^⃗n_1, ^⃗n_2, ⃗n) is a single valued function of the orbital coordinates (Φ_k , J_k, s). Then we presented a way to derive the general formula of the characteristic spin depolarisation time τ_D for the diffusion of spins resulting from stochastic orbit motion and in linear approximation obtained the usual result.

The equations presented in this report can serve to develop an 8–dimensional tracking program for the combined spin–orbit system, taking into account nonlinear spin motion.

Finally we remark that, starting from the variables x, p_x, z, p_z , σ, p_σ α, β and using analytical techniques as described in Refs. [9, 10, 34] one can also develop an 8–dimensional dispersion formalism.

In this paper we have neglected the Stern–Gerlach forces [1]. We shall incorporate these in another report.

Acknowledgements

We wish to thank G. Hoffstätter and M. Vogt for useful discussions on the numerical evaluation of spin tune in the program SPRINT.

Appendix A: The Hamiltonian for Spin Motion

A.1 The Spin Hamiltonian

Spin motion can be described in terms of a spin Hamiltonian, namely: d dt α = + ∂H_{spin} ∂β ; (A.1a) d dt β = − ∂H_{spin} ∂α . (A.1b)

where H_{spin} reads as [1] :

H_{spin}(α, β; t) = √ 1 − 1 4 (α^2 + β^2) · [Ω_1 · α + Ω_2 · β] + [ 1 − 1 2 ( α^2 + β^2 )] · Ω_3 . (A.2)

Then: d dt α = + ∂H_{spin} ∂β = + −β 4 √ 1 − 1 4 (α^2 + β^2)

· [Ω_1 · α + Ω_2 · β] + √ 1 − 1 4 (α^2 + β^2) · Ω_2 − β · Ω_3; (A.3a)

d dt β = − ∂H_{spin} ∂α = − −α 4 √ 1 − 1 4 (α^2 + β^2)

· [Ω_1 · α + Ω_2 · β] − √ 1 − 1 4 (α^2 + β^2) · Ω_1 + α · Ω_3. (A.3b)

The components ξ_1, ξ_2, ξ_3 of the spin vector ⃗ξ

⃗ξ = ξ_1 · ⃗e_1 + ξ_2 · ⃗e_2 + ξ_3 · ⃗e_3 (A.4)

are given by:

ξ_1 = α · √ 1 − 1 4 (α^2 + β^2) ; (A.5a)

ξ_2 = β · √ 1 − 1 4 (α^2 + β^2) ; (A.5b)

ξ_3 = 1 − 1 2 ( α^2 + β^2 ) ; (A.5c)

=⇒ H_{spin} = Ω_1 · ξ_1 + Ω_2 · ξ_2 + Ω_3 · ξ_3 . (A.6)

A.2 The Equations of Spin Motion

In terms of the components ξ_i we have: d dt ξ_3 = −α · d ds α − β · d ds β

= −α √ 1 − 1 4 (α^2 + β^2) · Ω_2 + β √ 1 − 1 4 (α^2 + β^2) · Ω_1

= Ω_1 · ξ_2 − Ω_2 · ξ_1 ; (A.7a) d dt ξ_1 = √ 1 − 1 4 (α^2 + β^2) · d ds α + α 4 √ 1 −^1_4 (α^2 + β^2) · [ −α · d ds α − β · d ds β ]

= − β 4 · [Ω_1 · α + Ω_2 · β] + [ 1 − 1 4 ( α^2 + β^2 )] · Ω_2 − β √ 1 − 1 4 (α^2 + β^2) · Ω_3 + α 4 √ 1 −^1_4 (α^2 + β^2)

· [Ω_1 · ξ_2 − Ω_2 · ξ_1] = − β 4 · [Ω_1 · α + Ω_2 · β] + [ 1 − 1 4 ( α^2 + β^2 )] · Ω_2 − ξ_2 · Ω_3 + α 4 · [Ω_1 · β − Ω_2 · α] = − 1 4 ( α^2 + β^2 ) · Ω_2 + [ 1 − 1 4 ( α^2 + β^2 )] · Ω_2 − ξ_2 · Ω_3 = [ 1 − 1 2 ( α^2 + β^2 )] · Ω_2 − ξ_2 · Ω_3

