Physics 3318 Prelim 2 : 1

Begin the exam when instructed to do so. You have 50 minutes to complete four problems.
The maximum point credit is shown at the beginning of each problem. All work must be
on the exam pages.

Rules: No sources (notes, texts, homework solutions, etc.) or calculators are allowed. A
few formulas are given at the end of the exam.

The Cornell Code of Academic Integrity is in effect, as always.

OWTIONR

Face Space
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1. (30 points) As an alternative to the usual circular-orbit Bohr model of the hydrogen
atom, suppose the electron moves on a single axis that passes through the proton.
The Hamiltonian for this system is ]

2
D A
H(z,p) = — — —,
(2,p) = o~ ]
where z is the electron position along the axis, p is the conjugate momentum, m is
the electron mass, and A = e?/(4mep) in MKS.

(a) Write down Hamilton’s equations of motion for H(z, p).
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Consider a periodic orbit where, at ¢ = 0, the electron is at rest at position
xr = xo > 0. Its energy on this orbit will be £ = —A/z,. After one-quarter
of the orbital period, t = T'/4, the electron will have just passe& through the
proton at z = 0. Later, after reaching © = —x att = T'/2, the electron reverses
its direction and retraces its motion back to z = z; to complete one period.

(b) Sketch one complete orbit in phase space:

v
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(c) For the orbit with energy H = E = —A/xy, calculate the action (phase-space
area) enclosed by the orbit, S = ¢ p dz. Helpful fact:

‘ LP‘-WB\ / \/ (1/z) — (1/z0) dx = m\/z0/2.
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(d) Using your answer to (c) you should be able to express the energy E = —A/z

of the orbit only in terms of S (and constants) as E = —B/S?; find the value
of the constant B.

SZ.
Yo = (2m)Z ZmA
_ A _-81'mA%
E - p 3z

B = gu'm ’\ﬂ

Notice that this energy expression is consistent in form with the Rydberg series
if S'is quantized in integer multiples of Planck’s constant.
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2. (30 points) The Hamiltonian below describes a free particle with a position-dependent
mass (m « 1/q):
H(g,p) = Cgp”. -

In this problem you will simplify this Hamiltonian by applying the canonical trans-
formation generated by F(q, @) = ¢/Q.

(a) First find the canonical transformation,

| A
Qar) = 7§ & ps = Q

P(gp) = 4P* &P ‘(,/Q
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(b) Now write down the transformed Hamiltonian:

. p) = C.P_&

(c) Write down Hamilton’s equations for () and P and their most general solution.

(Y

Srm =l — QUB-CErQ

é:“g{\;' O —_— E(Q Po

(d) Using your general solution in (c), write down the most general sdlutmn for the
original position variable, g(t):

% = EQ}' = Eo (C’E*’mezl
Cp- - %
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3. (20 points) The figure below is a time-lapse image of a binary star system, where
the view direction happens to be normal to the plane of the motion. A coordinate
system has been overlaid to aid you in answering the questions below. The origin of
the coordinate system is at a focus of each ellipse.

(a) Obtain the mass ratio of the two stars. On which ellipse, the small one or the
large one, does the more massive star move?

—~ = M, S . Mg _ 3 T L
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Massive SWRC on  spall ellese

e )
(b) Determine the eccentricity € of the larger ellipse. My
Co
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(c) Mark with P and P’ the positions on the orbits at the instant wheh the two stars
are nearest, or “periapsis”. Mark with A and A’ the positions on the orbits at the
instant when the two stars are furthest, or “apoapsis”. If it takes 10 days for the
stars to move from periapsis to apoapsis, mark with @ and @’ their approximate
positions 5 days after periapsis and briefly explain your reasoning.

ofea b Sroded fegisn = ¢ cuifse
(08 per kepler's afen law)
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4. (20 points) Consider a Lagrangian with no explicit time dependence:

L:L(qu"')qN)q‘]-’""q’N)'

Let L' be the Lagrangian where the following continuous transformation, parameter-
ized by s, is applied to the coordinates:

¢i(t) — Qi(t,s) = q;(t + s) i=1,...,N. (1)
(a) Show that
dL' dF
— _— —_— 2
ds|,_, dt @

for some function F'; find F'.

(R, = Ligles), )
é_':l\ - _A_\-: choose F=U
dS de=o 4t WP Yo verall st

(b) By the generalized Noether’s theorem, Lagrangians with property (2) automati-
cally lead to the conserved quantity

I= fj in ~F.

s=0

For the transformation (1) and the corresponding F' you found 1d (a), the quan-
tity I has another name: what is it?
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Formulas

L, :,urzé
“fz_% U(T):i%fé‘
"0 = Tcont
7"0:% Ez%(@—l)

b=ro/Ve -1 (e>1)
a=r/(1—¢€) b=+V1-¢€a

L,
47
& = G(m1 + mo) 72
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H'(Q,Pt) = H(q(Q, P,t),p(Q, P,t),t) + =



