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Particle Motion™

Tuaeopore (G. NORTHROPT

Lawrence Radiation Laboratory, University of California, Livermore, California

The equations governing the guiding center motion of a charged particle in
an electromagnetic field are obtained simultaneously and deductively, without
considering individually the special geometric situations in which one effect or
another occurs alone. The general expression is derived for the guiding center
velocity at right angles to the magnetic field B. This expression contains five
terms arising in the presence of an electric field. They are in addition to the
usual “E X B’ drift. Because these terms are unfamiliar objects in the litera-
ture on plasmas, they are illustrated by simple examples. Three of the five
drifts occur in rotating plasma machines of the Ixion type. One of these three
is also shown to be responsible for the Helmholtz instability of a plasma. A
fourth one gives the (low frequency) dielectric constant, while the fifth arises
if the direction of B is time dependent. A detailed geometric picture of the
fiftth drift is given.

The equation governing the guiding center motion parallel to B is also de-
rived for the general time-dependent field. The conditions are discussed under
which it can be integrated into the form of an energy integral.

Finally the component of current density perpendicular to B in a collisionless
plasma is shown to be the current due to the guiding center drift plus the per-
pendicular component of the curl of the magnetic moment per unit volume.
Proofs of this have been given in the past for special cases, such as statie
fields, v/ X B = 0, ete. This proof holds in general, provided conditions for
adiabaticity are met. It is also true, but not proven in this paper, that the
component of the current density parallel to B is the current due to the guiding
center velocity parallel to B plus the parallel component of the curl of the
magnetic moment per unit volume. A proper proof of the parallel component
18 quite lengthy.

I. INTRODUGCTION
The approximate motion of a charged particle in a slowly varying electro-
magnetic field has been extensively studied by means of the guiding center ap-
proximation, (7-6) in which the motion is considered as a perturbation of the
* Work was performed under auspices of the U. S. Atomic Energy Commission.

T Present address: Lawrence Radiation Laboratory, University of California, Berkeley,
California.
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helical motion in a uniform static magnetie field. The guiding center motion is
useful, for example, in plasma physies research and in studying the terrestrial
{Van Allen) radiation. The purpose of the present paper is twofold. First, by
use of the intuitive picture of the particle gyrating about a small circle whose
conter (“‘guiding center’) is slowly drifting, a brief and convenient derivation
of the guiding center motion is given. This is done without considering separately
special cases in which the various guiding-center drifts appear alone. Second, the
differential equation for the guiding center motion is applied to several situations
which arige in plasma physics and in machines used for controlled thermonuclear
rescarch.

II. THE DIMENSIONLESS EQUATION OF MOTION

The smaller the radius of gyration of a particle compared to the size of the
system and the shorter the gyration period compared to the variation time of
the fields, the more correct becomes the picture of a slowly drifting cirele. One
way of making these two ratios smaller is to reduce m/e, where m is the rest mass
and e the charge of the particle, while holding unchanged the fields and the
initial velocity and position of the particle. The idea of varying the unchangeable
m/e of a given particle, like an electron, may be disturbing at first. One can of
course imagine a series of experiments with a variety of particles. However, it is
instructive to show that regarding the m/e of a given particle as variable is
mathematically identical with physically possible experiments on the particle.
To show this, it is only necessary to scale the equation of motion of a charged
particle, and this will be done before proceeding to the guiding center motion.
The equation of motion of a charged particle is

(meie) (d/dt)[v(l — 7 = v X B(r) + cE(r) + (mc/elg(r) ()

where r is the particle position at time ¢, v equals t, 8° cquals ©*/¢”, E and B are
the electric and magnetic fields and g is the total nonelectromagnetic force per
unit mass. Let the initial conditions be that at ¢ = 0, r = roand v = vy, where
v, 18 a unit veetor in the direction of the initial velocity. To write Fq. (1) in
dimensionless form, introduce the dimensionless quantities B = B(r, )/ By(t),
G = (me/PoB)E(r, ), 5 = Pit/mL, R = r/L,and & = (m’L,/Py)g, where
Py equals the initial momentum meg(1 — BQQ)WI’/?, Bo(t) 1s the magnetic field at a
typical point at time ¢, and L is a characteristic dimension of the system. In
terms of the dimensionless quantities Kq. (1) becomes

Dy [ d fdéﬁ[ _(Po d?li>2:|_l“}_ }_d!)i |
m{ﬁlﬁi i P G = EXBHE  (2)

with the initial conditions that at 3 = 0, R = r/L and dR/d3 =
vo[l + (Po/me) ™ = v, X rest energy/initial total energy. For a given r/L
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and vy, the equation of motion (2) and associated initial conditions contain the
two dimensionless parameters Poc/eBol and Po/me = (ro/c)(1 — 80) "% In
this paper only particles of nonrelativistic energics' will be considered. In the
nonrelativistic limit ( Po/me)® << 1 and Eq. (2) becomes

2
o, [%* - @(m,s)] - D B, ) + 6(0,3) (3)
with the initial conditions that at 3 = 0, R = ro/L and dR/d3 = 7.

The solution J(3) of the differential Eq. (3) depends only on the magnitude
of meve/eB,L for given dimensionless initial conditions ry/L and 3, , and for given
dimensionless fields B(R, 3), G(R, 3), and G(R, 3). Therefore if mery/eB,l
can be decreased by decreasing vy/BoL instead of m/e, and at the same time
maintaining B, E, &, r,/L, and v unchanged, one has a physically possible ex-
periment. Three basic ways of doing this will now be described, along with the
nceessary changes in the quantities in B, E, g, 15, and v, . It is assumed that
the experimenter has these quantities, the time scale, and dimensions of the
system under his control.

Firstly, suppose that from one experiment to the next By(f) is increased by a
factor f > 1 at all ¢, while 2y and L remain unchanged. Since B8 = B/B,, and
since B is to be unchanged, the magnetic field B(r, ¢) must be multiplied by f
at all places and times. Similarly, since & = ¢E/vBy, the electric field E(r, t)
must be increased by f. Since ¢ does not contain By, the g field is unchanged, as
are the initial position r, and direction v, .