= Ω_2 · ξ_3 − Ω_3 · ξ_2 ; (A.7b) d dt ξ_2 = √ 1 − 1 4 (α^2 + β^2) · d ds β + β 4 √ 1 −^1_4 (α^2 + β^2) · [ −α · d ds α − β · d ds β ]

= + α 4 · [Ω_1 · α + Ω_2 · β] − [ 1 − 1 4 ( α^2 + β^2 )] · Ω_1 + α √ 1 − 1 4 (α^2 + β^2) · Ω_3 + β 4 √ 1 −^1_4 (α^2 + β^2)

· [Ω_1 · ξ_2 − Ω_2 · ξ_1] = + α 4 · [Ω_1 · α + Ω_2 · β] − [ 1 − 1 4 ( α^2 + β^2 )] · Ω_1 + ξ_1 · Ω_3 + β 4 · [Ω_1 · β − Ω_2 · α] = + 1 4 ( α^2 + β^2 ) · Ω_1 − [ 1 − 1 4 ( α^2 + β^2 )] · Ω_2 + ξ_1 · Ω_3

= − [ 1 − 1 2 ( α^2 + β^2 )] · Ω_1 + ξ_1 · Ω_3

= Ω_3 · ξ_1 − Ω_1 · ξ_3 ; (A.7c)

=⇒ d dt ξ_1 ξ_2 ξ_3 = Ω_1 Ω_2 Ω_3 × ξ_1 ξ_2 ξ_3

. (A.8)

The last formula is identical with the T–BMT equation (2.7a) or (2.10).

Appendix B: The Periodic Spin Frame (⃗n_0, ⃗m,⃗l) along the Closed Orbit

In order to investigate spin motion along the closed orbit, we write eqn. (4.2b)^3 in the form: d ds ⃗ξ_0(s) = Ω^{(0)}(s) · ⃗ξ_0(s) (B.1)

where we have set

⃗ξ_0 = ξ_{0s} ξ_{0x} ξ_{0z} (B.2a)

and Ω^{(0)}(s) =

0 −Ω^{(0)}_z Ω^{(0)}_x Ω^{(0)}_z 0 −Ω^{(0)}_s −Ω^0_x Ω^{(0)}_s 0

. (B.2b)

The transfer matrix M_{(spin)}(s, s_0) for the spin motion defined by

⃗ξ_0(s) = M_{(spin)}(s, s_0) · ⃗ξ_0(s_0)

satisfies the relationships:

M^T_{(spin)}(s, s_0) · M_{(spin)}(s, s_0) = 1 ; (B.3a)

det [M_{(spin)}(s, s_0)] = 1 (B.3b)

3This equation can be solved by methods as described in Appendix C, using ⃗Ω^{(0)} instead of ^⃗Ω.

since (using eqn. (B.1) ) d ds M_{(spin)}(s, s_0) = Ω^{(0)}(s) · M_{(spin)}(s, s_0) ;

M_{(spin)}(s_0, s_0) = 1 and therefore (with [Ω^{(0)}]^T = −Ω^{(0)}) d ds [ M^T_{(spin)}(s, s_0) · M_{(spin)}(s, s_0) ] = [ Ω^{(0)}(s) · M_{(spin)}(s, s_0) ]_T · M_{(spin)}(s, s_0) +M^T_{(spin)}(s, s_0) · [ Ω^{(0)}(s) · M_{(spin)}(s, s_0) ]

= −M_{(spin)}(s, s_0)^T · Ω^{(0)}(s) · M_{(spin)}(s, s_0) +M^T_{(spin)}(s, s_0) · Ω^{(0)}(s) · M_{(spin)}(s, s_0)

= 0 ;

det M_{(spin)}(s, s_0) = det M_{(spin)}(s_0, s_0) = 1 , i.e. M_{(spin)}(s, s_0) is an orthogonal matrix with determinant 1.

