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Anomalous Mesonic Interactions near a Chiral Phase Transition
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Using constituent quarks coupled to a linear sigma model at nonzero temperature, |1 show that many
anomalous mesonic amplitudes, suchzds— v, vanish in a chirally symmetric phase. Processes
which are allowed, such as’c — yv, are computed to leading order in a loop expansion.

PACS numbers: 12.39.Fe, 11.40.Ha, 12.38.Mh, 25.75.Dw

The axial anomaly is the observation that for fermions £ = B¢ + &, P, + 284, Do, + &, DTy).
coupled to a gauge field the divergence of the current for (1)
axial fermion number is not just the standard contribution
from the classical equations of motion. In addition, at onel? = (§ — ig4), where ¢ is a matrix for the electric
loop order the divergence also contains a new term frongharge of the up and down quarks= e(t; + #/3). Ex-
quantum effects [1]. Because of deep geometrical reasongluding the electromagnetic coupling, this Lagrangian is
there are no further corrections to this new term beyond onivariant under global S@2), X SU(2), chiral rotations
loop order [2]. For similar reasons, the axial anomaly isQ, and Q,, wherey,, — Q;{,w,r and® — QZECI)Q,.
not altered by the presence of a medium, such as a therm@lith electromagnetismg # 0, the Lagrangian is invari-
bath, in either two [3] or four [4] spacetime dimensions. ant under rotations in the isospin-3 direction. Explicitly,

Besides the axial anomaly for fermions, there are also _ N . - s
“anomalous” mesonic interactions [1,5]. These are like L =y[p+ 2ot + im - 1y°)]p. (2)
the fermion anomaly in that they arise from fermion loop
graphs involving an odd number of the Dirac matsix,
and so in the end are proportional to the antisymmetricg
tensore*?%y. Despite this superficial similarity, in this
Letter | show that while the axial anomaly for fermions is | neglect the dynamics of the scalar and quark fields to

completely unaffep_ted by the presence of a medium, Near darive the effective Lagrangian between the scalar and
chiral phase transition of second order, anomalous mesonF(ﬁoton fields which is induced by integrating out the

If chiral symmetry breaking occurs, o) = oy, | shift
— oy + o, and the constituent quark mass ris=

At tree level, oy = f, = 93 MeV is the pion
decay constant.

g‘ﬁﬁ%‘glngéza[g?eﬁgi??ﬂ;allgé Arf)gurgsglynnlr::%gﬂgg uarks at one loop order. Of course, in an asymptotically
’ y be p ree theory, at very high temperatures mesons do not

region of heavy ion collisions at ultrarelativistic energies. matter, only the quarks and gluons. Mesons are important
| begin by considering the prototypical anomalousat low and intermediate temperatures. In particular, for

maes%nlt(;] ln][_(?r?cﬁ:gn, ft?ﬁegoe(_:ay Imﬂt: 7;7’ [1t’.5]' B(;e- o @ chiral symmetry of S@2)¢ X SU(2),, the chiral phase
caus € liretl 0 IS electromagnetic, and SO 4 nsjtion can be of second order [7] Bt= T,, which

T i e S i et by e S of argument | assume i e case. | o
Pe . y : in a strict chiral limit, so that(T) and f,(T) vanish as
essential physics, however, applies to the (anomalou

decay of thew meson, which does decay over hadronic. T,. The pions are massless whein= T,; the ¢
fime }s,cales w ' y meson, which is heavy at zero temperature, is massless at

- . . T,, so that af', the o and the pions form the appropriate
| work in a constituent quark model, with two flavors ¥ X5 .
andN,. = 3 colors of a quark fields. | couple quarks to SUR)¢ X SU2), = O(4) multiplet. For three or more

photons,A,, and to mesonsp, ignoring their coupling flavors the chiral phase transition is typically of first order

to gluons. | assume that the (quantum mechanical57];the present analysis is then of interest if the transition
g : q ts weakly first order.

breaking of the axial (1) chiral symmetry is large at
all temperatures [7], so that the relevant chiral symmetry,
is SU2), X SUQ2),. Then the only [8] meson fields
required are® = o1y + i7 - 1, with o a J* =0"
meson, ands the 0~ pions; the flavor matrices are
to = 1/2 and t(r¢¢>) = 6 /2.

Computing the amplitude forr® — yy is standard at
ro temperature. Let the two photons #g(P;) and
Ag(P,), whereP; and P, are the four-momenta. There
are two triangle diagrams which contribute; after doing
the Dirac algebra, one diagram contributes

| take a positive definite Euclidean metric, wit’)? = _43e2N, y
+1. Left- and right-handed quark fields are constructed —i mI(Py, P, m)e*P?YPYP] 3)
by using the projectorB,, = (1 = v3)/2, ¢, = Pe, .
The Lagrangian density for quarks is wheree®#%7 is the antisymmetric tensor, aidP,, P», m)
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is the loop integral standard axial anomaly for fermions. At low tempera-
1 tures, presumably something like (6) can be derived by
trg using PCAC af" # 0; at the very least, the zero tempera-