Secondly, suppose 7y is decreased by a factor f < 1, while keeping B, and L
unchanged. Thix is not so simple as the first case, since the dimensionless time 3
contains v . The requirement that (R, 3) be unchanged in the new experiment
for a given 3 means the time in which B varies must be increased by the factor
1/f. Explicitly, B'(r, {) = B(r, ft), where the prime means the field in the new
experiment. For then 8'(3) = B'(L3/ey')/By'(L3/vy') = B(L3/v4)/Bo(L3/1y) =
B(3), so that B'(R, 3) = B(R, 3) as required. The condition that G(R, 3)
be unchanged means that ¢ must be reduced by f and the time in which it
varies inereased by 1/f—that is; E'(r, t) = fE(r, ft). The g field must be re-
duced by f* and the time scale increased, so that g'(r, {) = Fg(r, f1). Again 1,
and v are left unchanged.

Finally, suppose the size L of the system is increased by a factor f > 1, while

! In the absence of electric fields, 8 is constant and a relativistic particle follows the same
trajectory as a nonrelativistic particle of the same velocity and same total mass. The work
of the present paper therefore is applicable. Equations for the guiding center motion of a
particle with relativistic energy in the presence of a small electric field have been given in
Ref. 6. Chandrasekhar and Vandervoort have studied the relativistic case in detail (private
communication).
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keeping By and vy unchanged. In this case ry must be increased by f =0 ax to keep
the initial M unchanged. In addition, both the time and distance in which E
and B change must be inereased, so that B'(r, ¢) = B(r/f, t/f) and E'(r, {) =
E(r/f, t:1). Tor then BN, 3) = B(L'®R, L'3/00); B (LR, L'370) = B(LK,
La:vn)/Bot LR, L3 vy) = B(R, 30 where R, = ro L = rf/L’. Similarly,
G (R, 30 = G(N, 3). The g field must be changed both in maguitude and time
scale, so that ¢'(r, 1) = (1/Ng(r/f, t/f). The initial direction v, is unchanged.

[t is apparent that in all three cases the scaling of the various quantities
decreases both the ratio of gyration radius to L, and the ratio of gvration period
to the time scale in which the fields change, just as decreasing m /e does. Hence
any one of the four parameters m/e, 1/ By, vy, 1/L can be used as the parameter
which is to be made smaller in order to make the guiding center equations
dertved below more closely represent the actual particle motion. In this paper
m-’e = e will be used, as Kruskal has done (3). The advantage of m-¢ over any
one of the other three parameters (or a combination of them) is that the small
quantity e appears explicitly in the equation of motion of a particle without
writing it in dimensionless form, whereas By, vy, and L do not.

IIT. THE EQUATION OF MOTION OF THE GUIDING CENTER

To derive the equation of motion of the guiding center, let r = R 4 p, where
r is the instantancous position of the particle, R ix the position of the guiding
center, and ¢ i3 a vector from the guiding center to the particle (Iig. 1). The
vector p can be given a precise definition as is done in Ref. () by the equation
o = (me/eB)B X (v — ¢E X B/B*), where E and B are evaluated at r. This
combined with r = R 4 p gives a precise definition of R. To lowest order in e
the fields can of course be evaluated at either r or R, the difference being of order
€ in the equation for p. Now substitute r = R + g into the nonrelativistic form
of Eq. (1). Since the radius of gyration 1s proportional to e, terms containing
o can be neglected compared to those in p.

PARTICLE

GUIDING CENTER

R

ORIGIN

Fra. 1. The charged particle and its guiding center
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The result of substituting r = R 4 ¢ into the nonrelativistic form of Eq. (1)
and expanding the fields in a Tuylor series about R ix

R+ o =g+ (e/m)E(R) + ¢-VE(R)
+ (1/e)(R 4 p) X [B(R) + o-VB(RI|{ + ole).

The term (p/c) X o- VB(R) must be retained in Eq. (4); as will become ap-
parent shortly, this term is not of order € but is of order e. Now define three
orthogonal unit vectors: let e; equal B/B, let es be a unit vector directed towards
the center of curvature of the line of foree, and let e; be e, X e, , a unit vector
along the binormal. In order to correspond to the picture of the particle moving
about a circle of radius p, let 0 = ple. sin @ + ey cos 8), where 8 = [w di, w being
the gyro frequency ¢B(R) ‘me. Then ¢ = wp(es cos  — e;sin 8) + (pes)sin 6 +

(+)

(pes) cos 6. The first term contains wp and is of zero order in ¢, since w ~ 1€
and p ~ e. The second and third terms contain p or p and are of order e. The
reason for retaining o X (o-V)Bin Iiq. (4) is now formally apparent, sinee it ix
of order e, whereas a term such as (g-V)’E in the Taylor expansion is of order
€. A second differentiation gives p = —[w'p(e€x sin § + €5 cos 6)] + aples cos § —
e; sin 0] + 2w[(pes)cos 8 — (pey)'sin 6] + [(pex)"sin 8 -+ (pey) cos 6], the
four terms being of order 1/¢, 1, 1, and e, respectively. These expressions for o,
o, o and are now substituted into g. (4) and the resulting equation time-
averaged over a gyration period, by taking [57(- ) 48 and considering coeffi-
cients, such as (pey)’, to be constants. Then {p) = (o) = (9) = 0, where the
angular brackets denote the average. The result of time-averaging g, (4) is

R=gR) + [E(R) + 1; X B(R)}

i (5)
-+ %{,B;’ [82 X (93~V)B — e; X (eZ.V>B] + 0(6)’
sinee
(6 X (0-V)B) = (p'w/2)[e: X (&, V)B — €5 X (e V)BI. (6)

The cocfficient p'w/2 is an approximate invariant of the motion and is Me/e,
where M is the well-known magnetic moment. That 3/ is an adiabatic invariant
of the particle motion has heen demonstrated in Ref. 3 and in numerous other
places. Equation (5) has essentially been derived by Kruskal.”