Let us now consider the eigenvalue problem for the revolution matrix M_{(spin)}(s_0 + L, s_0) with the eigenvalues α_μ and eigenvectors ⃗r_μ(s_0):

M_{(spin)}(s_0 + L, s_0) ⃗r_μ(s_0) = α_μ · ⃗r_μ(s_0) ; (B.4) (μ = 1, 2, 3) using the notation

⃗r_μ ^= ⃗r_μ · ⃗e_s ⃗r_μ · ⃗e_x ⃗r_μ · ⃗e_z .

Because of (B.3a,b) we can write [35]: α_1 = 1 ;

α_2 = ei · 2π · Q^{spin} ; (B.5) α_3 = e−i · 2π · Q^{spin} ;

(Q_{spin}= real number) and ⃗r_1(s_0) = ⃗n_0(s_0) ; (B.6a) ⃗r_2(s_0) = ⃗m_0(s_0) + i · ⃗l_0(s_0) ; (B.6b) ⃗r_3(s_0) = ⃗m_0(s_0) − i · ⃗l_0(s_0) ; (B.6c) (⃗n_0, ⃗m_0,⃗l_0 =real vectors) .

If we require that ⃗r^+_1 · ⃗r_1 = 1 ; (B.7a) ⃗r^+_2 · ⃗r_2 ≡ ⃗r^+_3 · ⃗r_3 = 2 ; (B.7b) (normalising conditions) we find, using eqn. (B.3a) [35]:

|⃗n_0(s_0)| = |⃗m_0(s_0)| = |⃗l_0(s_0)| = 1 ; (B.8a)

⃗n_0(s_0) ⊥ ⃗m_0(s_0) ⊥ ⃗l_0(s_0) . (B.8b) Thus the vectors ⃗n_0(s_0), ⃗m_0(s_0) and ⃗l_0(s_0) form an orthogonal system of unit vectors.

Choosing the direction of ⃗n_0(s_0) such that ⃗n_0(s_0) = ⃗m_0(s_0) × ⃗l_0(s_0) (B.8c) these vectors form a righthanded coordinate system.

In this way we have found a coordinate frame for the position s = s_0. An orthogonal system of unit vectors at an arbitrary position s can be defined by applying the transfer matrix M_{(spin)}(s, s_0) to the vectors ⃗n_0(s_0), ⃗m_0(s_0) and ⃗l_0(s_0): ⃗n_0(s) = M_{(spin)}(s, s_0) ⃗n_0(s_0) ; (B.9a) ⃗m_0(s) = M_{(spin)}(s, s_0) ⃗m_0(s_0) ; (B.9b) ⃗l_0(s) = M_{(spin)}(s, s_0) ⃗l_0(s_0) . (B.9c) Because of eqn. (B.3a,b) the orthogonality relations remain unchanged: ⃗n_0(s) = ⃗m_0(s) × ⃗l_0(s) (B.10a) ⃗m_0(s) ⊥ ⃗l_0(s) ; (B.10b) |⃗n_0(s)| = |⃗m_0(s)| = |⃗l_0(s)| = 1 . (B.10c) The coordinate frame defined by ⃗n_0(s), ⃗m_0(s) and ⃗l_0(s) is not yet appropriate for a description of the spin motion, because it does not transform into itself after one revolution of the particles: ⃗m_0(s_0 + L) + i⃗l_0(s_0 + L) = M_{(spin)}(s_0 + L, s_0) [ ⃗m_0(s_0) + i⃗l_0(s_0) ] = ei · 2π · Q^{spin} · [ ⃗m_0(s_0) + i⃗l_0(s_0) ] ≠ ⃗m_0(s_0) + i⃗l_0(s_0)

(if Q_{spin} ≠ integer).

i.e. although ⃗n_0(s) is periodic by eqns. (B.5), (B.6a), ⃗m_0(s) and ⃗l_0(s) are not periodic.