(K2 + m?)[(K + P12 + m?][(K = P2)? + m?]" ture f, should be replaced bg,(T) [10]. In contrast, (8)
(4) s valid solely abouf,, wheref(T) is small, and PCAC

tre = [d*K/(m)* is the integral over the loop momen- breaks down. _ ,
tum K. In the limit of small momenta the dependence on It iS natural for the constants in (8) to differ from those

P, andP, can be neglected, with in (6). If they did not, and the amplitude far® — yy
were proportional tol/f(T) at all temperatures, then

trg 1 - 1 ) (5) the amplitude would diverge & — T, whenf,(T) —

(K2 + m2)>  327m? 0. Instead, the constants change froml/f, at zero

The second diagram, which follows by interchangihg ~temperature to~go(T)/T* nearT,, so that instead of
and P,, and @ and B, contributes equally. Altogether, diverging, the amplitude vanishes Ais— 7, [11].

after usingm = §fﬂ, the Lagrangian density for® — | have written (8) in a sugggstive manner. The axial
vy is[1,5] current for the scalar fields ig4; = (0o + 0)3;7 —
N, 58 7d;o. Thus (8) is part of the Lagrangian density
apoy
96772fﬂ- 7€ Fa,BFzSy- (6) 7§(3)e2~2N B
28 He ik g3 4094, . (9)
To compute the corresponding amplitude at nonzero 967412 A0k
temperature | make several assumptions. First, | compute
near the chiral phase transitioch,~ T,. Sinceo((T) — To demonstrate that (9) is correct, observe that it

0, | can takem(T) = Zoo(T) < T. Second, | work in  predicts7 o — yy even wheno, = 0. This process is
the static limit, taking both external energies to vanishgiven by six box diagrams, and can be checked directly.
p? = pd = 0. Because of the antisymmetric tensor, thislt is easiest to calculate the box diagrams in two limits:
means that implicitly | am assuming that one of thefirst, when theo has zero momentum, and then, when
photons is a plasmon, say = 0, while the other is the has zero momentum. The two coefficients have the
spatial, 3 = i. | also assume that the spatial momentayvalue given by (9), with the appropriate change in sign.
|p1] and |p,|, are much smaller than the temperature. The change in anomalous mesonic interactions iigar
These assumptions can be relaxed, but suffice to illustra@@n be understood generally. The restoration of chiral
how anomalous mesonic interactions change figar symmetry at?” = T, requires all couplings to be mani-
Under these assumptions, the computatiomdf— yy  festly chirally symmetric. Hence electromagnetic ampli-
at nonzero temperature is utterly trivial. To leading ordetudes must commute not just with the third component
in m, all | have to do is compute the integral in (4) of the vector charge (which is just isospin symmetry),
form=0andT # 0. At T # 0, the fermionic loop but with the third component of the axial vector charge

momentumk® = (2n + 1)7T, summing over all integers as well. This implies thatr’ — yy vanishes, and con-

n, strains the amplitude forr’c — yv to have the form in
{ + Pr { (9), with a coupling directly to the third component of the
try —— =T Z f axial current,]fx,i. While the structure of the operator for
(K?)? W) Qm)d [k + (k0?2 w0 — yy is dictated by the chiral symmetry, the coeffi-

1 1 7 (0) cient in front is not; since it is proportional to the coupling

= ToniT? Z —3 = The 12+ (/) constantg?, whose value is arbitrary, it is not universal,

miT? = 2n — 1) 128 74T X X : o~ )
and likely receives corrections gt from graphs to higher

In doing the integral it is most convenient to first loop order.
integrate over the spatial momenta, and then do the Because | have computed in the static limit, the
sum over the integers. This sum generates a zeta expression in (9) is gauge invariant: bath9;A, andA,
function, £(r) = >._, 1/n"; in (7), £{(3) = 1.20206,...  are each unchanged under static gauge transformations.
enters. Consequently, in the static limit abdyt, after  The amplitudes can also be computed away from the
integration by parts the Lagrangian density fot — yy  static limit: then each external energy is analytically

is continued agy = —iw + 0", wherew is a continuous,
70(3)e2 2N Minkowski energy. For nonzere@ and p the results are
. {( )e 8 Ne _ijk 0 . . .
i oemir2 € (0007 )A0d Ay . (8)  more involved, and are nonlocal in coordinate space. In

the limit of small momenta, where eaeh andp < T,
| emphasize that (8) holds only under the given ap-and to leading order ig nearT,, the resulting amplitudes
proximations [9,10], in particular, in the chiral limitear  are similar to those which arise for hard thermal loops
T,. At zero temperature (6) can be derived using thg12]. This is because the diagrams are at one loop, with
partial conservation of the axial current (PCAC) and thediscontinuities due to massless (fermion) fields at nonzero
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temperature. In the end, the result fofo — yy must . 314(5)g8*Ne 5
be gauge invariant, but in a more involved fashion. ! 6476T4 @