o rp

he derivation of the guiding center equation in the present paper is intuitive rather
than mathematicallv rigorous. The work of Kruskal (3) and of Berkowitz and Gardner (4}
constitute the rigorous justifieation for the averaging process used to get Kq. (5). Kruskal
derives equations for the R, appearing in a series of the form

k2

AN
r = Z R, (0 exp {in f «R) dt ) =Ry + Z e, SIn n f wdt + 3, cos n J w dt)
1

—x
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The right-hand side of Eq. (6) can be simplified as follows:
e X (e V)B = (e; Xe) X (e V)B=ee;(e;V)B| —eye;-(e;V)Bl (7)
Now
e (e V)B = e-(e;-V)(eB) = (B/2)(es-V)e' + e;-VB = e;-VB, (8)
since e;° = 1. Therefore Eq. (7) becomes
e X (e;-V)B = ejfes-(e;-V)B] — es(e; V). (9)
Similarly
e; X (e, V)B = —effe:-(€:-V)B] + esle:-¥)B. (10)
The fact that V-B = 0 must now be used. The operator V can be expressed as
efe;-V) + es(e: V) 4 esles- V),
so that
V-B=-¢€-(eV)B+ e (e V)B+es(eV)B =0
But
e -{e-V)B = e -dB/ds = 9B/ds,

where s is distance along the line of force. Therefore by subtracting (10) from
(9) and using V-B = 0, one obtains

e, X (e:s‘V)B —e3 X (eg-V)B

(11)
= —el(aB/as) — ez(:eg'V)B — e';(e3V)B = —VB.
The time average of Eq. (1) then is
R = g(R) + (e/m)[E(R) + (R/e) X B(R)] — (M/m)VB(R) + o(e))| (12)

by the formal proeess of equating coefficients of equal powers of exp (I [ @ dt ). The equa-
tion for Rois just Eq.(5). Tt is not immediately obvious that Kruskal's procedure of equat-
ing coefficients is justified, for the coefficients R, are functions of time so that this is not sim-
ply a Fourier series. However, Berkowitz and Gardner provide the justification by proving
that this series is indeed the asymptotic expansion of r for small e. The series is actually a
generalization of a WIKB series to the case of a nonlinear differential equation. The guiding
center R, as defined at the start of Section IIL, differs from Ry by 0{e?). R = Ry + o0(e?).
This difference is of no consequence here, since we consider only effects that are first order
in the radius of gyration.

The general asymptotic theory of systems of ordinary differential equations with nearly
periodic solutions has been studied by Bogoliubov and Zubarev (7) and hy Kruskal (7)
in a book which is a collection of lectures given at the summer school of theoretical physics
at Les Houches in the summer of 1959. In each work the general theory has been illustrated
by the equation of motion of a charged particle. Bogoliubov obtains the longitudinal equa-
tion of motion (20) and the drift veloeity (17) for the case where uy is o(e). Kruskal’s empha-
sis is on the adiabatic invariants.
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with an initial velocity R(0) equal to [ese;-v + (¢E X B/B%)| s + ole). Equa-
tion (12) is the basic differential equation for the guiding center motion. Hellwig
(2) has given a similar but more lengthy derivation of it. It is the same as the
equation of motion of a particle in a magnetic field B and an equivalent electric
field E — (M /e)VB, and therefore for numerical integration is more complicated
than was the original equation of motion (1). If a numerical solution of (12)
were performed, it would be found that the guiding center R travels in roughly a
helix about the field line, just as the particle does. However, it ¢an be shown that
the radius of this helix is one order of € smaller than the radius of gyration of the
particle, as would be expected for the guiding center. This small amplitude oscil-
lation of the guiding center is to be ignored, since it is of order € and of no sig-
nificance in a first-order theory. Ifurthermore in the preceding analysis other
terms of this order have been neglected. In the next section . (12) will be
solved by iteration to obtain the equations for the guiding center motion parallel
and perpendicular to B. These coupled equations do not show the rapid guiding
center spiralling that Tq. (12) does.

IV. THE DRIFT VELOCITY AND THE LONGITUDINAL MOTION
The differential equation for the guiding eenter motion can be separated into

components parallel and perpendicular to B. Crossing Eq. (12) on the right with
e(R) gives the perpendicular component of the vector equation as

cE X ¢ Mcel X VB  me(g —R) X e .
- ST 13
—5 T, 5 T3 B +o(é), (13)
where R, is the component of R perpcndicular to e (R). It 1= called the drift
velocity. The first term is the usual “E X B” drift. The second term is the
“gradient B” drift, and the third is the “‘acceleration drift”. By dotting Fq. (12)
with e;(R) one obtains the scalar parallel component as

. M oB
7@R-e1=—ge1+Ee1—7—+0() (14)

R—el'R'———R.LZ

In Eq. (13) the guiding center acceleration R is needed to calculate the drift
volo(lty, but hecause the term in which it occurs already contains e as a coeffi-
cient, R is needed only to zero order in e. It is assumed that R is not of negative
order, such as ~1/e. If it were of negative order, the fields would change by a
large amount in a gyration period when ¢ is small, and the guiding center picture
would not be valid. Neither would A7 be an adiabatic invariant (see Ref. 3).