But by introducing a phase function ψ(s) and using another orthogonal matrix D̂(s): D̂(s) = ( cos[ψ_{spin}(s)] sin[ψ_{spin}(s)] − sin[ψ_{spin}(s)] cos[ψ_{spin}(s)] ) (B.11) with D̂^T (s) · D̂(s) = 1 ; (B.12a)

det [D̂(s)] = 1 (B.12b) we can construct a periodic orthogonal system of unit vectors from ⃗n_0(s), ⃗m_0(s) and ⃗l_0(s). Namely, if we put [36]: ( ⃗m(s) ⃗l(s) ) = D̂(s) ( ⃗m_0(s) ⃗l_0(s) )

=⇒ ⃗m(s) + i⃗l(s) = e−i · ψ^{spin}(s) · [ ⃗m_0(s) + i⃗l_0(s) ] (B.13) ≠ ⃗m_0(s_0) + i⃗l_0(s_0) we find, using eqns. (B.12a, b) :

⃗n_0(s) = ⃗m(s) × ⃗l(s) ; (B.14a) ⃗m(s) ⊥ ⃗l(s) ; (B.14b) |⃗n_0(s)| = |⃗m(s)| = |⃗l(s)| = 1 . (B.14c) Since ⃗m(s + L) + i · ⃗l(s + L) = e−i · ψ^{spin}(s + L) · [ ⃗m_0(s + L) + i · ⃗l_0(s + L) ] = e−i · ψ^{spin}(s + L) · ei · 2π Q^{spin} · [ ⃗m_0(s) + i · ⃗l_0(s) ] = e−i · ψ^{spin}(s + L) · ei · 2π Q^{spin} · e+i · ψ(s) · { ⃗m(s) + i · ⃗l(s) } = e−i · [ψ^{spin}(s + L) − ψ^{spin}(s)] · ei · 2π Q^{spin} · { ⃗m(s) + i · ⃗l(s) }

it follows, that the condition of periodicity for ⃗n_0, ⃗m and ⃗l : ( ⃗n_0, ⃗m, ⃗l ) s = s_0 +L = ( ⃗n_0, ⃗m, ⃗l ) s = s_0 (B.15)

can indeed be fulfilled if the phase function ψ(s) satisfies the following relationship: ψ_{spin}(s + L) − ψ_{spin}(s) = 2π · Q_{spin} ; (B.16a) (Q_{spin} = spin tune).

For instance we can choose: ψ_{spin}(s) = 2π · Q_{spin} · s L . (B.16b)

In this frame, spins on the closed orbit precess uniformly with respect to ⃗m and ⃗l.

Note that the spin tune Q_{spin} can be separated into an arbitrary integer part κ and a fractional part Q̃_{spin} : Q_{spin} = κ + Q̃_{spin} ; 0 ≤ Q̃_{spin} < 1 . Taking the derivatives of ⃗m(s) and ⃗l(s) with respect to s, and taking into account eqns.

(B.13), (B.9), and (4.2b) we get d ds ⃗m · ⃗e_s ⃗m · ⃗e_x ⃗m · ⃗e_z = Ω^{(0)}(s) ⃗m · ⃗e_s ⃗m · ⃗e_x ⃗m · ⃗e_z + ψ^′(s) · ⃗l · ⃗e_s ⃗l · ⃗e_x ⃗l · ⃗e_z ; (B.17a)

d ds ⃗l · ⃗e_s ⃗l · ⃗e_x ⃗l · ⃗e_z = Ω^{(0)}(s) ⃗l · ⃗e_s ⃗l · ⃗e_x ⃗l · ⃗e_z − ψ^′(s) · ⃗m · ⃗e_s ⃗m · ⃗e_x ⃗m · ⃗e_z (B.17b)

and ⃗n_0(s) satisfies (see (B.9a) ) d ds ⃗n_0 · ⃗e_s ⃗n_0 · ⃗e_x ⃗n_0 · ⃗e_z = Ω^{(0)}(s) ⃗n_0 · ⃗e_s ⃗n_0 · ⃗e_x ⃗n_0 · ⃗e_z . (B.17c)

Finally, the vectors ⃗r_1(s) = ⃗n_0(s) ≡ M_{(spin)}(s, s_0) ⃗r_1(s_0) ; (B.18a) ⃗r_2(s) = ⃗m_0(s) + i · ⃗l_0(s) ≡ M_{(spin)}(s, s_0) ⃗r_2(s_0) ; (B.18b) ⃗r_3(s) = ⃗m_0(s) − i · ⃗l_0(s) ≡ M_{(spin)}(s, s_0) ⃗r_3(s_0) (B.18c) are eigenvectors of the revolution matrix M_{(spin)} with the same eigenvalues as in (B.5): M_{(spin)}(s + L, s) ⃗r_μ(s) = α_μ · ⃗r_μ(s) . (B.19) Thus, the eigenvalues α_μ and the quantity Q_{spin} defined by eqn. (B.5) are independent of the chosen initial position s_0.

