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Induced electric field from a time-dependent current

Mark A. Heald

Department of Physics, Swarthmore College, Swarthmore, Pennsylvania 19081
(Received 11 June 1985; accepted for publication 16 October 1985)

This note is an extension of the problem posed by Sha-
kur,! and commented on by Gauthier,? which asks what
induced electric field exists in the vicinity of a long straight
wire carrying a current that increases linearly with time.
While the problem appears to be elementary, it is in fact
quite subtle—more for what it leaves out than what it in-
cludes. Here we pose and discuss a number of queries that
might occur to someone not satisfied by Shakur’s “solu-
tion.”

Query 1. Is it not inconsistent to calculate the magnetic
field (and thence the induced electric field), inside the
wire, on the assumption of uniform current density?

Yes, it is inconsistent. But, as noted by Gauthier,” for the
given numbers, the Ohmic electric field required to drive

the prescribed current I(z) exceeds the internal induced

electric field when ¢> 10 us. That is, except for the initial
microseconds, the Ohmic field (proportional to time, but
independent of radius ) swamps the induced field (indepen-
dent of time for dI /dt = constant, but varying with radi-
us), both inside and outside the wire. Thus the total current
density is approximately independent of radius. But under
these conditions, of course, the induced component of the
field is only a small perturbation, and the problem becomes
a rather pedantic parlor game. A much more complete dis-
cussion, explicitly addressing the skin-effect phenomenon,
is given by Gauthier et al.*

Query 2. Where is the “zero” of the induced electric
field?

This turns out to be something of a semantic question
bearing on what one means by the prescribed current I, and
on how one defines “induced” (as opposed to other, “non-
induced”) electric fields. The simplest answer is to require
that the partial current driven by the induced field be zero,*

'R
Iind =J. UEind(r) 21rrdr=0, (1)
0
where ¢ = conductivity and R = radius of wire. This leads
to
R\ dI
E. R =.J_‘9__(,2___)__, (2)
iy 2 ) ar
1 r\ldr
E,,(r>R _—_L‘g_[__ 1(—)]—-. 3
>R = I’ & )

Note that if one chooses to put the zero at any other radius
(e.g., Shakur assumes E = 0 at 7 = 0), the effect is simply
to add a space-time constant to the “induced” field. This
point is discussed further in query 4.

Query 3. Does the magnitude of the induced field really
increase without bound as one goes away from the wire?

The solution for the induced field outside the wire varies
as In(r/R). This suggests a sort of “ultraviolet catastro-
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phe” of arbitrarily large fields at large radii, clearly a non-
physical result. The difficulty lies in the fact that a “long
straight wire” is not a complete circuit; we have not defined
the global geometry of the circuit.® The only fully defined
electromagnetic problems are those in which all fields go to
zero at large distances. Also at large distances one can no
longer neglect retardation and radiation effects.

Query 4. Can we get the induced field directly from Max-
well’s equations?

It is reasonable to define the mduoed field as the Faraday
field given by

VE; =0, _ 4)
JdB
VXEr= ~——. S
Xy 9t &)
This is in juxtaposition to the Coulomb field given by
V'EC =p/607 (6)
VXEC = 0) (7)

The solution of Egs. (4) and (5) is the dual of the Biot-
Savart formula, namely,$

E; = -——J(aB)X #/rdv (8)

with integration over all space. For the geometry at hand
(axial symmetry; azimuthal d B/d¢), the solution is

_&ﬂfwid,, (9
2rdt), r

which produces a (negative) logarithmic infinity at any
finite distance from the wire! The logarithmic divergence at
large radii of query 3 has moved to the vicinity of the wire in
query 4. Both are artifacts of incomplete specification of
the global geometry.

Note that a spatially constant field (even a logarithmi-
cally divergent one!) is consistent with both Eqs. (4) and
(5) and Eqs. (6) and (7). So how does one know whether
to label such a constant field as “Faraday” or “Coulomb?”
This ambiguity can only be resolved by specifying the ulti-
mate energy sources of the global circuit, and is the basis
for the ambiguity of the location of zero induced field (que-
ry 2).

Query 5. Why not calculate the induced field from the
vector potential?

From the standard formula

A=f‘_°fidu
4 r

we see, without attempting to do the integral, that the vec-
tor potential A must be parallel to the current density J,
and hence to the axis of our system, with the sense of the
total current I. Then the induced field is given by

E:(r>R) =

(10)
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