The acceleration R = dR/dt = (d/dt)(R. + eR-e/), and dR,/dt can be
obtained to zero order in e from Eq. (13) as

dR,/dt = (d/dt)(cE X e;/B) + o(e)

Only the first term in the drift is needed, since the third term is ~e and the
second term contains M/e = m(pw)’/2eB ~ e If the perpendicular electric
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field happens to be of order e instead of zero order, the retention of ¢E X e,/B = u,
would be unnecessary in the calculation of R. The acceleration then is
R = (d/dO)R = (d/dt) (v e1 + ux) + ole) (15)
. v (11‘1 ) (]61 (luE
R 0(,6)— 1-(5—{_“‘—(1?_‘_7(”
dv de i
= 3172‘ + vy [Tlﬁl + (ewy + UE)'“%J
oug .
+ 5 + (ewy + ug)-Vug | (16)
(]UH de, o2 Jde;
vae U e T

Jug Juy
' -Ve — N
+ o up Ve + ="y

+ ug-Vug,

where ¢, means R-e;(R). Other “parallel” veloeities can be defined, such as
v-e;(r) or v-e;(R), but in this paper v, always stands for R-e;(R). The first
term is the tangential acceleration, the third is the centripetal acceleration, the
second oceurs in nonstatie fields, where the direetion of the line of force changes
with time, while the last four terms occur in the presence of a zero-order electric
field. Again it should be stated that the presence of a “zero-order clectrie field”
means that in a series of experiments i which m e is successively reduced, the
clectrie field is held constant. The electric field is of order e if it is reduced in
proportion to m‘e. Whether the de;/dt term need be retained or not depends on
how the time in which fields vary is to be sealed in the series of experiments.
If the time seale 1s held constant, then 9/9¢ is of zero order and de, /0t contributes
a first-order drift. If the time seale is inereased in proportion to 1'¢, then 9 't
is of order e and de,/dt is not needed.

With expression (16) for R, 1. (13) for the drift becomes

R. = “ X {—CE + BVB + mcl:—g + v, Qe—l + l'Jg% + vy ug- Ve
B L e e at ds (17)
{

d -
+ - ug + v, qu + ug-Vug E + ole),
ol ds

where ugp = ¢E X €/B. These drift terms will be illustrated by examples in
Section V.

The longitudinal Iiq. (14) shows £, = E-e; must be of order e if R is to be of
non-negative order. Thus in contrast to E, , which may be of zero order, FE,
must be of order e. If this were not =0, the parallel acceleration would be ~1/%.
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Equation (14) can be put in a form more useful for obtaining an energy in-
tegral by rewriting R-e as
R-e; = (d/dt)(R-e) — R-& = (dv /dl) — R-& (18)
and noting that
R-e = (e 4+ ug + 0(e))-€ = ug-& + o(e)
= ug-[(9€e,/dt) + (ew, + ug)-Ve)] + ale)

In Eqs. (18) and (19) we consider only the contribution of the zero order motion
to d/df. This is all that is required, since R-e; has e for o coefficient in Eq. (14).
The longitudinal Eq. (14) then becomes

mdvy _m M oB <8e1 deq

g =M (% 2 ve) o), (20

(19)

cquations (17) and (20) are equivalent to the original differential Eq. (12).2

Let us now introduce a true curvilinear coordinate system (a, 8, s) such that
a(r, 1) and B(r, t) are two parameters specifying a line of force and therefore
constant on 1t; s is distance along the line as previously. lfor a divergence-free
field such as B, «, and 8 can be chosen so that the vector potential is A = aV8.

Then

., 1 0A 0

}D‘\ = € * <— _— VSO) = - (’10 + @)7 (21>
c ot 0s

where ¢ = (a/¢)(38/dt). Now the rate of change of ¢ + ¢ due to zero order
motion and time-dependent fields is

M_%_fl = (elvl -+ uF) V’(‘p + ) + 8(‘// 'i_ §0>
(22
= vy i(¢a—: ¢> + ug V(‘l/‘i‘ ) +a(¢_}_§0>

3 The experimental physicist may at this point ask how he is to know whether the electrie
field drift uy is (1) or o(e) in a given piece of experimental equipment. Or differently asked,
at how many volts per meter electric field does his u, become o(1) instead of o(e), thus re-
quiring bim to retain terms with u, in Egs. (17) and (20). The answer is that it never in
priuciple is wrong to keep these terms. For the given experiment they may be much less
than the other terms, in which case they could have been omitted. The guiding center equa-
tions are merely guides to what the particle may be expected to do. The equations are
derived from an asyvmptotic series, and therefore become better predictions of the actual
particle motion as the expansion parameter e is decreased. How good predictions they are
in any particular experiment could be determined by comparison with a detailed numerical
solution of the particle orbit, or less accurately by looking at the magnitude of next higher
order terms.
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so that
nykE, = —v. W
4 ) ( (23)
:_(lp(;¢+uh\‘(¢+)+a¢+¢)+()
Similarly
9B _ dB OB
N T 2
Y T T T (24)

When £, and 9B/ ds are eliminated from Eq. (20) by use of Fgs. (23) and (24),
the losult is

d

a L‘l 4
<?W+lB+¢+Q=mgm+ur[(EB+¢+Q
dt \2e e e

L™y (ae‘ T + g Velﬂ (25)

4

5 (7

a form which will be useful in the applications of the next section. If the g field
can be derived from a potential, this potential will appear added to

(M/e)B+ ¥ + ¢
and the (m/e)g, term will be absent in Iq. (25)

B+ ¢+ qo> + olé),

V. APPLICATIONS
A. DievLectric CONSTANT OF A Prasma

Suppose there is a uniform magnetic field out of the page (Fig. 2) and a

~3 )\ E(t)

GUIDING CENTER

TRAJECTORY

/"_’

//
B
» €5
&

Fra. 2. Polarization of a plasma is caused by the component of guiding center drift par-
allel to the electric field.
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spatially uniform but time-dependent electric field at right angles. From Eq.
(17),if 9/t ~ 1 and E, ~ 1,

5 cE X € cE X €
- m5ne e (55)
E : E E E (26)
_cEXe me dE) _¢E X & nLcQ
- B B X (e’ X > B B oo

Because the average position of a particle is its guiding center, the polarization
of the medium can be obtained from the displacement of the guiding center in
the direction of the E field—that is,

t 2 t 2
. me JE me .,

where AF is the change in the magnitude of the field from time zero to {. The
polarizability is then, x = nmc’/B’, where n is the ion density. The electrons
have a negligible polarizability, since the electron mass is much less than the
jon magss. The dielectric constant « is

k=14 47rx = 1 + (4anmc’/B*). (28)

Another way to derive x is from energy considerations. The kinetic energy for
the increase in the first term of Eq. (26), the E X B drift, must be supplied by
motion in the direction of the E field. Then

t t
m/2)A(c *= el | dtR,-e5, or tR,-e; = (mc’/eB’)AE
(m/2)A(cE/B)" = ek | dtR di R (mc/eB)AE
0 0
as in eq. (27).