Finally, we remark that (⃗n_0, ⃗m_0, ⃗l_0) are all T–BMT solutions whereas (⃗m, ⃗l) in general are not T–BMT solutions.

Appendix C: Solution of the Equations of Spin Motion

C.1 Thin Lens Approximation

1) Using the variables α and β.

The solution of the canonical spin equation (5.14a, b) can approximated by the form:

α(s + Δs) = α(s) + Δs · ∂H_{spin} ∂β ; β(s + Δs) = β(s) − Δs · ∂H_{spin} ∂α . Expanding the spin Hamiltonian (5.16) into a power series of α and β, we obtain various orders of approximation. The computer program “SLIM” [15] works with the linear order of spin motion. In general this solution is not symplectic, i.e. the spin transformation is not orthogonal.

2) Using the variables ξ_n, ξ_m and ξ_l.

For point–like fields, the matrix Ω̂(s) appearing in (5.11) is given by Ω̂(s) = P (s_0) · δ(s − s_0) . (C.1)

Writing P (s_0) in the form:

P (s_0) =

0 −P_3 P_2 P_3 0 −P_1 −P_2 P_1 0

(C.2)

the solution of eqns. (5.11), (B.1) and (B.2) leads to the transfer matrix:

M_{spin}(s_0 + 0, s_0 − 0) =

P̂^2_1 (1 − cos P ) + cos P P̂_1P̂_2(1 − cos P ) − P̂_3 sin P P̂_1P̂_3(1 − cos P ) + P̂_2 sin P P̂_2P̂_1(1 − cos P ) + P̂_3 sin P P̂ 2_2 (1 − cos P ) + cos P P̂_2P̂_3(1 − cos P ) − P̂_1 sin P P̂_3P̂_1(1 − cos P ) − P̂_2 sin P P̂_3P̂_2(1 − cos P ) + P̂_1 sin P P̂ 2_3 (1 − cos P ) + cos P (C.3) with P̂_ν = 1 P · P_ν ; (ν = 1, 2, 3) ; (C.4a) P = √ P^2_1 + P^2_2 + P^2_3 . (C.4b) If ξ_n, ξ_m, ξ_l are known, the canonical variables α and β can be obtained from eqn. (5.13). In this way, eqn. (B.3) represents a symplectic integration method of the canonical spin equations (5.14a, b) on the basis of a thin lens approximation, i.e. the spin transformation is orthogonal.

C.2 Integration by Lie Series

A system of differential equations of the form: d ds z_i(s) = ϑ_i (z_1, z_2, · · · z_n) ; (i = 1, 2, · · ·n) with ∂ ∂s ϑ_i = 0 ,

(no explicit s dependence) whereby the terms ϑ_i (z_1, z_2, · · ·z_n) represent analytical functions, can be solved by Lie series [37]: z_i(s) = e^{(s−s0 ) D} ẑ_i with

D = ϑ_1 (ẑ_1, ẑ_2, · · ·ẑ_n) ∂ ∂ẑ_1 + ϑ_2 (ẑ_1, ẑ_2, · · ·ẑ_n) ∂ ∂ẑ_2 + · · · + ϑ_n (ẑ_1, ẑ_2, · · ·ẑ_n) ∂ ∂ẑ_n and z_i(s_0) ≡ ẑ_i .