With this example in ha}ndl, we can compute how many % tr[q)faiq)aiq)fakq) — (@ — ®H]. (16)
other anomalous mesonic interactions change rgar S
An example of importance for heavy ion collisions is The anomalous interactions of the meson have
the @ meson. Thew meson is special in that, becausedramatic consequences for a “thermadf. Without
|t Couples to the isosinglet current for quark number’anomalous |nteraCt|0nS, strict vector meson d0m|nance
it only couples through anomalous interactions [13,14]implies that the mass of the thermal does not change

There are two anomalous interactions of importancévith temperature [14]. Including anomalous interactions,
at zero temperaturep — pm and w — wawaw. The Dboth the mass and the width of the thermal must

corresponding lifetime of thev meson is~20 fm/c,  change. The present results demonstrate that even the

which, while long, is still of hadronic time scales. form of the anomalous interactions change ndgr
To couple®d to vector mesons, | assume strict vector These changes may be observable by measuring a shift
meson dominance [14]. Neglecting electromagnetism, thé the @ peak, as seen in the dilepton spectrum in heavy
covariant derivative in (2) becomes ion collisions at ultrarelativistic energies.
. > s 5 - I conclude by discussing one last anomalous process.
— 4 — o R T :

_lD i/ lg'(zﬁto prttydct), (10) Extending the model to three flavors; = 79A* for
whereg is the coupling constant to vector mesons. Undekhe SU3) flavor matricesA?, at zero temperature the
chiral rotations the isotriplets (the” =1 pand thel ™ Lagrangian density fokK — ma is [5]
ap) mix with each other, while the isosinglets (the
and thel * isosinglet/f,, which | neglect) are invariant. i% € POVt (mdgmdgmdsma, ). (17)

Up to trivial factors of isospin, the diagrams which 15m2f>
contribute tow — pr are the same as for® — yy. To Using the integral
one loop order at zero temperature, about zero momentum
the Lagrangian density fap — p 7 is trg I _ 635 {() , (18)
2N (K25 32768 w8T6
—i 8 Ne
87 f

where £(7) = 1.00835,..., then about the chiral phase
Near the chiral phase transition, and taking a plasmoniff@nsition, to one loop order the Lagrangian density
w, = wo to conform to the static limit, this becomes

between oner meson with zero momentum and fives
_, T{B)g’e*N.

is
e wo(Jai + 9k — Jvi - 9jdrg), 1272 ¢ ()TN, .
327472 ! ! 12 i%e”k(a—o + o) tr(wdomd;mdjmwdpm).
12

where the isospin vector curreﬁtz’,- =i X 9;m. This (19)
expression is the product of a left-handed current times As before, (19) implies that while the amplitude for
left-handed gauge field, minus the same for right-hande® K — 777 vanishes in a chirally symmetric phase,
quantities, and so is invariant under the symmetries ofhat for KK — 77 7o does not. While | have written

e“ﬁ‘sywaaﬁ% . (‘)557. (11)

chiral SU2), X SU(2), and parity. (19) in a form which appears to be Lorentz invariant,
For the second process, — 7, about zero mo- it is valid only in the limit where ~dq7r is vanishingly
mentum the Lagrangian density is small. Terms of higher order in the frequency involve
8Ne  apsy R R R expressions which are nonlqcal in qoordinat_e space.
+i 24m2 3 € wadpm * dsm X 9,7, (13) At zero temperature (17) is the first term in the expan-

sion of a chirally symmetric Lagrangian in five dimen-
to one loop order at zero temperature. To compute thgjons  itten showed that the form of this Lagrangian is
corrgspondlqg amplitude about the chiral phase transitiogctated by topology in five dimensions [5], which fixes
requires the integral the constant in front, up to an overall integer equal to
the number of colors. Likewise, it must be possible to

31 ¢

trg (K2)4 - 1024 776T4° (14) write (19) in chirally invariant form. Note, however, that
£(5) = 1.03693,.... In the static limit nearT,, the the constant in front of (19) does not appear to be con-
Lagrangian density for a plasmonis, is gtralned by topo_logy, since it involves a coupling constant,
~y g, whose value is arbitrary [15].
. 314(5)gg*Ne i R . . e S
C25670T4 e*wo(og + )07 - 0,7 X 97 The following picture emerges. At low temperatures,
v

only pions are massless, with their anomalous interactions
(15)  governed by the generalization of the Wess-Zumino-
Remembering thatw, is a chiral singlet, this can be Witten Lagrangian [5] to nonzero temperature [10]. If
written in a form which is manifestly chirally symmetric, the chiral transition is of second (or weakly first) order,
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though, then neaf, anomalous mesonic interactions are does thes mix with the 7#%’s, and then’ with the o“’s,
governed by a new Lagrangian, which includes the terms  but, due to the symmetric flavor tensét’, the o*’s mix

in (9) and (19) as two examples. A new Lagrangian  With the 7“’s.

emerges because near the critical point new modes—thd9] 7° — vy atT # 0 has been computed by C. Contreras
o mesons [19]—become light, so the anomalous mesonic ~ and M. Loewe, Z. Phys40, 253 (1988); T. Hashimoto,

Lagrangian adjusts to include them.
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necessary to introduce th& = 0~ isosinglety meson are many others, including o(c¢)*(7%)?, ~o(o®)*7¢,
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