B. MagnETIc MIRROR REFLECTION WHEN ELECTRIC I'IELDS ARE SMALL

Consider a magnetic mirror geometry (Fig. 3) in which the fields are static
or slowly varying (9/3t ~ €} and in which £, is of order ¢, so that ug ~ ¢. The
guiding center velocity R then is to lowest order ew along a line of force. In

B=Bc

B

z

’\/

- MEDIAN PLANE

Fic. 3. Magnetic mirror machine
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Eq. (23), the entire right-hand side then is of o(€'). For ¢ must be ~e if both
E,and I, ~ e Also ¢ = (a/c)(08/0t) ~ 8/9t ~ ¢. Thus Eq. (25) becomes
( whether there is rotational symmetry or not)

(m/2yw" + MB 4+ ¢(¢ + ¢) ecquals a constant of the zero-order
motion along the line of force.*

The particle reflects when », = 0, which occurs at a field By defined by M By 4
e(yr + @r) = the constant of the motion.

If the magnetie field is statie, ¢ = 0, and Kq. (29) is merely the conservation
of total energy H = (mr®/2) + cp. If there are no electrie fields so that ¢ = ¢ =
0, the familiar result for a mirror machine is obtained: By = H/M = B,/sin® 8,
where & 15 the angle between the velocity vector and the field line at the median
plane, and B, is the field there.

(29)

C. Livrrixg TiME oF OSCTLLATION BETWEEN MiRror PoInTs

FFor small amplitude oscillations about the median plane of g, 3,
B= B, + (£/2)B.”, where s = 0 at the median plane and B.” is (¢°B/ds")s = 0.

Equation (20) is d’s/df* = —(M/m)B.”s, which is the equation of motion of
a harmonic oscillator with period 2 (m /M B.”)" = (22 01(2B,/B.”)"*.

D. Magxerie Mirror REFLECTION WHEN THE KLECTRIC FIELD IS LARGE

In this section the reflection properties of a magnetic mirror will be determined
for the case where E, is of zero order. If E, 1z of zero order in ¢, the right-hand
side of Eq. (25} stands, with no apparent simplification possible in general.
However, in at least one special case the equation ean be written in the form of
an energy integral. This is the case of a static magnetic field with rotational
symmetry (such as a mirror machine ), and a static E; where E. has no azimuthal
component and %, = 0 (Fig. 4). Such a mirror machine has been named Ixion,
and 1s discussed by Longmire ef al. (8). Wilcox (9) has reviewed experimental
results obtained with Ixion and similar machines. The zero-order drift u, is in
the azimuthal direction; the component parallel to B of the resulting radial
centrifugal foree mu’/r has the desirable property of making it more difficult
for the particle to escape at the ends. The effect 1s just that which would be ob-
served if a bead were placed on a smooth wire bent in the shape of the line of
foree, and the wire then rotated about the z axix. This analogy will become
apparent in the following analysis, which ix quite different in method from that
of Ref. 8, but leads to the same results.

[Under the specified restriction on the E and B fields, all termix on the right
side of . (25) vanish except the one containing ug- (ug-V)er, which in this
special case equals (¢l /B)’e;- (€5 V)e, . Because e;- €, = 0, the factor ey (€5 V)ey

+ The relativistic form of Eq. (20} is shown in Ref. 6 1o be (P22 + m2e)12 4 e(y + ¢) =
constant of the zero-order motion.
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Fr¢. 4. Mirror machine with large electric field

equals —ep-(e;-V)e;. But (e;-V)ey; = —e,/r, where e, i a unit vector in the
radial direction. Thereforc —e;-(e;-V)e; = e;-e./r.

In order to integrate (c£/B)*(e,-e,/r) over the zero-order motion on a flux
surface (defined as the surface formed by revolving a line of force about 2),
the variation of cE/B and e;-e,/r with longitudinal position must he known.
The following is a proof that ¢£/rB is independent of position on a flux surface.
Tet ¥(r, 2) be the stream funetion (70) for the magnetic field; the stream fune-
tion has the property that ¥ = constant is the equation of a line of force and
that B, = (1/r)0%/9r and B, = —(1/7)0¥/dz. Since E is perpendicular to B,
flux surfaces are also equipotentials and ¢ is therefore a function of ¥. The
components of electric field are

E. = —0¢/ar = —(do/d¥)o¥/dr and K, = — (de/d¥)6¥/dz.

Thus B = [(8¥/ar)’ 4+ (8%/02)°)"" dp/d¥ = rB (dg/d¥) and ¢k/rB = cde/d¥,
which is constant on a flux surface. The quantity ¢//rB is the angular velocity
of the ug drift about 2z and will be denoted by ©. Therefore the term containing
ug- (ug- Ve in Eq. (25) is (m/e)r Q're;-e, , which equals (m/e) (d/dt) (2°°/2),
because

5 o 92 (1'7“2 2 dr 2

=S a - Q@ i Qr(ew; + ug)-Vr

ar
ds

(30)
= Qv r -~ = Qu,rlee,).
The de/dt term on the left side of Eq. (25) vanishes, since the zero-order motion
is on an equipotential surface. The integral of Eq. (25) is then
mv,%/2 + MB — m@%*/2  equals a constant of the zero-order

. 31
motion on the flux surface. (30

Equation (31) has been derived in u different fashion by Chandrasekhar et al.
(11), and in vet a third way in Ref. (8).
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If the subscript ¢ designates quantities at the median plane of I'ig. 4 and e
at the mirror (i.e., at the location of maximum magnetic field on the flux sur-
face), Eq. (31) becomes

vje = vjc + (2MBe/m)(1 — B./B,) — @ (1 — r’/r)). (32)

In Ref. 3 Kruskal shows that if ug % 0, MB equals mv,’/2B, where v, is the
perpendicular velocity in the frame of reference moving at velocity ug. Also
B./B, equals the mirror ratio on the flux surface. Equation (32) therefore says
that vf, < 0—i.e., the particle is contained, if

vie £ 0B/ Bs) — 1] + ug(1 — 7/r0). (33)

1f in addition the magnetic field is assumed to be approximately independent
of radius both in the median plane and at the mirror, then by conservation of
flux r /v = B./B. in Eq. (33). However this assumption is not necessary for
the validity of the adiabatic theory and Eq. (33).