Applying this result to the canonical spin equations (5.14a, b): z_1 ≡ α ; z_2 ≡ β ;

ϑ_1 = + ∂ ∂β H_{spin}(α, β, x, p_x, z, p_z , σ, p_σ ) ; ϑ_2 = − ∂ ∂α H_{spin}(α, β, x, p_x, z, p_z , σ, p_σ ) associated with the equations for orbital motion: z_3 ≡ x; z_4 ≡ p_x ; z_3 ≡ x; z_4 ≡ p_x ; z_5 ≡ z; z_6 ≡ p_z ; z_7 ≡ σ; z_8 ≡ p_σ ;

ϑ_3 = + ∂ ∂p_x H_{orb}(x, p_x, z, p_z , σ, p_σ) ; ϑ_4 = − ∂ ∂x H_{orb}(x, p_x, z, p_z , σ, p_σ) ;

ϑ_5 = + ∂ ∂p_z H_{orb}(x, p_x, z, p_z , σ, p_σ) ; ϑ_6 = − ∂ ∂z H_{orb}(x, p_x, z, p_z , σ, p_σ) ; ϑ_7 = + ∂ ∂p_σ H_{orb}(x, p_x, z, p_z , σ, p_σ ) ; ϑ_8 = − ∂ ∂σ H_{orb}(x, p_x, z, p_z , σ, p_σ) we obtain:

α(s) = e^{(s−s0 ) D} α̂ ; (C.5a)

β(s) = e^{(s−s0 ) D} β̂ ; (C.5b)

x(s) = e^{(s−s0 ) D} x̂ ; (C.5c)

p_x(s) = e^{(s−s0 ) D} p̂_x ; (C.5d)

z(s) = e^{(s−s0 ) D} ẑ ; (C.5e)

p_x(s) = e^{(s−s0 ) D} p̂_z ; (C.5f)

σ(s) = e^{(s−s0 ) D} σ̂ ; (C.5g)

p_x(σ) = e^{(s−s0 ) D} p̂_σ (C.5h) with D = [ ∂ ∂β̂ H_{spin} ] ∂ ∂α̂ − [ ∂ ∂α̂ H_{spin} ] ∂ ∂β̂ + [ ∂ ∂p̂_x H_{orb} ] ∂ ∂x̂ − [ ∂ ∂x̂ H_{orb} ] ∂ ∂p̂_x + [ ∂ ∂p̂_z H_{orb} ] ∂ ∂ẑ − [ ∂ ∂ẑ H_{orb} ] ∂ ∂p̂_z + [ ∂ ∂p̂_σ H_{orb} ] ∂ ∂σ̂ − [ ∂ ∂σ̂ H_{orb} ] ∂ ∂p̂_σ (C.6) and α̂ ≡ α(s_0) ; β̂ ≡ β(s_0) ;

x̂ ≡ x(s_0) ; p̂_x ≡ p_x(s_0) ; ẑ ≡ z(s_0) ; p̂_z ≡ p_z (s_0) ;

σ̂ ≡ σ(s_0) ; p̂_σ ≡ p_σ (s_0) . (C.7)

References

[1] D.P. Barber, K. Heinemann and G. Ripken: Zeitschrift. f. Physik vol.C64, pp.117–167, (1994).

[2] L. Thomas: Phil. Mag., vol.3, p.1, (1927).

[3] V. Bargmann, L. Michel and V.L. Telegdi: Phys. Rev. Lett., vol.2, p.435, (1959).

[4] K. Yokoya: “The Action–Angle Variables of Classical Spin Motion in Circular Accelerators”; DESY Report 86-57, (1986).

[5] A.O. Barut: “Electrodynamics and Classical Theory of Fields and Particles”; The Macmillian Company, New York (1964).

[6] E. Courant and H. Snyder: “Theory of the Alternating–Gradient Synchrotron”; Annals of Physics vol.3, pp.1-48, (1958).

[7] H. Mais and G. Ripken: “Theory of Spin–Orbit Motion in Electron–Positron Storage Rings. Summary of Results”; DESY 83-62, (1983)

[8] G. Ripken: “Nonlinear canonical equations of coupled synchro–betatron motion and their solution within the framework of a nonlinear 6–dimensional (symplectic) tracking program for ultra–relativistic protons”; DESY 85-84, (1985)

[9] D.P. Barber, G. Ripken and F. Schmidt: “A nonlinear canonical formalism for the coupled synchro–betatron motion of protons with arbitrary energy”; DESY 87-36, (1987)

[10] G. Ripken and E. Karantzoulis: “A Fokker–Planck Treatment of Coupled Synchro– Betatron Motion in Proton Storage Rings under the Influence of Cavity Noise”; DESY 86-29, (1986).