If in Eq. (32) M is set equal to zero, the change in parallel kinetic energy
between the median plane and the mirror is (m/2)Q°(r” — r.'), which is just
the work done against the centrifugal force. Thus when A7 = 0, the problem is
that of the bead sliding on the wire deseribed previously.

Terms containing ug in the drift ¥q. (17) give a small (order ¢) motion in
or normal to a flux surface, the zero-order velocity heing R = e + ugin the
surface. When crossed with e;/B, the third term in the square brackets is the
usttal drift due to line curvature and is in the azimuthal direction. If E is outward
as in Fig. 4, the fourth term 1%

g d d
—vy % e;-Ve, = —mﬂgeél = —0.9Q 5 (e,e, e, + e.e.-e) = —v Qese,-e),

where 6 is the azimuthal angle in eylindrical coordinates and e, is a unit vector
in the z direction. When crossed with e, , this fourth term gives a drift normal
to the flux surface. The sixth term in brackets is

p(Qug/ds) = —vy(8/9s)(Qrey) = —uv Qey(dr/ds) = —r,Qesle, &),

hence is the same in this geometry as the fourth term. The last term in the
square brackets is

Qre;-V(Qre;) = Qr'(e;-V)ey = —Qe, .

When crossed with e; this last term gives another order e drift in the surface,
in addition to the VB and line curvature drifts.

Beeause of the two order e drift terms perpendicular to the flux surface, there
is an order e change in ¢ (and therefore of kinetic energy ) as the particle traverses
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the surface. This change in ¢ can be calculated directly from the product of the
drift veloeity normal to the surface and the electric field

dgo e mce
(_i_t_ = 2E1 X [—; vy Qe3(er'e1):| * (—E)
2me or .
= ﬁvliﬂ& el'(eg X E) (34)
2me ar . 2m 9 07
Or integrating
Alep) = —m@A() = —mA(ug). (35)

The change in ep caused by the first-order drift off the surface equals twice
the change in (m/2)ug as the particle moves in zero order on the surface. This
result can also be obtained by energy conservation. The total average energy
associated with the perpendicular motion is MB + mug /2. Thercfore
(mv ‘,2/‘2’) 4+ MB 4 (mug/2) + e is a constant of the zero plus first-order
motion. But from Eq. (31) (m/2)r," + MB — (m/2)uz is a constant of the
zero-order motion. By subtraction Alep) = —2A(mug/2).

This drift normal to the flux surface is not cumulative, since the sign of v,
reverses when the particle reflects near the mirror.

E. Tue CtrRENT IN A COLLISIONLESS Prasma

It will be proven in this section that the current density perpendicular to the
magnetic field in a collisionless plasma is given by

jo=neR, + ¢(V X M., (36)

where R, is the drift velocity at the point where j. is required and is given by
Iiq. (17), n is the density of guiding centers, and I8 = —ndle; is the magnetic
moment per unit volume of particles having guiding centers at the required
point. Equation (36} applies only to a single class of particle, that is, to particles
which all have the same magnetic moment 3/ and parallel velocity at the point
where j, is to be caleulated. This is because R, at a given point is a function of
M and vy . If several classes of particles are present, their currents can be super-

posed to give a total current
J. = NeR, + ¢(V X M), (37)

where ITL and M are the average drift velocity and magnetic moment per unit
volume. It is therefore only necessary to prove Eqg. (36).
It may be argued that Eq. (36) requires no proof since the first term is the
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current due to the motion of the guiding centers, and the sceond term is the
usual current due to the magnetization of a medium—i.e., due to the motion
about the guiding center (see Longmire (72), for example, for a proof). How-
ever, it scems desirable to demonstrate formally the validity of q. (36), espe-
cially for the general case where there is a zero-order drift due to the electric
field, and a nonsteady state.

The starting point in the proof is the Boltzmann equation, from which can be
derived (Ref. 73, p. 94) the macroscopic equation of motion

nmdV/dt = — V-P + ne (V X B/e) + neE, {38)

where V = ¥ 1s the average particle veloeity and P is the pressure tensor, given
by P = am{(v — V)}(v — V)),,. In Ref. 1.4 it is shown that for strong mag-
netic fields (i.e., for adiabatic particle motion) that P is diagonal with two of
the diagonal components cqual.

P = ])ﬁelel + PJ_ (ezeg + e:ge;;:), (39)

where P; = nm{(vy — V) )avand P, = (nm/2) (0.>) = nMB and v, is the
perpendicular veloeity in the frame moving at V. The divergence of P is given
in Ref. 15 as

. BP, _ (1)‘[ - ])J_) B I: y ) 661 )

where V. = ex(e:-V) + e;(e;- V). Since only a single class of particles is to be
considered here, P, = 0 and P, = (nm/2) v." = nMB.
Next solve Iq. (38) for V by crossing it with e, :

V=VH+Ce1XV‘P+0Exel+ﬁc¢e1Xd—‘,.
eB? dt

neB B (41)

Since the last term has e in the coefficient, an iterative procedure can be used
and dV/dt replaced by its value for ¢ = 0. When ¢ = 0, the particle has zero
radius of gyration, and the average velocity V is simply the zero-order guiding
center motion V = e + up . With this expression for V and with Eq. (40) for
VP with P, = 0, Eq. (41) becomes

V=V!—|—Ce1><< r, ail+vp>
neB

E (42)
cE X ¢ me
tTop tpe

{ .
X (Tt (v-er + ug).

The expanded expression for [d{v e: + uz)]/dt given in Eq. (16) is not needed
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here. The last two terms of 18q. (42) contain all guiding center drifts except the
one due to VB, which is contained along with (V X ). in the second term:

v XM

I

— VX (Mney) = — MUnVXe +e XV (In)

—(P./B)V X &1+ e, X V(P./B) = —(P./B)V X &, + e X (1/B)
IVP, — (P./B)VB}

= —(P./B)ler X (de1/ds) + e X (ez-V)e; + €3 X (€3 V)ey

I

+ e X {(1/B)VP. — (P./B)VB}. (43)

The second and third term in the square brackets are parallel to e;, as can
be seen by taking their cross products with e; and observing that e;-(e;- V)e;
and e;-(ey- Vier both are zero. Therefore from Iiq. (43)

(cei/B) X [— P.(de;/9s) + VP =¢c(VXML+ (cP./B)eg X VB
=¢(VX M, +nlces X VB (41)
and Eq. (42) becomes, since j = neV
j=nV, +ne R+ (VXM =73; +neRo+c(VXM.,

which is the same as Iq. (36). This result has also been derived in g, (121) of
Ref. 11 for the speeial case of static fields.

It is also true that j; = nevye; 4+ ¢(V X M), . The proof is not #o simple
as for the perpendicular current. density. It is necessary to work with the Boltz-
mann equation itself, rather than from one of its moments such as Kq. (38).
Since the rigorous proof is quite lengthy, it will not be given in the present
paper. The proof actually gives:

J = Nel(Ry + e Nav + ¢(V X M), (45)

which containg both the parallel and the perpendicular components, but it is
a very much more difficult demonstration of the perpendicular component than
presented here. N is the total guiding center density.

From Tiq. (43) it can be seen that the current density cannot be determined
from a knowledge of the guiding center motion alone. Ilowever, the rate of
charge accumulation due to the divergence of the current density can be found
from the guiding center motion alone, since

d(Ne)/ot = — V-] = —V-[Ne({(R: + ew))ar).

The fact that V- J can be determined from the guiding center drifts alone is used
in the next example.



96 NORTHROP

I". THE ParRTicLE DRIFT EXPLANATION OF HELMHOLTZ INSTABILITY OF A PLASMA

It is instructive to explain in terms of particle motion why a given plasma
instability occurs. This has been done for Rayleigh-Taylor (i.e., gravitational)
plasma instability (16) by Rosenbluth and Longmire (5). They have shown
how the guiding center drifts result in a regenerative increase in amplitude of
a small sinusoidal perturbation of the plasma-vacuum interface. The Helmholtz
instability of such an interface has been studied by the author (77) via the
hydromagetic equations, without a detailed analysis of the particle motions.
The particle drift explanation will now be given for a somewhat simpler case than
in Ref. 17, where one “fluid” was a vacuum magnetic field and the other a
plasma with a pressure, A simpler example of Helmholtz instability occurs when
two identical pressureless plasmas with the opposite velocities v, and —vy are
separated by a sharp boundary (Fig. 5). There must be an electric field £y =
(vo/c)By which produces the flow. There is a uniform surface charge on the
interface.

Suppose that the interface is perturbed sinusoidally with an amplitude 4, a
wave number [, and with the surface charge density unchanged. The electric
field is then also perturbed in such a way that the flow remains parallel to the
houndary. It can be verified that the solution of V-E = 0 for the perturbed
electric field E is (in the upper plasma)

E, = — EAle™" cos lx + o(A”),
E, = Ey(1 + Ale™" sin lx) + o(A%).

This is the field due to a uniform charge on a surface bent sinusoidally. The
terms of 0(A%) are not needed. From Eq. (46) it follows that the drift u, =
cE X e,/B is parallel to the perturbed boundary. Now for this simple geometry,
the guiding center drift Eq. (17) reduces to

(46)

. me -
Y
Eo
/C/>4L47474£/$LASMA
= INTERFACE
*ER \
£ g'
E PERTURBED
UNPERTURBED

Fic. 5. Helmholtz instability of a plasma
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There is no VB drift since with zero pressure M = 0. In the case of the Rayleigh
instability there was a drift due to g X B which was opposite in direction for
ions and electrons and therefore resulted in surface charge accumulation princi-
pally at the nodes of the perturbed surface. This charge accumulation resulted
in an electrie field which when erossed with B, gave a drift that increased A.
The increased amplitude in turn increased the rate of charge accumulation,
hence the rate of increase of A, ete. For the present problem of Helmholtz
instability, itis clear that the first term ug in Kq. (47) cannot produce an accumu-
lation of charge at the interface, since uz = ¢E X e;/B is the same for ions and
clectrons. The mechanism of the instability must therefore be found in the
sccond term where the direction of drift is opposite for ions and electrons. With
the E given in Eq. (46) the drift at y = 0 due to the ug- Vug term is

me e, X (u;-Viug = me AUE (x sin kv 4+ y cos L) + o(4%), (48)

eB e B
where x and y are unit vectors along the axes. The rate of free surface charge
accumulation due to ions and electrons then is the component of guiding center
current normal to the interface.

—2n|e|N-(m; + m.)(cAFE"/| e | B®)(xsin lx + y cos Lr)
= — 2(m; + m.)(evo'l’/B) A cos lx + o(A?),

do/dt

Il

(19}

where N is a unit vector normal to the interface, n is the ion or electron density,
and m, and m, arc ion and electron masses. The symmetry is such that the
uz- Vug drifts above and below the interface are additive in their effects on the
surface charge, and this is the reason for the factor of 2. Since the drift which is
producing the charge accumulation is first order in 4, the normal vector N is
needed only to zero order in A—i.e., N = y is sufficient. The situation with Ray-
leigh instability is just the reverse: the drift which produces the charge accumu-
lation is the g X B drift, which exists with the surface unperturbed and thus is
of zero order in A. Consequently in the Rayleigh problem it is found that N
must be used correct to first order in A.