[11] H. Mais and G. Ripken: “Theory of Coupled Synchro–Betatron Oscillations (I)”; DESY M-82-05, (1982).

[12] D.P. Barber, K. Heinemann, H. Mais and G. Ripken: “A Fokker–Planck Treatment of Stochastic Particle Motion within the Framework of a fully coupled 6–dimensional Formalism for Electron–Positron Storage Rings including Classical Spin Motion in linear Approximation”; DESY 91-146, (1991).

[13] F. Willeke and G. Ripken: “Methods of Beam Optics”; DESY 88-114 and Cornell Summer School 1987 (American Institute of Physics Conference Proceedings 184).

[14] G. Ripken and F. Willeke: “On the Impact of Linear Coupling on Nonlinear Dynamics”;

DESY 90-001, (1990).

[15] A.W. Chao: Nucl. Inst. Meth., vol.180, p.29, (1981);

also in “Physics of High Energy Particle Accelerators”, American Institute of Physics Proceedings 87, p.395, (1982).

[16] D.P. Barber and G. Ripken: “A Modified Harmonic Closed Orbit Adjustment Formalism for the Optimisation of Polarisation in Electron Storage Rings”; DESY HERA 87-15 (1987).

[17] Ya.S. Derbenev and A.M. Kondratenko: Sov. Phys. JETP, vol.37, N^06, p.968, (1973). [18] S.R. Mane: Phys. Rev., vol.A36, pp.105-130, (1987). [19] P. Mitelstaedt: “Klassische Mechanik”;

BI–Wissenschaftsverlag; Mannheim–Wien–Zürich (1970).

[20] S.R. Mane: “A Derivation of the Derbenev–Kontratenko Formula using Semiclassical Electrodynamics”; DESY 85-125 (1985).

[21] S.R. Mane: Nucl. Inst. Meth., vol.A292, p.52, (1990).

[22] K. Heinemann and G.H. Hoffstätter, Phys.Rev., vol.E54, N^04, p.4240, (1996). [23] D.P. Barber, G.H. Hoffstätter and M. Vogt, Proc. 1998 European Part. Acc.Conf.

(EPAC98), Stockholm, Sweden, June 1998. Also in DESY report M-98-06. [24] D.P. Barber, G.H. Hoffstätter and M. Vogt, Proc.13th Int.Symp. High Energy Spin Physics, Protvino, Russia, September 1998, World Scientific (1999).

[25] M.Vogt, thesis in preparation.

[26] D.P. Barber, J. Ellison and K. Heinemann, DESY report 1999 in preparation. [27] Ya.S. Derbenev and A.M. Kondratenko: Sov. Phys. JETP, vol.35, p.230, (1972). [28] H. Mais and G. Ripken: “Investigations of Spin–Orbit Decoupling and Elimination of Depolarising Resonances in Electron–Positron Storage Rings”; DESY M-84-04 (1984).

[29] R. Rossmanith and R. Schmidt: Nucl. Inst. Methods, vol.A236, p.231, (1985).

[30] D.P. Barber, H. Mais, G. Ripken and R. Rossmanith: “A General Harmonic Spin Matching Formalism for the Suppression of Depolarisation Caused by Closed Orbit Distortion in Electron Storage Rings”; DESY 85-044 (1985).

[31] A.W. Chao and K. Yokoya: KEK TRISTAN Report 81-7 (1981).

[32] K. Steffen: DESY HERA Report 82-02 (1982).

[33] D.P. Barber and G. Ripken: in “Handbook of Accelerator Physics and Engineering”, Eds.

A.W. Chao and M. Tigner, World Scientific (1999).

[34] H. Mais and G. Ripken: “Spin–Orbit Motion in a Storage Ring in the Presence of Synchrotron Radiation using a Dispersion Formalism”; DESY 86-29, (1986).

[35] Herbert Goldstein: “Classical Mechanics” ; Addison–Wesley, (1980).

[36] H. Mais and G. Ripken: “Resonance Depolarisation in Storage Rings by Time Dependent Electric and Magnetic Fields”; DESY M-82-17, (1982).

[37] W. Gröbner: “Differentialgleichungen”;

Erster Teil Gewöhnliche Differentialgleichungen; BI–Wissenschaftsverlag (1977).