It is now necessary to find the rate of increase of E’, the ficld due to the surface
charge accumulation. The dielectrie constant

kK = 1+ [4en (m; + m)e’ /B = 4an (m; + m)/ B

must be used, and also the fact that the displacement D has a continuous normal
component and E’ a continuous tangential component across the interface. The
components of E’ above the interface are easily found to be (to lowest order in 4 )

. e —ly .
E) = (2xee” " sin L) /x cos L,

(50)
L/

¢ —ly
2ree k.
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The charge density from Kq. (49) is of the form ¢ = o4 cos Lr, 50 that £,/ does
not diverge at cos le = 0. Since the field E gives motion parallel to the boundary,
it is only ux = cE’ X e,/B that makes . increase. Aty = 0 and lv = #/2

dAjdt = ¢cE" X /B = — ¢E,//B
or
d’4/df = — (¢/B)(IE./ot) = — (2me/Bk)(dao/dt) o
= (22’ /B)2n(m; + mHveFA = vSlA, (oL
Fquation (51) is of the form d°A/df* = 4 where
w = vl (52)

This is just the result that would be expected from Ref. 17 and the hydrody-
namic expression in Lamb (70).

The drift term containing dug/dt in Eq. (47) equals —¢(e;/B) X ¢(E 4+ E')”’
at. Here the term —c(e;/B) X 9E/df does not give rise to a charge accumulation
at the interface; the surface charge density from this term due to plasma above
the interface is proportional to sin Ly, while that due to plasma below is propor-
tional to (—sin ). If the two plusmas have the same densities n and opposite
flow velocities, the proportionality constant is the same for sin Lv and (—sin 1),
with the result that there is no net surface charge. If the densities are unequal,
then a net surface charge develops which gives rise to motion of the wave, hence
to a complex w.

The drift due to the other term —¢(e;/B) X dE’/dt has already been accounted
for by use of the dielectric constant, since this is the term which gave the dielec-
trie constant in the first example. Alternatively, « ean be set equal to unity in
Kq. (50) and the drift due to 9E’/dt retained. Differentiation of Kq. (50) then
gives (at y = 0)

AE' /ot = (2x/cos L) (x sin Lo + y cos L) do/dt. (H3)

If the 9E’/at drift is now added to [q. (49) for do/0t and 9E’/3t eliminated via
Eq. (53), an equation is obtained for do/dt. The solution for do/dt is then sub-

stituted into Kq. (53), which then gives the same aF.'/dt as used in Fq. (51),
henee the same w as in BEq. (52).

G. Ax ExamprLe oF THE DrIFT DUE TO dey/dt

In the preceding examples every drift in Ifq. (17) has appeared with the
exception of v\ (me/eB)e; X de;/dt and (me/eB)g X e;. The latter occurs in a
gravitational field and therefore is in principle present in every laboratory
experiment and would also be exhibited by charged particles in the Van Allen
radiation. In practice this gravitational drift is exceedingly small compared to
the other drifts.
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The well-known drifts proportional to VB and »,* de;/9s were not discussed
explicitly, but are present in the mirror machines as an azimuthal drift.

To illustrate the drift due to de,/dt, consider o magnet with large parallel pole
faces as shown in Fig. 6. Let the magnet be rotated about the Z-uxis to give o
de; /ot = Qy, where y is a unit vector along the 1 axis and @ is the magnet’s
angular velocity. Beeause there is a 0B;/0t there will in general be an E, and there-
fore there will also occur the drift ug = —ce; X E/B. Of the remaining terms in
Toq. (17) the two proportional to e; X dug /9t and to e, X ug- Vug are not ob-
viously zero, although this will turn out to be the case. 'rom ¢V X E = —dB,dt
one finds K. /e = QB/c at zero time, if we take I, and K., zero. Then E. =
QBr/e + E.(x = 0). Now E.(x = 0) also equals F, everywhere for @ = 0.
Let us assume there 1s no E in the absence of rotation, so that £.(x 0) is
zero. The uy drift is

u; = cE X e,/ B = .y at zero time. (Ht)

Since ug 1% independent of y, ug-Vuy = 0. Also du,/at 1s parallel to e, , so that
e, X dug/dt = 0. Thus both of these drift terms vanish leaving

R. = cE X (e,/B) 4+ vy(mc/eBle; X de/dt = yOur + zo0 Qiw. (5

Zt
~—

The de/at drift is perpendicular to the page and of magnitude »,Q/w.
The parallel equation of motion (20) becomes

dey/dt = ug-de,/dt = o (56)

This is just the centrifugal acceleration at a distance & from the axis of rotation.

The above example of a drift due to de;/9t does not explain geometrically
why it oceurs. All the drifts in Eq. (17) come from a variation at the gyration
frequency of the curvature of the particle trajectory. This variation results in a
eyeloid-like motion. The reason for the variation at the gyration frequency is

Y

) o
1=0 N poLE
FACES
Fic. 6. Rotating magnet gives u de;/at drift
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Fia. 7. Geometric explanation of the de,/ot drift

different for each drift. The more familiar drifts uz and (Mc/eB)e; X VB have
often been illustrated in the literature (2) and will not be discussed here. The
reason that the curvature of the trajectory varies in the presence of de;/dt is that
the perpendicular velocity | v X e | varies as e; changes direction. The drift
velocity can be derived (except possibly for a numerical factor) by holding
e, fixed for half a gyration period and then changing its direction for the next
half period, ete. A view along the X axis of Fig. 6 at ¢ = 0 will appear as in
Fig. 7.

Let 6 be the angle between v and e, , 8o that v, is ¢ sin § and vy 18 » cos 8. At
the end of the first half period (y > 0) let e, change by Ae, in the y direction.
For the second half period (y < 0) v, will be changed by Av, = v cos §Aé =
vy Ad. The drift velocity equals the difference in the diameters of the two semi-
circles divided by the gyration period, or w(p» — p1)/7. Since p equals v./w,
Ap is Av,/w or v AS/w. And A = Qr/w. Thus the drift velocity equals v/ w,
which in this case happens to be correct even to numerical factors.

Similar geometric derivations can be given of the other drifts containing
vy and uz iIn Eq. (17).
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